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This paper reports t he result s of a project started in 1929 for the measurement of re

sistance in terms of length, t ime, a nd the permeability of free space. For this method a 

mutual inductor was const ru cted \\·hose value was determi ned with in a few parts in a mill ion 

in term s of its measured dimens ions. Hes istance was then measurcd iJl terms of t his in

ductance and freq uency, us in g Wc nn e r '~ commutaled di rect-c urrent rrethod. The results 

of the m easurements g ive a va lue of 0.999994 absolute ohm for 1he uni t now maintained at 

t hi s Bureau. 

The dime nsions of the mutual inductor were dete rm ined in 1938 and aga iLl iJl 1948. A 

comparison of t he chan ge in inductance, because of drifts in d imension s, wit h t he electri cal 

deLerminat ions made on t he two dates shows t hat t here has been no a pprec iable change 

d uri ng t he interval in t he valu e of t he unit of res istance as ma inta ined at th is Bureau . This 

is Lhe first method that has been devised to test t h e stab il ity of t he unit to a few parts ina 

m illi on. 

1. Introduction 

The unit of electrical resistance now in general 
use was selected in 1861 by a committee appointed 
by the British Association for the Advancement of 
Science . This committee selected as the unit 109 

egs electromagnetic units. 
As elec trical resistance could be measured in 

terms of standards of length , time, and the per
meability of free space, which is assumed to have 
a value of unity in the cgs electromagnetic system , 
a standard of resistance was theoretically not 
neeessary. However, accurate resistance measure
ments in terms of length and time were extremely 
difficult" and the committee decided to construct 
standards of resistance tha t were to be evalu ated 
in terms of the mechanical units. 

A few years later the committee decided , in 
effect, to change the definition of th e uni t and 
define it in terms of the standards that had been 
evaluated in terms of th e cgs units. This pro
cedure was analagous to what had been done in the 
case of the meter. The meter was originally 
defined as a ten-mill ionth of the length of the 
earth 's quadrant, and then a standard was con-
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s Lructed to have this length. Later , the length 
of the standard was taken as defining the unit. 
Unfortunately the standard s that were selected as 
defining the unit of resistance were not very 
stable with time, and therefore such a unit was 
rather unsatisfactory. In 1878 Rowland [1]1 
showed that the British Association unit was in 
error by more than 1 percent, al though it was not 
Imown how mu ch of this error was a resul t of a drift 
in the unit as maintained by standards and how 
much arose from errors in the original determina
tion of the values of the standards in terms of 
length, time, and p ermeability. 

To obtain a standard that would not drift with 
time, the International Congress that met in 
Chicago in 1893 adopted as the "international ohm" 
the resistance of a mercury column of sp ecified 
dimensions. The dimensions were selected to 
give a resistance as near 109 cgs electromagnetic 
units as possible at that time. Subsequent m eas
urements showed the international ohm to be high 
by about 1 part in 2,000 in terms of its intended 
value in absolute units. 

I Figures in brackets indicate the literature references at the end of this 
paper. 
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The definition of the international ohm in terms 
of a mercury column apparently solved the prob
lem of the stabili ty of standards, as the unit could 
be realized by means of mercury tubes to a few 
parts in 105. However by the 1920's, absolute 
measurements of resistance could be made to an 
equal accuracy, and the mercury ohm became an 
unnecessary step in the calibration of wire-wound 
standards that were universally used to maintain 
the unit. Moreover, it seemed desirable to elim
inate the error of 1 part in 2,000 that had been 
introduced in the unit at the time the dimensions 
of the mercury ohm were specified. Therefore in 
1928 this Bureau , at the suggestion of the Ameri
can Institute of Electrical Engineers, and with the 
unanimous approval of a committee representing 
the large national electrical organizations of this 
country, recommended the abandonment of the 
m ercury ohm and the return to the absolu te ohm 
as the basic uni t. This recommendation was 
made through its Advisory Committee on Elec
tricity to the International Committee on Weights 
and Measures, and with its approval steps were 
taken looking to the change in units as of January 
1, 1940. Because of the war the change was not 
made until January 1, 1948. 

In preparation for this change in units national 
laboratories were asked Lo carry out "absolute
ohm determinations," and several such determina
tions were made. Two separate groups, using 
entirely differen t methods, worked for several 
years in this Blll'eau on the problem of measuring 
standard resistors in terms of the absolute unit of 
resistance. The results obtained by one group 
have already been published, and their results, as 
well as those obtained by other investigators, are 
summarized in a papor published in 1944 in this 
journal [2]. 

The method chosen for the determination herein 
reported was suggested in 1908 by Frank Wenner 
[3], but no measurements were made at that time. 
His method utilizes direct current fiowing through 
a resistor and the primary of a mutual inductor. 
The current through the primary of the inductor 
is reversed periodically, the secondary emf being 
rectified and balanced against the constant poten
tial difference across the resistor. During the 
decade following World War I , Wenner, with 
various assistants, devoted some time to the de
velopment of certain aspects of the problem, par
ticularly that of obtaining a constant-spoed drive. 
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Work on the modern development of the method 
was started in 1929 by Wenner and Peterson. and 
during the period 1929- 33 a fairly satisfa~tory 
solution of the constant-speed problem was worked 
ou t utilizing a direct-current motor drive wi th a 
small ] ,OOO-c/s generator on its shaft. The sys- I 

tem was synchronized against a 1,000-c/s signal 
obtained from crystal oscillators. During this 
period many of the measuring circuit components 
were constructed, the porcclain form for the in
ductor was procured, and the method as a whole 
tested, using for the mutual inductor a preliminary 
model , of the Campbell type, wound on wooden 
forms. The electrical balances obtained during 
these trials were quite unsteady, mainly because of 
enatic brush operation and inability to hold the 
current through the test resistor constant during 
primary commutation. , Vork on the project was 
allowed to lapse in 1933, but was recommenced at 
an accelerated pace in 193.5 by a group consisting 
of Frank WennoI', James L. Thomas, Irvin L. 
Coote]', and F. Ralph Kotter. They improved the 
speed control [4] largely through a subst.itution of 
electronic for mechanical relays. They con
structed a mutual inductor of a modified Camp
bell type and obtained a highly satisfactory per
formance of the measuring circuit by including a 
special "rcversing generator" in series with the 
primary of the inductol'. A progress report was 
prepared in September 1938, and a preliminary 
report of numerical results was issued in D ecember 
1938. These reports were issued in mimeograph 
form. and copies were sent to the Advisory Com
mittee on Electricity, which had been instructed 
by the International Committee on Weights and 
NIeasures to recommend the best value for the 
ratio of the international and absolute ohms. The 
necessity of submitting results to the Advisory 
Committee by the end of 1938 curtailed some 
phases of the investigation, and a critical study 
of the results could not be made before issuance of 
the reports. It was therefore decided to repeat 
all measurements, after making improvements 
that the first determinations had shown to be de
sirable, and then to publish in detail the methods 
and r esults of the second investigation. This 
proj ect was in abeyance during World War II, 
but was resumed in 1946 by the authors of this 
paper, and the results are r eported herein. 

Throughout this paper the abbreviation cgsm 
will be used to denote that the unit is expressed in 
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the egs electromagnetic system of units. "When 
the magnitudes of small corrections are expressed 
in proportional parts, the abbreviation ppm, 
meaning parts per million, will freque).1tly be 
employed. 

II. Theory of the Method 

The method consists in measuring a resistance 
in terms of a mutual inductance and a speed of 
rotation. The mutual inducLance is calculated 
from the dimensions of a mutual inductor, and Lhe 
speed is held constant by an electronic speed 
control. The fundam entals of the procedure may 
be understood from figu re 1. By means of Lhe 
storage battery, B, a direct C\llTCll t, I , is passed 
thl'ough the resistor, fl , and the primary of the 
mutual inductor, lV . A rotary switch , 0, reyerses 
the connections to Lhe primary but does not 
reverse the Clll"rent lhrough lhe resistor. This 
switch is driven a t constant spced, the current 
through the primary of the mutual inductor 
being reversed about 45 times per second. A 
commutator, D, on lhe same shaf t recLifles Lhe 
alternaLing emf jndu ced in the secondary. This 
rectificcl emf is connected llll'ough a clirecL-culTent 
galvanometer , G, to oppose the potcntial dif
£Cl'cnco across resislor R . Assuming lha t lhe 

--=- 8 

R 

FlGURI, 1. Elementa1'Y cil'cuit diggmm. 

galvanometer can integra tc properly, the average 
incluc('cl emf from the mUlu al imludol' and the 
anl"a ge potential difference across th e resis tor 
will be cqual when the gah-anomeler SllOWS no 
cldlcclion . Under these condilions 

(1) 

,,"11cre Iais the average cun cnL in llle rcsistor 
whose resisLance, fl, is to be measurcd , 2n is Lhe 
numbcr of H'YcJ'sals pel' second, ?'x is lhe CLUTent 
in Lhe prima ry of the mutual inductor at lhc 
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instant of reversal of the secondary connections, 
and }.II is the mutual inductance of Lhe inductor. 
EquaLion 1 may be expr essed in the form 

R = 4nM t (2) 

The current raLio ix/l a in th is equaLion must be 
consLant and known with the same accuraey as 
that desired for R . It is extremely difftcult to 
measure a ratio of this kind with an accuracy of 
1 ppm or betler . The necessity for measuring 
this cunent ratio is avoided by so arranging the 
circuit that the instantaneous value of current in 
the resistor R never departs from i Ls vfl lue avcr
aged over sevcral cycles of opera Lion by as much 
as 1 1)pm. Thi s means lhal during LhaL porLion 
of the cycle when the p rimary of the muLual 
indu clor is in series wilh R, the curren t in Lhe 
inducLor js made Lo assume a value equal Lo that 
in lhe resistor, and since the secondary conn ect ions 
are reversed during lhis portion of the cycle, ix 
will conscqllcntly be wilhin 1 ppm of I a and Lhe 
raLio ix/l a will difl'f' l' from uniLy by a ncgligible 
amounL. Ina smuch as the C'lIlTent in the primary 
of the inductor is yc ry consta.nL wh en lhe second
ary connccLions a rc l'evcrsf'd, the scconciary volt
age duc to indu ction from thc pl'imary will lhen 
be ncgligible flnd no such cmf \\'ill be losL during 
Lhe bricf pcriods whcll tllC seC'o lHlary is shorL
circui led. Unclcr thcse C'0nd it ions eq 2 becomes 

R = 4nlllI. (3) 

As }.] is C'alelllalrcl from d im cnsions meas1ll'ed 
wilh rcfercJ)ee to lcnglh standards, and as n is 
meas lired indirec tly in tcrms of tIle mean solar 
second, this method pcrmi ts I? to be measured in 
"absolu te" units, that is, in Lcrms of IcngLh, 
time, and permeability. Allhough permeability 
does not appear explicitly in eq 3, it is involved 
implicitly in Ai, and meaSUl'emen ts must be 
made to ascertain Lhat no malel'ial used in Lhe 
inductor or its immediate field hilS a pnmeability 
that differs from the standllnl (a ir) by mOre than 
a Lolerable amount. 

In order that the conditions sLipulated in the 
preccding paragraph may be met, several devices 
must be added to the simple circuit indicated in 
figure 1. Iroll-cored choke coils placed in the 
primary circuit tend to maintain the current 
constant but, since t be inductance of an iron-cored 
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choke coil is reduced by direct current in the coil, 
it is difficult to obtain the necessary "smoothing" 
in this way. In order to overcome this difficulty, 
what might be called "electronic chokes" are 
employed, the details of which have been described 
in another paper [5]. 

In addition to the iron-cored and electronic 
chokcs, a special dcvice which, for want of a better 
name, may be called a "revcrsing generator", is 
uscd in the primary circuit . The function of this 
reversing generator is twofold. In the first place, 
while the primary circuit is shorted at the 
reversing commutator, it reverses the current 
through ll!l in a predetermined manner in order to 
facilitate the maintenance of small instantaneous 
emf's in the secondary circuit. The second and 
more important function of the reversing generator 
is to supply an emf in the primary circuit at all 
times equal and opposite to the emf across the 
primary of the mutual inductor. To the accuracy 
with which this eq ualit is main tained, the poten
tial difFercnce across the circuit at the reversing 
switch, 0, is always zero. Hence the connection 
or removal of a short-circuit across this part of thc 
circuit docs not affect the primary current I , as 
the short-circuit is between points at cqual 
potential. 

In order that the galvanomcter shall properly 
integrate the current in the secondary circuit, it is 
necessary to prevent the passage of large ClllTCnts 
through it. This is done b inserting very large 
choke coils and an inductor generator in series in 
the secondary circuit . The choke coils tend to 
reduce the alternating component of current 
through the galvanometer without greatly rcduc
ing the unidirectional CUlTent resulting from a lack 
of balance. An inductor generator has an emf 
that always averages zero, and hen ce it has no 
effect on the balance of the circuit. If it is so 
designed that its emf is at every instant equal and 
opposite to the sum of the IR drop and the rectified 
secondary induced emf at balance, the instantane
ous values of the net emf in th e secondary circuit 
can be kept very small. 

It was not feasible to design the inductor
generator in the secondary circuit to give a com
paratively complicated ,,"ave form to match that 
produced in the circuit by the sum of the IR drop 
and the secondary-induced emf. The order of the 
design was therefore reversed, the inductor
generator b eing built to give an approximately 
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rectangular-shaped emf wave. Then the primary 
reversing-generator was designed to reverse the 
current through the primary of the mutual induc
tor in such a way that the secondary emf so in
duced, when added to the IR drop through the 
primary resistor, would give a voltage equal and 
opposite at every instant to that of the inductor 
generator. The accuracy of matching was not 
carried to an extreme, it being intended that the 
inductor-generator should reduce the voltage 
amplitude by a factor of about 10 . 

Besides the design and construction of the 
apparatus just mentioned for the measurement 
circuit it was necessary to design, construct, 
measure, and calculate the inductance of a mutual I 

inductor, and it was also n ecessary to develop a 
system of speed control such that the r eversing , 
commutators could be driven at a constant known 
rate. The work on the mutual inductor, speed 
control, and on the measuring circuit will be 
described under separate headings. 

III. Construction of the Mutual Inductor 

1. General Considerations 

The value of mu tual inductance required for this 
circuit was fixed by the values selected for Rand n. 
For R a double-walled I-ohm resistor was used, as 
this type was the most stable in resistance of any 
available. A value was selected for n that would 
not be an integral mul tiple or su bmultiple of the 
frequency of any probable extraneous emf. The 
value of about 23 rps, actually 1000/44, was se
lected on the basis of the frequencies of power lines 
and a-c generators Imown to be in operation in the 
vicinity of the equipment. These values selected 
for Rand n required the use of 11 millihenries of 
mutual inductance. However, an inductance of 
slightly less than 11 millihenries was used in order 
that the circuit could be balanced by means of a 
shunt of moderate size across the I-ohm standard 
resistor. 

An excellent design for an inductor of approxi
mately this value was available as the result of 
work by Campbell [6] at the National Physical 
Laboratory. This inductor consists of a single
layer helix on an accurately constructed cylinder, 
and a multilayer secondary in such a position that 
its dimensions need not be accurately known. In 
order to fulfill this condition, Campbell divided his 
primary winding into two coaxial single-layer coils 
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with a considerable distance between them. A 
current flowing tlu'ough the two coils connected 
in series aiding gave a circle of zero magnetic field 
outside the primary cylinder, and the secondary 
co il was located about this circle. Near the circle 
of zero field the space rate of change of field 
strength was small, and errors in measurements of 
the location of t he secondary turns gave negligible 

I errors in the calculated flux linked with the second
ary tmns and hence in the calculated mutual 
inductance. 

For the present in vestigation it seemed desirable 
to have the resistance and inductance of the sec
ondary small , as it was to be shorted during com
mutation. It was decided, therefore, to usc only 
about half a.s many turns on Lhe secondary as on 
the primary. Also, instead of following Camp
bell's design exacLly, it WfiS d eeicled to Lry to in
erease Lhe volume of tlleregion onow field strength 
in which the secollda ry was to be locaLed , thus 
allowing Lhe usc of a secondary winding of large r 
cross secLion and henc e larger wire. It appeared 
that this increase migh t be obtained by breaking 
the primary into three separate sect ions. With a 
current Llu'ough Lhe three secLions connected in 
series aiel ing, it Wfl,S expected that Lwo external 
circles of zero field s tJength woul(l be obLained. 
By properly selecLing tlte number of LUrns aJl(1 the 
relative posi Lions of the three sect ions, it appeared 
possible Lo bring Lhe two circles of zerofi l,ld close 
together so thaL beLween Lhem a region or yery 
small field would resulL, in which UJ(' secO ndar)T 
winding could be located. The calcl llaLion of the 
fields for a considerable number o[ LenLative d('
signs would have been very laborious, so Lhe in
vesLigation of the fields \\"as firsL carried out 
experimentally. 

2. Experimental Design of Mutual Inductor 

To investigaLe the fields experimentally for 
diIferent combinations of turns on Lhe primary 
windings, a full-scale model was made of the 
proposed primary. A wooden cylinder 41 cm in 
diameter ancl 90 em in length was \\~ollncl from 
one end to the other with copper wire , 1110 pi teh 
of 2 mm being the same as LhaL to bell sed on Lhe 
primary of the standard indu ctor. By solderin g 
two shor t-circuiting jumpers beLwecn turns, Lhe 
practical equivalent of LIu'ee separaLed coaxial 
coils or Lhe same diameter was obtained. The 
resulting coil arrangement is show11 in secLion in 
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figure 2. A current flowing through coil A and B 
in series will give a zero field in the neighborhood 

0 8 0 

8 0 
A 0 

8 0 
0 

0 0 

• • ZI 

0 0 
0 0 
0 0 

8 B8 
0 0 
0 0 

• • Z2 

0 0 
0 0 
0 0 

8 c O 
0 

0 0 
0 0 

FlG U HI·; 2. f) iCtgram illustrating the apPl"Oxi'l)wte location 
oj two mMor zero cil'cles sun-ounding a th ree-section heli.'/;. 

of ZI' Likewise, a CliLTent Lhrough Band C in 
series wi ll give a ;t;C'l"O fie ld at Z2. ' Vilh current 
tlll"ough all Lhree coils ill series, two circl('s of zero 
field will be obtained but in somewlJaL clifrerent 
pos iLions than for Lhe s('parnte combinations of 
two coils. H now the coil B is shorLem'd, iL WOllld 
be expected that ZI and Z2 would approach each 
other and probably change their radial distance 
from Lhe axis . The experimenLal design or Llte 
inductor consis ted in loca Ling the posiLions of Lhe 
zero fields and finding what lengths and relaLive 
positions of the coils wOllld bring the Lwo zero 
circles dose together with a fairly \\'eak field sur
round ing Lhem. 

To loculi' LIle positions of the zero circles for 
th e di []"ereuL combin aLions of coils, a small magnet 
an d mirror were atLache cl Lo a fine phosphor
bronze wire. The length and tension in the wire 
w('re adjusted until the resonant frequency of the 
magnet and mirror was 60 c/s. This" magnetoDl-
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r 
eter" was then used to explore the field of the 
primary of the inductor while it was carrying an 
alternating current of a frequency of 60 cis. 

The fields of a number of coil combinations were 
examined. In each combination the two end coils 
always had the same number of tmns and the two 
blan]\: spaces were always equal, so that there was 
symmetry about the center. As had been antici
pated , the zero circles approached one another as 
the center section was shor tened. It was found, 
however, that with the center section very short 
both zero circles were in a plane normal to the 
axis and passing through the center of the middle 
coil but their radii were no longer equal. As the , 
length of the center section was further decreased, 
one zero moved away from and the other toward 
the helix. 

With the coil combination that was finally 
,elected, the two zero circles were 4.5 and 6.5 em, 
respectively, from the surface of the primary. For 
the 41-cm form this required 159 turns in each end 
section and 25 turns in the central section. A 
blank space corresponding to 28 turns was left at 
each end of the central section. The pitcn was 
2 mm. After this design had been determined 
experimentally, it was checked by calculation 
before the secondary coil form was constructed. 
These calculations verified the locations of the 
zero circles and showed the field to be very weak 
between them and for a reasonable distance in the 
axial direction. The secondary winding form was 
made with a channel rectangular in section, having 
a width of about 8 mm in the direction of the axis 
of the primary and 2.5 em in the direction of its 
radius. The general arrangement and proportion 
of the final design of the inductor is shown in 
section in figure 3. Each small open circle repre
sents about five active primary turns. The two 
dots within the secondary winding channel rep
resent the two circles where the field strength of 
the primary is zero. 

The experimental work described in connection 
with the design of the modified Campbell-type 
inductOl' was performed in 1936. Postwar recon
sideration of this ,vork has indicated that the 
space smrounding a multisection helix may con
tain more than two maj.or circles of zero magnetic 
field strength and that some of these may have 
been overlooked in the original in vestigation. This 
matter may be reexamined at a later date, but for 
the present it is sufficient to state that the design 
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adopted as a result of the work described has 
proved satisfactory. 

FIGURE 3. Arrangement and general proportions of the 
mlltllal indllctor. 

3. Construction of the Primary 

(a) Preparation of the Porcelain Form 

The primary of the standard mutual inductor 
was ,,,ound on a porcelain 2 cylinder 41 cm in 
diameter and 83 cm in length. The wall thickness 
when completed was about 6 cm. The first step 
in the construction was the rough grinding of the 
inside and outside of this cylinder until an approx
imately uniform wall thickness was obtained. 
The cylinder was then mounted on a rotating 
spider and lapped until the outside diameter was 
uniform to about 0.005 mm. It was then mounted 
in a lathe and a shallow 2-mm thread was cut in 
the surface with a diamond-charged steel wheel. 
The ends of the cylinder were then cut off square 
using the same diamond-charged wheel mounted 
on the cross feed of the lathe. 

Lapping blocks were made to match the rough 
thread that had b een cut in the porcelain cylinder 

2 This cylinder was made by the Locke In sulator Co. of Baltimore, Md., 
especially for this job, using the wet process for making illSlllator porcelain . 
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by cu tting a V -shapcd thread on the inside of a 
piece of h eavy-walled brass pipe about 41 cm in 
diameter. The pitch of this thread was 2 mm, 
the ame as that on the porcelain cylind er. The 
thread ed brass pipe was cut into pieces about 3 em 
sq uare, and th ese were cemented to s teol frames 
to form laps for finish ing th e threads on the cylin
der. The procedure was practically identical with 
th a t described in de tail by Curtis, lVloon, and 
Sparks [7] . 

Three separate lapping frames were used. The 
first frame was half the length of the porcelain 
cylinder, and the lapping blocks were aUached in 
four separate groups. One set was attached at 
each end of the frame, a third about an inch from 
the center of th e frame, and the fourth group was 
attached at about 2 in . from one of the end groups. 
During lapping, the lap was frequently turn ed 
end-for-end , and it is believed that the llonsym
metrical spacing of th e lapping blocks r educed the 
tendency to cause a low r egion near the cen ter of 
the lapped cylinder . 

A long lap will make the cylinder s traigh t and 
the thread r emarknbly uniform in pitch , hu t there 
is a tendency to make the diameler sligh tly small 
near each end and at llle center. Th is can be 
correc ted by using a second , very short lap and 
working locally to r educe the diameter in lhe re
gions where the lapping is least . Such a shor t lap 
was construcLed and used occasionally. To obtain 
an even more uniform di ameter, a third lap was 
constructed. The frame for this lap r eached en
tirely around the cylinder and carried a number 
of lapping blocks, in a circle on the inner face, 
which pressed against the cylinder. This frame 
was not very rigid , and the circumference could 
be r educed by means of se tscrews, thus pulling 
the blocks down tight against the cylind er . 
This "nut" lap was v ery efl"ec tive in maintaining 
a uniform diameter , and it was used alternately 
with the other two laps. At th e completion of 
the lapping, the diameter was probably uniform 
to about 0.001 mm, and no varia tion in pi tch could 
be detected with the apparatus that was used for 
the preliminary measuremen ts . The 1I n iformi ty 
of th e diameter did not remain afler th e wire had 
been wound on to the cylinder . The tension in 
the wire caused a considerable compressioI: of the 
porcelain form, and the compression was not 
uniform . This nonuniform compression r esul ted 
partly from the fact that the porcelain was only 
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partially vitrified and the vitrification was prob
ably not uniform in depth. The interior of the 
porcelain had been purposely left unvitrified in 
order to increase the strength of the cylinder . 

A t th e completion of lapping of the groove in 
the porcelain cylind er , 4-mm holes were drilled 
through the form a t tllO six posi tions wI lOre it was 
des ired to end the three sections of lh e winding. 
These holes were mad e with drills having tips of 
tungs ten carbid e, using an ordinary drill press. 
Kerosine was con tinuously supplied along th e 
drill, and the drill s needed resharpening after each 
centimeter or so of penetration. 

After the holes had been drilled, the approach 
sides were cut away so as to avoid sharp bend s of 
the wire n ear the holes. This was done by manu
ally drawing back and forth a copper wi re charged 
wi th sili con carbid e. Short brass rod s were maci e, 
which fitted snugly into the drilled holes. One 
end of each rod was slotted to permit a taper ed 
screw to spread the end of th e rod and clamp it 
securely in the hol e through Lhe porcelain. These 
rods se rved as ancllOrs for Lhe wi re of LlIC primary 
winding. I-Joles for the end s of the wire of Lh e 
primary winding were d rilled throu gh th e rod s 
near the outer end s, so th e wires could b e attached 
by se t scr ews and soft sold er. 

(b) Winding of the Primary 

After the lapping and lhe d rillillg had been 
completeci , lhe porcelain cylind er was moun Led 
on a wood en mandril for winding. This mandril 
h ad an ouLside diameter about 2 em less UI Rn th at 
of the in sid e di ameter of the cylind er. Th e en
tire surface of the mandril was first covered wi th 
a continuous h elical winding of thin-walled r ubber 
tubing which lay flat against Lhe mandril when 
connected to a vacuum line. After lhe cylind er 
had been placed on the mandril, air was again 
admitted into the r ubber tubing, whi ch expand ed 
and supported the porcelain cylinder on a soft 
cushion . The mandril and cylind er wer e th en 
moun led so Lh at Lhey could be turned at a rate of 
about 5 rpm by means of an elec tric motor. 

During wincling, the wire was pulled through a 
clie direc tly on to lh e grooyr ci cylinder. The 
drawing tension was obLained from the motor 
that rotated the cylind er. The die was so 
moun ted tha t it moved along 2 mm for each turn 
of the porcelain cylinder and thus r emained al
ways alined with the groove on the cylinder. A 
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guid e cons isting of a smooth hole in a maple block 
lined up th e wire on the entrance side of the die. 
The carriage for the die was a t a dis tance of abou t 
3 m from the cylinder. In this spaee the wire was 
carefully washed after it had been drawn bu t 
before it I'eached the porcelain cylind er. 

The wire was of annealed high-purity oxygen
free copper, with an initial diam eter of 1.85 mm. 
Two preliminary drawings were made through 
dies of 1.77 and 1.72 mm, and the final drawing 
onto the porcelain cylinder was through a 1.70-
mm die. All three of the dies were made of 
tungsten-carbid e. There was no untap ered por
tion to the die, and the wire was continuously 
redu ced in diameter until the minimum was 
reached . With the speed of drawing that was 
llsed , this shape was found to be very effective in 
maintaining a lubricating film on the wire. 

During the drawing, the dies were mounted in a 
housing that was belted to an eleetric motor and 
rotated at a rate of about 1,200 rpm. This hous
ing was tJlC same as that which was used in making 
and finishing the openings in the dies, and the holes 
wem well alined with the axis of rotation of the 
housing. The rotation of th e dies accomplished 
two purposes. In the first place, it avoided the 
possibility of the wire's being slightly out-of-round 
and lying in a definite orientation with reference 
to the grooves on the porcelain cylind er . In the 
second place, the rotation was found to assist in 
maintaining lubricant between the die and the 
wire. In fact, with th e linear speed of abou t 10 
cmls for the drawing of the wire, and a ro tation of 
the die of 1,200 rpm, th e film of lubricant was so 
well maintained that there was apparently no 
actual direct contact between the wire and the die. 
This permitted the drawing of the wire without 
wear on the clie and there was no measurable 
difference in the diameter of the wire at the start
ing and at the finishing end of th e coil , measure
ments being made to abou t ± 0.2 J.l. . 

In order to draw wi thou t con tact between the 
wire and the die , at the speed tha t was used, it 
was necessary to make a special lubricant. 
This lubricant was a soft soap made by boiling 
do\\'n a mixture of linseed oil soap and rosin soap 
unti l a th ick sticky paste was obtained. 

After drawing, the wire was held in place by 
means of a clamp near the end of the cylinder. 
The end of the wire was th en passed through the 
hole in the anchor rod and held in place by means 
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of the set screw and solder. The rod was then 
forced into the hole in the porcelain un til the wire 
was put uncl eI' a consid erable tension, after which 
the rod was fastened in place by means of the 
eXpanSlO l1 screw. Aftcr the end s had been at
tached, the wire ,vas clamped and then cu tat th e 
two places needed to s<'parate the winding into 
three parts. The three parts were separated by 
removing three turns at each cut, and the ends 
were attach ed to brass anchor rods as described 
above. When completed , no part of the anchor 
rods extended through to the inside nor to the 
outside of the porcelain cylinder, and the avoid
ance of sharp turns at the end s of th e wire left 
the outside of th e inductor smooth. 

4 . Construction of the Secondary 

The secondary form was constructed of three 
annular d isks cu t from sheets of heavy plate 
glass. All three disks have the same inner radius 
of 21.5 cm, whereas two disks have outside radii 
of 28 cm, and the third disk has an out.side radius 
of only 25 cm . The three disks were cemented 
together, with the smallest placed between the 
two large disks to give a winding form of th e 
shape shown in figure 4. The channel thus 
formed is abou t 8 mm wid e and 3 cm in depth, and 
the second ary coil was wound in this space. 

After the glass disks had been cu t roughly to 
size they were mounted in a lath e and cut ac
curately with a diamoncl-cbargecl steel disk. 

1. 20 mm Smm 6 mm 

T d:A~;~~~~~~~~§::::~ t 

FIG U RE 4. 
6mmJ 

Approximate dimensions of glass f orm f or 
secondary winding. 
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The glass disks were cemented together with a 
cement that was made by stirring together equal 
volumes of powdered glass sand and 40 percent 
solution of sodium silicate. While the cement 
was allowed to thoroughly harden , which re
quired several days, the channel was kept uni
form by means of spacing blocks that were 
slightly thicker than the inner disk. 

The wire used in winding the secondary coil 
was No. 20 A WG silk-enameled copper. There 
are 24 layers with 8 23/24 turns per layer, and 
three turns in a twenty-fifth layer, giving a total of 
218 turns. Between each layer and the next was 
wound a strip of stron g paper, 0.1 5 mm in thick
ness. By dropping back one- twenty-fourth turn 
instead of winding nine full turns on each layer, 
it was possible to reduce Lhe distor t ion caused in 
passing from one layer to the next. 

The design of the mutual indu cto r is such that 
there is little difrerence in lhe contribution to the 
to tal mll tual ind uctanee of a turn in any layer and 
the correspond ing turn in the next adj acent layer 
of the second ary winding. H ence the exact lJape 
and posi tion of Lh e wim as iL passes from one Jayer 
to the next is of minor importance. Nod iHerence 
exceeding 1 01' 2 parts in lO i of the mulual indu ct
ance would be obtained if these cross-over sections 
of wire were considered to be entirely in eith er of 
th e adjacen t layers instead of being in inl ermediate 
positions, as is the actual case. 

5. Electrical Connections 

' Vhen in usc, Lh e primary of lite mutu al mclu eLor 
is supported from one end , with its axis vertical, 
and of coursc this is also its position when i ts di
mensions arc measured. The secondary is sus
pended by means of small brass wires from glass 
strips laid across the top of the primary. A side 
view of the finished inductor is shown in figure 5. 
The twisted pair of conductors forming the second
ary leads may be seen on the righ t. Connections 
to the primary are m ade along the front of the 
cylinder, which appears at the left of th is photo
graph. In the vicinity of the incluelor tlte primary 
leads arc in the form of a coaxial cahlc. The ollte l' 
concluctor of this cable makes co nn ection at the 
bottom of the primary wind ing. TllC ilDler con
ductor extends vertically to lhe top of the cylinder 
where i t makes connection. Th e Lhree sections of 
the primary arc connected in series by m eans of 
two " jumpers" of the type shown in figure 6. 

Absolute Measurement of Resistance 

F I GU IU; 5. Gene1·(t/ view of the fini shed in ducto r. 

Each jumper consis ts o[ an 8-mm brass t u be 65 
mm long, sli t longitudinally to reduce eddy cur
rents. Copper contacts, K and K' , a Ltach cd ncar 
the ends of the tube, press againsL lh e app ropriate 
wires to connect two coil s. One eon t act is grooved 
to maintain its posit ion ver ticfl Uy, while the other 
is flat. Amber bushings pressed into eflch end of 
Lhe lube arc drilled along th e axis wiLh 1.7-mm 
holes, ancl the ve rtiefl l conclueLor passes through 
lbese holes. The foot, F, ex tends at righ t angles 
Lo tbe lube and preven ls any appreciable rolaLion 
from t lte p roper position [or the contacts. The 
conneclors arc held tigh tly in place by means of 
severn l lurns of lin en thread around the primary 
cylinder. 

Similar contact blocks are used at the extreme 
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FlGURlc 6. Close-up view of a j1l1nper used to connect adja
cent sections oj the p1·imary. 

ends of the winding for connections to the primary 
lead wires. These blocks are much shor ter, and 
each has only one contact. 

IV. Measuremen ts of the Dimensions of 
the Inductor 

1. Measurements of the Primary 

(0) General Considerations 

For the measurem en ts of the dimensions of Lhe 
primary of the mutual inductor a special compara
tor was buil t, and assembled in an underground 
room. There a triangular-shaped concrete pier 
was available, which was suppor ted by the undis
turbed ear th under the room, wiLh no direct con
nection to the floor . This triangular pier is abou t 
1.5 m on the side, 10 cm thick, supported at each 
corner by a concrete footing. 

The comparator was designed to be mounted on 
this pier. At each corner of the pier was placed 
a vertical hexagonal steel post. These posts are 
a little over 2 m in length and 6.5 em between 
opposite flat surfaces. A welded steel framework 
made of 4 by 6 em seamless rectangular steel 
tubing with 6-mm \\"all lhickness was bolted to 
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F I GURE 7. General view of the comparator, arranged for 
making pitch measurements. 

th ese three corner posts. The deLails of the con
struction are shown in figure 7. A triangular piece 
of sheet steel 1 em thick, s lifl"ened by welded steel 
ribs, was bolted to the top of the framework . 
At the center of this triangular piece, on the lower 
side, was welded a short piece of heavy steel tubing 
tha t carries four setscrews for adjusting to the 
vertical a threaded iron tube on which is carried 
the porcelain cylinder to be measured . This iron 

Journal of Research 



tube rests on a s teel ball , which allows a free 
adjustment of the position of Lhe top end. 

The threaded iron tube was made from a piece 
of cenLrifugally cast iron pipe of 12-cm ou tside 
d iamcter and 2.5-cm wall thickness. This was 
first mounted in a precision lathe and t urned 
smooth on the outside. A 2-mm thread was th en 
tUl'l1ed in th e tubing for considerably over Imlf its 
length . 'Nhen mounted in the comparator frame, 

F JGURl, 8. PtalJonn J01' stlppo1'ling primary cylinder in 
compa1'alo1'. 

Absolute Measurement of Resistance 

the t ube is held in a ver tical position with the 
threaded part at the bottom. A bronze nu t on 
th e Rcrew supports a cast iron platform that is 
used in t urn to suppor t tJl e porcelain cyl inder . 
By rotating the porcelain cylincl er and platform, 
friction causing the nu t to also turn, the cylinder 
can be moved up and dO\Hl in th e comparator 
frame. Since th e thread on th e screw and that 
lapped on th e cylindcr arc of the same pitch , the 
ra ising and lowering of th e cylinder will bring all 
the turns of the cylinder into similar positions 
with reference to the measuring parts of the 
comparator. 

A cross section showing th e porcelain cylinder 
supported on the screw is sh oll'n in figure 8. The 
cylinder rests on th e cast iron r ing, R, which in 
t urn is supported by Jour large screws so that the 
level of th e cylinder is aclj us table. 1J ore over , the 
rad ial position of the porcelain cylinder is adjust
able by foul' screws, which pass through threaded 
holes in the cast iron ring and press against the 
wall of the supporting platfor'ffi P. The wcight 
of the platform and its load is carried on th e 
round ed top of tllC bronze nul , N, through the 45° 
tapered shoulder , as shown. Th is circular area of 
co nLacL centers Lhe boLlom end of lhe pla Lform 
wi Lhout bind ing. At the top of th e platform 
housing is a bearing that co nsisLs of three smooth 
bronze segmcnts Lh at l'C's l agni nst the threads of 
the se l'('W. Th o bea ring su d aces arc spaced] 20° 
and t wo are fastened permanently in place. The 
th ird segmellt is movable in a radial direction and 
is h eld snu gly against the screw by means of 
springs. This type of co nstruction was used in 
order to avoid tIle necessity of m aking a very long 
nut or of alining two separate llu tS. 

Aftcr the cylinder is mounted in the comparator, 
the screw and cylind er arc alinecl as follows: The 
screw is first set ver tical, and tbis condi tion is 
attained wh en a sensitive spirit level on top of th e 
porcelain cylinder does no t change its reading as 
the cylinder is rotated. By adj ust ing the cylinder 
supports until this constant reading is " level", the 
porcelai n cylinder is also set vertical. The radial 
adj ustment of th e cylinder is judged by means of 
a hl ock Ul at slid es along a WiLy until it comes in 
co ntact wi th a wire on the cylinder. An index 
mark on this block can be read t hrough a telescope 
with a micrometer eyepiece, and adjustments are 
made until the reading ch anges by a mllllmum 
amount as th e cylinder is rotated. 
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FIG U R E 9. Simplified drawing to illustrate equi pment used faT primary-diameter measurements. 
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(b) Diameter Measurements 

After the primary of the mutual inductor is 
mounted and alined properly in the comparator, 
its diameter is measured with the apparatus shown 
in figure 9. A large steel "horseshoe" , El, made of 
35-mm armor plate is mounted in a horizontal 
position. The two ends of the horseshoe are 
fi nished with well-alined ways, TV, on which are 
hung the brass blocks, B. To these brass blocks , by 
means of thin rectangular strips of spring s teel, p , 
are attached con tact plates, P. By sliding the 
brass blocks toward the porcelain cylinder , the. 
contact plates can be brought into contact with 
the wires of the primary, as shown. These con tact 
plates carry fiducial m arks, which can be observed 
through the telescopes, T. A set of fixed fiducial 
marks are on inserts, 1, of polished steel se t 50 cm 
apart in a seco nd horseshoe, made of invar. This 
horseshoe, R, rests upon the smooth top surface of 
th e first, 1-1, at three places, and thin rubber pads 
between allow independen t t hermal expansion of 
the two horseshoes. 

The procedure for making a diameter meas ure
ment is to slid e tbe blocks, B , by means of hand
operate<'l screws until the plates, P , come in ('on
tact with the wire of LllC inductor. As soon as th e 
contacts are made the contn,ct plates will stop but 
th e steel fl exw'e plates will allow th e blocks to 
continu e to move, thus increasing the preSS Ul'e on 
the contacts, but maintaining tbe aliuement of th e 
contact plates. As soon as the requirecl pressure is 
attained, th e breaker points, k, separate, extin
guishing small electric 1igh ts, n,t which poin t the 
operator s tops the motion of the bloch::s. 

With the plates in contact with the wires of the 
helix, telescopes arc s igh ted at th e contact plates, 
and the cross-hairs of the micrometer eyepieces are 
set on the fiducial lines. The t wo telescopes, T, T, 
are mounted on a horizontal 5-cm steel bar, and by 
means of the handle, h, they can be turned simul
taneously. After the telescopes are set on the 
fiducial lines the bar is rotated sligh tly, tilting the 
telescopes, in order to bring the fixed reference 
marks on 1 and 1 into view. The micl'ometer eye
pieces are then used to determine the difference in 
positions of the fixed and movable lines. 

Figure 10 shows some of the details on the left 
side of the diameter-measuring micrometer. The 
letters identifying various parts correspond wi th 
those used in figure 9, with the exception of S, 
which is one of the hand-operated screws men
tioned previously. 

Absolute Measurement of Resistance 

FI GU R " 10. L eft side of l)l'imary d'iameter-Ilwasw'ing 
micrometer. 

It is refllizecl that rota Lion olthe bfl l' carryin g 
t110 telc'scopes will cll a ngl' their fllin CJ1l ent beca use 
of t1l e fi ex ing or Llw biLl'. H CIl ('c' n, t tIl e elld of a 
seric's of Jlwas url'Jn ents, Ult' cyli ndf'l' a nd th e mov
able co ntact plates al'e removed . A lin t' stl11ldard 
is then placc'cl n,t Ule level whel'e tIl(' contact plates 
have been, and a tm nsfe1' is made from the fi xed 
refercnce lint'S to the lines Oil t lt e cnJibrated meter 
bar. The two transfers eliminate the efl' ect of Lb e 
change of ali nCJl1l'u t of the telescopes a nd arC' Ule 
equivalent of a direct substitu t ion of th e standard 
meter ba l' . 

Aftcr a series of meaSlll'ements has been m ade on 
the cylinder , the two contact pla tes a re brought to 
bear upon a calibrated gage wire on one side of the 
horseshoe, and a sim ilar Pl'O CCclUH' is followed in 
measuring the distance between ficlucial lines. As 
the diameter of thc gage wire is accllrately known, 
these readings give the amount that has to be 
sub tracted from th e meas lI rcd distance between 
reference lines on the contact blocks. 

The co nLact plates, P , are made of invar with a 
polished face on which are ruled the fiducial lines. 
These lines were ruled to match those of the stand
ard meter bar by C. G. Peters of this Bureau. On 
one of the contact plates the surface that comes in 
contact with the wires of the inductor is slightly 
rounded with its axis parallel to the axis of the 
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inductor, whereas on the other this surface is plane. 
Before making a diameter measuremcnt, the 

horseshoe is moved toward thc cylinder until the 
readings are a maximum, indicating that the 
apparatus is set on a diameter. As the winding on 
the cylinder is a helix, the horseshoe is tilted until 
one contaet surface is set lower than the other so 
that both center on wires of the helix. This 
sligh tly increases the apparent diameter of the 
helix, but a correction therefor is readily calcu
lated. 

The telescopes used for the measurements are of 
the auto-collimator type, and the micrometer 
eyepieces are the Geneva Society's type 0281. 
Divisions on thc scales of the micromet.ers cor
respond to about a half micron in the fields of view 
of the telescopes. These scales were calibrated 
against tenth-millimeter graduaLions on the stand
ard meter bar. Settings of the micrometer on 
lines of the meter bar or on fiducial marks usually 
can be repeated to one or two divisions on the 
micrometer scale, that is, to about a micron. As a 
large number of readings were made, this is con
sidered to be sufficiently accurate for a determina
tion of the average diameter of the primary to 
better than 1 part in a million. 

:'1easuremeuts of the diameter of the primary 
coil have consisted of a series of over 1,200 
measurements, each turn of the helix being meas
ured on three equally spaced diameters. At least 
once evcry five turns a transfer was made from th e 
con tact blocks to the fixed lines on the invar 
horseshoe. The air in the room where the 
measurements were made was kept in circula
tion by means of a large fan, and its temperature 
was thermostatically controlled at 23° O. Fre
quent measurements of the temperature of the 
porcelain cylinder and of the steel horseshoe were 
made by means of attached thermocouples. 
These measurements were made by an observer in 
another room, who also recorded other data as they 
were transmitted by interphone. 

Although only one observer remained in th e 
room during the measurements, and the air was 
thermostatically controlled, the heat from the 
observer's body gradually raised the temperature 
of the comparator and of the porcelain cylinder. 
Fortunately the temperature changes were small 
and at a fairly uniform rate. After a period of 3 or 
4 hI', it would be necessary to stop measurements 
and allow the temperature to fall. An effor t was 
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made to start not more than 0.1 ° 0 below 23° 0 
and to take observations un t il the temperature rose 
to an equal amount above 2~ 0 n in order to avoid 
calcula ted corrections for tempcraturr , as 23° 0 is 
the temperature to which all measurements are 
referred. 

Measurements made in the manner outlined 
above give diameters to the outside surface of the 
WIre. To obtain the diameter of the helix it is 
necessary to subtract the average wire diameter. 
The diame ter of samples of the wire taken from 
th e start, cen ter, and finish of the primary winding 
was measured by means of an accurate microm
eter caliper and found to be 1.6983 mm at 23° C. 
The diameter at the beginning and at the end 
were the same to ± 0.0002 mm, as was expected 
from the method of drawing. Using this value 
of the wire diameter, a preliminary value for the 
diameter of thc primary helix to th e center of the , 
wires was obtained. From this diameter and the 
mass, number of turns and density of the wire, 
a more reliable value for the mean diameter of 
the wire on the primary winding was obtained. 
The mass and density were determined by the 
Metrology Division, although their determina
tions of density were for wire in the unstressed 
condition. The ~wire on the eylinder was wound 
under a tension of abou t 30 lb . From the stress
strain curve of a sample of the wire, the percentage 
elongation caused by Lhis tension was calculated. 
Assuming a Fuisson's ratio of 0.3, the percen tage 
change in diameter was calcula ted , and from the 
change in length and in cross section, the change 
in density was determined. This gave a density 
when stressed of 8.922 g/cm3 at 23° 0 as against 
the measured value of 8.925 g/cm3 for the un
stressed wire. From the mass, density, and length 
the mean diameter, 2r, of the wire of the helix 
was calculated to be 

2r= 1.6986 mm 
at 23° O. 

A complete series of diameter measurements 
was made in D ecember 1947, and repeated in 
June 1948, wi th minor changes in the measuring 
equipment. From the December] 947, observa
tions a value of 40.72740 cm was obtained for 
the mean horizontal diamete r of the helix to the 
cen ters of the wire. From the June 1948, obser
vations a value of 40.72754 cm was obtained. 
Data obtained from the latter observations were 
used in preparing figure 11. The curves labrled 
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0°, 120°, and 240° show diameter variat ions in 
microns along three pairs of elements 120° apart, 
whereas the curve on the righ t is thc mean of the 
other three. The curves are plotted with respect 
to Lhe mean diameter of the 343 turns that 
constitute the active por tion of the primary 
winding; the mean diameter values given above 
also pertain to these turns. For the long 159-
turn sections of the primary, each plotted point 
is the mean of three turns, whereas for th e shor t 
25-turn middle section, each point represents the 
mean of five turns. In table 1, mean diameter 
deviations in microns with respect to the grand 
mean arc shown for each of the three sections 
of the coil in each of the three plancs. The 
m ean given at the foot of each column is obtained 
by weighting the fig ures for each sec Lion acco rding 
to the numbcr of turns involved. 

TABLE 1. Diamele1' devialions, microns 

0° 1200 2"00 ~\ r call 

' I' op: 159 turns -- - ---- - 2.3 +2.1 + 0.3 0.0 
,lidelle: 25 Lurns _____ +3.3 - 0. 2 + 4. 9 + 2.7 
Bottom: 159 t urns .... - 1. 1 - .5 + 0.3 - 0.4 
"· eightecllllC'fl TL ____ ___ - 1. 3 +.7 +. G .0 

Giving equal weigh t to the D ecember ] 947 and 
June 1948 observations, the mean radius of the 
primary helix at 23.0° 0 , measured to the cen
ter of the wire, was 

ao= 20.36373 em, 

as of the mean date 11arch 1948. The apparent 
uncertainty in ao is approximately 0.4 fJ. , or 2 
ppm, and this in tUI'Ll is equivalent to about 4 ppm 
in terms of inductance. 

(el Pitch Measurements 

The porcelain cylinder was wound with 1.7-mm 
copper wire, and as the winding pitch is 2 mm, 
the clearance between wires is 0.3 mm. To 
measure th e pitch , measurements were made from 
centers of the clearance between wires, instead of 
being mad e between lines drawn on the wires or 
from Lhe estimated cen ters of the wires. 

To locate the cen ters b etween wires, two ' 4-mm 
steel rods were ground to a point by using a taper 
of about 37.5°. When mounted radially and 
pressed lightly between two wires, th e centers of 
these sharpened rods or " pins," line up wi th the 
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centers of the spaces between the wires. About a 
centimeter back from the points the pins were 
ground half way through to give fiat surfaces at 
the axes. These surfaces were polish ed and 
marked with ficluciallines tha t were made approxi
mately parallel to the axes of the pins. 

In order to usc this method of measuring pi tch 
i t is necessary to make sllre that the pins are lined 
up with the radii of the porcelain cylinder unless 
this alinem ent is the same for all measurements. 
To obtain this resul t the contact pins are attach ed 
to frameworks that move back and forth in the 
direction of a radius of the cylinder on ways tha t 
are suppor ted by a h eavy vertical rod. 

The construction of one of the frameworks tha t 
is used in carrying the contact pin is shown 
schematically in figure 12. The pin, P , is at-

FIGURE 12. SUPp01'1 for pilch-measurin g pin. 

o 
o 
o 
o 
o 
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tached to a rectangular brass piece about 3 mm 
thick, part of which has been removed to decrease 
the weigh t. This rectangular piece is attached to 
the remainder of the framework by means of two 
thin rectangular strips of spring steel p, p. These 
strips are about 2 by 4 cm and 0.07 mm thiclc 
As the steel pin is pushed between two wires of the 
cylinder , the steel " flexure plates" bend and allow 
the point to set itself in the cen ter of the blank 
space between two wires. This motion takes 
place in such a way that the fiducial lin e moves up 
or down, keeping the line always parallel to its 
original direct ion. To prevent damage to the 
wires, this part of the framework is attach ed to its 
base by m eans of a second set of fl exure plates 
p'p' , set at right angles to the first pair , as shown. 
These plates can also bend withou t changing the 
direction of the fiducial line. The base carrying 
this framework is moved along the ways by means 
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of a coarse screw un til the plates p'p' bend and the 
contact at k opens . The two parts of this con
tact are electrically insulated and connected into a 
circuit with a small lamp and a battery. The 
tension in the coiled spring that is shown keeps 
the contact normally closed. If the forward 
motion in the ways is stopped as soon as the lamp 
goes off, showing that k has been opened, pracLi
cally the same force is applied each time to Lh e 
wires of the inductor. This force is kept low so 
that no p Clmanen t deformation of Lhe wires is 
prod uced . The location of the fidu cial line does 
not change with reasonable changes of the force, 
and a setting can be mad e quickly and wiLh li ttle 
care on th e part of an observer. 

Figure 13 SllO\\'S llow th e frameIVork of fi gure ] 2 

F I C:UR I, 13. P ilch-measuring pin assembly. 

is mounted on a base that can be moved along 
guide ways in Lbe block , B , by means of a hand
operated screw, S. By means of Lhe screws, 
8' S', the wh ole assembly can be clamped rig idly 
at any desil'ed ll eigh t on a heavy ver tical steel 
mast. 

To measure the distance between two fid ucial 
lines, two telescopes are mounted on a ver tical 
shaft and focused on the lines . These tele
scopes have micrometer eyepieces, the lines of 
which are set on the images of the fiducial lines. 
The shaft carrying the telescopes is th en rotated to 
bring into view lines on a calibraLed meLer bal'. 
Th e changes in the readings of the mi eromeLer eye
pieces when reset to images of lines on the meter 
bar give a m eaSUl'ement of Lhe distance between 
con tact pins. After a se L of such readings the 
frameworks carrying Lhe con tact pins are inter
changed , and the readings arc repeated . This 
interchange el iminates any error from th e fiducial 
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lines' not being exactly on the axes of the con tact 
pins or h om their inexact alinemen t. From the 
average of th e two sets of measurements, data are 
obtained for calculating the average pi tch of the 
winding in the section between the contact pins. 

Figure ] 4 is a closeup view of the complete 
pitch-measuring equipmen t, with the calibrated 
meter bar at 1\;J. Th e telescopes shown were used 
only in preliminary work. They were la ter re
placed with more rigid assemblies firmly held in 
V-grooves in stiff castings attacbed to Lhe tele
scope mast. 

F 1GURE 1'1. Close-up view oj lJ itch-measuTing equipment. 

The measurement or tIle pi tch of the primary 
winding was carried out in Lwo steps. An average 
pitch was first determined by meas ureme nLs of 
th e distance between t urns in a group Jl('ar one end 
and corresponding t urns in a, group ncar the other 
end. Using this average pi tch , Lbe locat ions of 
th e intermed iaLe t urns we1'e computed, assuming 
th e pitch to be uniform . 1IIeasurem ents were 
then made Lo determi ne the deviations inlocatiol1 
of Lll ese in termed iate turns from their computed 
positions. These small deviations in axial loca
t ion of turns are employed later in calculating a 
correction to the value of mutual inductance due to 
pitch irregularities. At this point it should perhaps 
be emphasized that th e accurately lapped groove 
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in ·which the wire is wound is one continuous 
helix throughout the length of the cylinder, and 
that therefore the distance, s, between any two 
wires or grooves in any section of the winding 
along a given clement of the cylinder is an integral 
number times the pitch. The nominal value of 
this distance, Sn, is 0.2n cm, where n is the number 
of turns in the interval. 
~t[ore accurately expressed, 

s= npo+c . (4) 

The two steps involved in the pitch measure
ments , therefore, are the determination of the 
average pitch, Po, and the evaluation of the cor
rections, c, which are a measure of the axial mis
location of turns. 

For determination of the average pitch the 
contact pins were set to measure an interval of 
70 cm (350 turns). Starting with one pin at the 
top end of the primary winding a series of read
ings was taken as the cylinder was raised. Read
ings were taken everyone-third turn until the 
lower end of the winding was raised to the posi
tion of the bottom pin. This gave readings from 
the top 50 to the bottom 50 turns, and the aver
age of the 150 determinations gave the length 
for 350 turns. The average pitch as above de
fined was measured three times during the spring 
of 1948 with the following results: 

1948 

Fcbruary _____________________ _ 
A pri 1 ________________________ _ 

~Jay--------------------------

Po at 23.0° C, 
In em 

O. 1999935 
. 1999939 
. 199994.0 

From these data the average value of Po at 23.0° 
C was taken to be 

Po= O. 1999938 em, 

as of YIarch 1948. The apparent uncertainty in 
po was about 1 ppm, and the corresponding un
certainty in mutual inductance is likewise about 
1 ppm. This value of Po will bo used later in the 
calculation of mutual inductance. 

The evaluation of the corrections associated 
with piLch imperfections was somewhat compli
cated by the lack of a perfect turn to which to 
refer the others. Instead of using one turn, or 
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the groove between two adjacent turns, as a 
reference, it was decided to refer all pitch meas
urements to the central 10 turns of the groove 
symmetrically located wi th respect to the plane 
x= O. Preliminary measurements between these 
and oLher groups located at various distances 
from the central plane sho·wed that the pitch 
correction would be less than 5 ppm. These 
preliminary measuremen ts were made consider
ing each of the long top and bottom sections of 
the primary winding to be divided into eight 
groups of 20 turns each, as indicated in figure 15. 

r--+" 
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I 
~ 

1 

FIGURE 15. 
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Relative location of various groups of primary 
turns. 

In each of these 16 sections the space between 
the middle 10 turns of wire formed the groove 
that was referred to the central 10-turn groove. 
The nominal distance between the center of the 
central reference group and the center of group 8, 
for example, was 38 cm. The pins of the pitch 
measuring apparatus were set with this nominal 
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spacing and the cylinder adjusted in height until 
thc bottom pin coincided with the top of the 
central 10-turn groove. The interval , s, was then 
measured six timcs per revolu tion as the cylinder 
was raised 10 turns , thus giving 60 measurements 
Df the distance, 8, the average of which was con
sidered to define the mean location of all the turns 
in group 8. From similar measurements made 
upon the remaining 15 groups, data were obtained 
that enabled the pitch correction to be calculated. 
The method outlined above could not be carried 
Dut with high accuracy, because the 10-cm 
distance 0 to 1 and 0 to I ' could not be measured 
directly, as the distance between the measuring 
pins could not be reduced below 15 cm . The 
method described below, involving only half as 
many observations, was found to be better suited 
to our needs. 

Since the pitch corrections are small , and since 
a high degree of symmetry exists in the primary 
winding, it is sufIicient to measure th e average 
distance between symmetrically located groups, 
such as 8 and 8', instead of between each group and 
the central group. If, for example, UlC spacing 
of groups 8 to 8' werc 5 Jl. too high, the total correc
tion due to the axial mislocation of gro ups 8 and 
8' would be the same no matter how the 5-/1 
error was apportioned between them. Accord
ingly, the final pitch meaSLlrements were made by 
determining the average distance, s, between the 
eight pairs of symmetrically located groups of 20 
turns. In this series of observations the distan ce, 
s, was measured tlu'ee t imes pel' revolution as the 
cylinder was raised or lowered 20 t urns, thus 
giving 60 deierminations distributed over the 
whole 20 turns. The general procedure was as 
follows: the measuring pins were spaced 76 cm 
apart and the cylinder height adjusted until the 
pins were opposite the top ends of the grooves in 
sections 8 and 8'. The cylinder was then raised 
20 turns, the distance s being measured at the 
required settings. The blocks supporting the 
measuring pins were reversed in position at the 
completion of each oeld-numbered turn, and read
ings on the invar line standard were taken pCl'iodi
cally. The spacing of the m easuring pins was 
then reduced to 68 cm and the pins so located 
that they were opposite the bottom end s of the 
grooves in sections 7 and 7'. The cylinder was 
then lowered 20 turns, while measuring sand 
reversing the blocks in the established manner. 
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This procedure was continued until s had been 
determined for all eigh t intervals. The results 
arc presented in table 2. Here n is the number of 
turns in the interval; s" is the nominal spacing 
of the groups and equals 0 .2n; So is the pacing 
as calculated from the mean pitch , and equals 
npo; s is the average of 60 measurements of s 
for each interval; c equals 8 -So. The quantities c 
will be used for calculating the pitch correc tion 
in a later section of this paper. 

TABLE 2. Pitch-variation data 

Interval So S -
" s. e 

---- -- - - -

em em em I' 
8 to 8' ... 380 76 75. 99764 75.99760 - 0. ·[ 
7 Lo 7' ~_ 240 68 67.99789 67.9979·1 +.; 
6 to G' .. 300 00 59.998 14 59.99788 -2.G 
.~ to 5' __ 200 52 51. 99839 .01. 9980 1 -:1.8 
4 to 4' .. 220 44 4:l. 998(;4 4:l.99801; +2 
3 to 3' .. 180 3G 30.99888 35.99896 +S 
2 to 2' ___ 140 28 27.99913 27.99897 - 1.6 
110 I' .. 100 2(1 19.99938 19.999 18 -2.0 

It will be noted that the quantiti es c have been 
determined by taking the diJrerence between two 
large quantities and are therefore apparently 
subj ect to appreciable error. However, the c 
values need be known only approximately, inas
much as they will be used later to calculate a cor
rection that is small. Otherwise expressed, the 
care with which t emperatures need be controlled 
wh en measuring sis neither more nor less than that 
required in making any pitch measurement. The 
lengths given in table 2 pertain to a temperature 
of 23.0°C. 

It may be remarked that the las t-d eseri bed 
measurements are the necessary and sufficient 
observations as far as pitch is concerned. The 
average pitch, Po, determined from observa tions 
over the 70-cm interval need not necessarily be 
measured, inasmuch as any arbitrary valu e may 
be assumed and deviations c calcula Led with re
ference to the So levels so es tablished. Alterna
tively, Po could be taken as the mean of eight 
pitch valu es obtained from table 2 by dividing 
each value of & by the corresponding number of 
Lurns, n . The average pitch as determined from 
observations over the 70-cm interval is of some 
historical interest, however, because this interval 
was measured in 1938 and again in 1948. The 
observations involved can be made in a day, when 
the equipment has been set up, and the resul ts 
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furnish information regarding the change in over
all length over long periods of time. 

(d) Straightness Measurements 

The formulas available for calculating mutual 
inductance arc usually based upon the assumption 
that all turns are coaxial. Chester Snow, of this 
Bureau, has provided a formula that will be em
ployed in a later section of this paper to calculate 
the correction for sidewise displacement, or ec
centricity, of turns in the inductor. In order to 
apply th is formula, some rough measurements 
were made to determine the straightness of the 
primary winding. A special measuring pin , illus
trated in figure 16, was made and mounted in one 

---L.rL ~l-,r;---l 
PLA N 

A 

ELEVAT IO N 

FIGURE 16. jlJeasun:ng pin used in straightness meaSUTe
ments. 

of the pitch-measuring blocks. This pin was 
used to meas ure the distance from the surface of 
the winding to a fine wire suspended vertically in 
the slo t in the measuring pin . One of the tele
scopes usecl for the pitch measurements was em
ployed to observe the distance between the center 
of the suspended wire and a fiducial line ruled on 
the poli shed surface, A, of the pin. The location 
of the fiducial line and the proportions of the 
apparatus were such that the wire and the fiducial 
line focused simultaneously in the fi eld of view 
of the telescope. Observations were made along 
a given element of the cylinder by setting Lhe 
measuring pin and telescope at various x-distances. 
The cylinder was left stationary. The observa
lions furnished data from which the displacement 
of turns in the top and bottom portions of the 
cylinder could be calculated with respect to the 
central 25 turns of the primary winding. From 
observations made along four elements in two 
planes at right angles, it was concluded that no 
portion of the top and bottom sections of the 
pnmary was ofr-center by more than 10 jJ. with 
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respect to the axis of the central 25 turns of the 
primary. In these measurements no attempt was 
made to work closer than about ± 5 jJ.. Some 
slight difficul ty was experienced at first before the 
proper technique was evolved for obtaining a 
suspended fine wire wi th the feq uis ite straightness. 

2. Measurements of the Secondary 

The multilayer secondary coil was mounted in a 
glass channel with transparent sides in order that 
the d iameters of the layers could be determined 
after the winding was completed. This eliminated 
the uncertainty as to the amount the inner layers 
were eompressed by the outside layers, which 
would arise if the diameter had been determined 
for each layer as it was wound. 

For determinations of the diameters of the 
layers, use was made of a special comparator. 
This comparator was set to measure diameters, 
and readings were made to 0.01 mm on each layer. 
The diameters wer e determined at four equally 
spaced positions around the coil. The coil was 
then inverted and the corresponding readings 
taken for the turns at the other end of each 
laycr. 

Four measurements from each face of the 
secondary gave eight values that were averaged 
to obtain the diameter of a layer. The complete 
Ret of m easurements was made by two separate 
observers, and no difrerence in mean diameter 
obtained by the two observers exceeded 0.05 mm . 
The dimensions were determined at 23° C. , which 
is the temperature at which the inductor is pre
ferably used. 

The values of the average radii of the 24 com
plete layers and of the partial twenty-fifth layer 
are given in table 3. In this table are also given 
the radii that would have been obtained if the 
layers had been uniformly spaced between the 
first and last. This shows how the inncr layers 
were displaced because of compression, and the 
column marked" Compression" shows the errors 
in dimensions that would have resulted if thc 
inner and outer radii had been detcrmined and the 
other radii had been calculatcd on lhe assumption 
of uniform spaeing. The mean radius, Ao, to 
the center of the secondary channel is taken as the 
mean radius of layers 1 and 24. Therefore, at a 
temper ature of 23° C, 

Ao= 26.348 em. 
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TABLE 3. Radii oj secondm'Y layeTS oj mutual inductor 

Layer I Average radi us I U n iform d is- I Com pres-
tribution sion 

7nm m7n mm 
I 251. 28 251. 28 0.00 
2 252.32 252.34 .02 
3 253.38 253.40 .02 
<I 254.43 254.4i .04 
5 255. 49 255.53 . 04 

6 256. 54 256. 59 . 05 
i 25i.60 25i.65 . 05 
8 258.65 258. 71 . 06 
9 259.71 259. i 8 . Oi 

10 260. i5 260.84 . 09 

.II 261. 82 261. 90 . 08 
12 262.8i 262.96 . 09 
]3 26-1. 95 264 . 02 . Oi 
14 265.0 1 265.09 .08 
15 266.09 266. 15 . 06 

l(i 2(ii. J5 20i.21 . Do 
I i 268.22 268.27 . 05 
18 269.28 269. :34 . Of) 

19 270.33 270.40 .Oi 
20 2i l. 40 2il. 46 .06 

2 1 272. 47 272.52 . 05 
22 2n.o.} 273.58 .05 
23 2i4 . . 58 274. ()5 . 07 
2tl 2i.\. 68 275.7 1 D'! 
25 27(;, i7 276. i7 .00 

V. Calculation of Mutual Inductance 

1. The Idea lized Inductor 

(a) General Considerations 

The computa.Lion of mutual inductance i itP

proa ched by first con jdering Lhe iclealizecl induetor 
represented by figure 17. The basic eli mcnsions 
given in this figure have been assembled fl"Om 
section IV of this paper and pertain to the 1948 
series of dimensional measurements. The second
ary is taken as a circle of radiu s A o located at the 
center of the secondary channel. The mutual 
inductance between a helix of axial length x and 
a coaxial circle located in the plane of one end of 
the helix is given by the well-know11 Jones formula 
[8], which is here expressed in the form 

(5) 

In thi s equat ion, N x is the number of primary 
turns in the axial dis Lance x, and K, E, and II are 
th e complete ellip tic in tegrals o[ the fir sl , second, 
and third kind , respectively , to the modulus 1c 
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1948 DIMENSIONS. e m 

a o " 20.36373 
Ao " 26.348 
po" O. 1999938 

x , " 12 .5 Po" 2.49992 
Xz " 40 .5 Po" 8.09975 
X3 " 199.5 po" 39.89876 

2 e" 2.546 
2 b" 0.82 

F I GUR," 17. I deal'ized inductor with 1948 values Jor prin
cipal dimensions. 

and parameter c, where 

4A(L , 2_ 2_ (.Jl- a) 2 

(A + a)2' c = 1- c - (A + a)2' 

(6) 

The mutual inducLanre, J.lfQ , o[ Lhe idealized 
indll clol" is giyen by Lhe expression 

(7) 

wll ere 1\;f1, l.J2 , ancl M 3 arc obtained from eq. 5 
by using for x the corresponding values of Xl, X2, 

and ~;3, and t he factor 2 accounts for the other 
half of the primary, which is symmetrically located 
with respect to the plane x = O. 

311 



During the early portion of t his investigation 
th e methods of L . V. King [9] were used exten
sively for evalua ting the ellip t ic integrals involved 
in the above equations. Shor tly before the war 
there appeared an ar ticle by Bartky [10] on the 
numerical calculation of a gener alized complete 
ellip tic integral. By using his methods it became 
possible to evaluate the complete elliptic integr al 
of the third kind withou t recourse to tabulated 
functions of any kind. Bartley's method has 
pro ved well suited to the machine calculation of 
all tlu'ee types of elliptic integrals involved in the 
Jones equa tion. Inasmuch as King's methods 
are now fairly well known, the material that 
follows will devote atten tion mainly to the Bartky 
method, although a combination of both methods 
is favored and an illustra tion of this combined 
procedure will be given . 

In executing machine calcula tions of the type 
described in the sections to follow, the work has 
h abi tually b een carried to eigh t figures in order 
that there should be no uncer tain ty exceeding one 
in the seven t h place arising out of the purely 
mechanical features of computation , there being 
no implication that such accuracy is warranted by 
the basic data. 

(b) Evaluation of Ellipitic Integrals 

Bartky's formula 23 was found to be unsuit
able because of unsatisfactory convergence of the 
function F i (R i) in the region of in terest in this 
work. His formula 36, however , was found to 
be quite satisfactory. Employing several obvious 
changes in no tation it is written here in the form 

". rz ocp 
== Jo F (R) 71' (9) 

where B2= ci cos2 cp + {32 sin2 cp, and a, {3, 0, €, and 
~ are constants. By repeated application of 
Landen's transformation to eq 9, using the recur
rence formulas 
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Oi+l = 4{3 i+l (2 + 0i+ Oi- 1 ) , 
a i+l 

1 
~i+l = 2 (€i+ ~ i), (10) 

it is found that a and {3 approach a common limit 
a ", ; ° approaches the limit 1, while € and ~ 
approach a common limit \ ", . In th e limit, the 
in tegral (eq 8) is given by 

I=~ (b) . 
2 0: co 

(11) 

By a proper choice of values for the five con
stants appearing in eq 8, the in tegral I becomes 
K, E, II, or combinations of these three ellipt ic 
integrals. For example, if le' = ..)1- k2 and the 
constants are so chosen that a= l , {3 = lc ', o= l /lc' , 
€= 1, and \ = 1 the integral (eq 8) becomes 

(12) 

which is recognized as th e complete ellip tic 
integral of the first kind, K . In applying Landen 's 
transformation to the evaluation of eq 12 the 
numerical values of the five constants as chosen 
above become the initial values in the recurrence 
eq 10, corresponding to i = O. It will be no ted 
that for the K integral all t erms of the € and ~ 
scales equal unity, and eq 11 becomes 

K=~(_l ). 
2 a ", 

(13) 

Those familiar with King's methods will r ecognize 
the similarity between his eq 25 and our eq 13 
wh ere a ", is the end t erm in th e arithmetieo
geometrical scale defined by the a and {3 scales, 
which correspond to King's a and b scales. 

In table 4 there have been t abulated th e values 
that should be used for the five constants in order 
that eq 8 should become the integral listed in the 
left-hand column. 

T ABLE 4. Failles of the arbitrary constants that trans/m'm 
the generalized integral to those listed 1tndeT I 

I f3 

K k' 
1 

--
!C' 

E k' - k,2 
k' 

II k' 
C,2 
-
k' c,Z 

(K - E) 
1 1c2 k' - 0 
k' 
C,2 C2 

(n - K k' - 0 
/:' c,z 
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Tlu'ee examples of the application of these 
meLhod Lo the computation of various elliptic 
integrals will now be given. In the first example, 
pl'esenLed in table 5, Ie, E, and II have been com
puLed separately and directly for the case corre
sponding to x=x, on the idealized indueto r of 
figure 17. For each in tegral Ie, E, and II the 
values of 0', (3, 0, € , and!; are to be taken as indi
cated in table 4. As stated above, these values of 
0', (3, 8, f, and!; then become the ini tial values in the 
scales (eq 10) corresponding to i = O. Theil' 
numerical values for a specific case are obtained 
from the dimensions of the inductor by using eq 6 
and the relation 

(A- a) 2+ x2 

(A+a.)2 + x2· 

In connecLion wiLh Lhe evaluaLion of the Ie integral, 

it should be noted that the 0 scale has a definite 
series of values, but in this particular case they ar e 
withou t effect on the value of K and are Lhercfore 
no t requirr.d and are not tabulated in any of th e 
illustrative examples. The 0 scale is required, 
however, in connection with the evaluaLion of ho th 
the E and the II integrals. It should be fUI'Lher 
noted that 0: and (3 are the same for all inLcgmls 
listcd in table 4, and that. thereforc the 0: and (3 

scales need be evaluated only once when calculat· 
ing Ie, E, and II fol' a given set of A, a, and x 
values. A study of the above will reveal ('ha t th e 
values assembled in tablfl 5 are the necessary and 
sufficient data required for calculating K, E, and II 
for the given dimensional condiLions. In the 
column following the (3 scale iL has been fouod 
convenien t to tabulate the factor TJ i= (3 ;/40: i which 
is required in calculating the 0 scale 

T AHLB 5. Computation oj integrals J{, E, and II J01' x = xl=2.49992 em 

0 _. __________________ 
1 ________ __ _____ ---2 ___ __ ____ ___________ 

3 ___________________ 
4 _______________ 
5 ________________ 

1;"~ 0.0'9221464 "'~0. 1 3864'49 

a i 

1. 6IJOOO00 0.1 3804149 -- ------------
.56932075 .37234593 0.16:1,,0440 
. 4;083334 .4604 1748 .244169·15 
.46562541 . '16559628 .24908436 
.4656 1085 . 465ti 1085 .25000000 

.4(51)1085 

[{=-!.~ 
2 a oo 

~ 3.37:36248 

1 
k,= 7.2128480 

Iii 

7.2128480 0. 0 1922 146 1 
1.5290102 . 13864149 
1. 0226226 . 2853270·1 
1. 0000626 .30 150960 
l. 0000000 .3046 1800 

._--.- ----
-----------

E=!!... ~ 
2 a oo 

C'2 
V = o.lJ 37970 

1. 0000000 
0.50n61073 

. 3241 2611 

.30H2658 

.30·161800 

.30 161809 

=1.0276671 

i-z = 6IJ. 929771 

][ 

O. J 1837970 60.929771 
L 7270512 7.3435239 
1. 0527845 16.003806 
1. 000[,990 17. 53R501 
1. 0000001 17. 558747 
I. 0000000 17.558750 

1I=!!.. 100 
2 Q co 

~ 59.2:366:n 

TA B1~B 6. Computation oj i ntegrals K, K-E, and II-K Jor x= x,= 8.09975 em 

1. 0000000 
30.964886 
19. 151205 
17. 579006 
17.558754 
17.558751 
17.558751 

k"=0.045122715 k' ~0.212421OS I~'= 4.7076307 k' = 0.95487726 
c" 
J?'= 0.77263226 

c' 
c" = 59.929771 

a i 

0 ______ ______ _____ _ __ 
1. 0000000 

1 ____ __ ____________ __ 0.60621054 
2 __________________ __ .53355108 
., 0) -------------- ____ _ _ .53106579 
4. __________________ _ .53106289 
5 ___ . ______________ __ 

/) ----- --------------
. 53106289 

1, 

f3 i 

O. 212-12108 
.4608916 1 
.52858050 
.53 105998 
.53106289 

1{= !!... ..J.... 
2 "' 00 

=2.95783-18 

~i 

O. 10007077 
.24767000 
.2499972G 
.25000000 
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Iii 

4.7076307 
L 3152996 
L 009403(; 
1.0000109 
1 0000000 

] f - E Jf- J': 

' i Ii Oi 

0.95 187726 P.0000000 0. 077263226 59. 929i7 L 0.0000000 
.78757890 . <177-13863 2.8548689 4.298269:3 29.904886 
.6.1:362(;36 . 6-3250877 1. 289164' 10. 95(;503 17.131578 
.04:3 11 698 .64:300757 1.01 62040 13.654027 14 .044041 

. G 1309228 .64309228 I. 0000646 1:3.847467 13.849034 
I. 0000000 13.8 !8250 13.848251 

1. 0000000 13. 848251 13. 84R251 
. r.4309228 ----------- 13.848251 

R_E= !!..loo 
2 a oo 

JI- [{=!!.. 100 
2 Q oo 

~ 1.9021608 ~ 40.961J838 
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TABLE 7. Computation of integrals K , J(-E , and II-I-, JOI' X=1·3=39 .89876 

k'2~0.431~1083 k' ~0.65674259 k~0.754 11 483 
C'2 
V=0.024990519 

K K-E II- 1( 

a i f3 i 'Ii ii i 

0 ___________ . 1. 00000000 0.65674259 0.75411483 0.56868918 0.024990519 59.929771 0.0000000 
I . ____ ______ . 0.82837130 .81039656 0.24457528 . 17162871 .05891283 10.281985 I. 4611609 29.964886 
2 _____ ______ . .81938393 .81933464 .24998496 .00898737 . 00032209 3.0946243 3.9876423 15.7 13024 
3. ____ .___ __ _ .8193.5929 .81935929 .25000000 .00002465 . 00000000 I. 3544413 6.8512461 9.8503332 
4. ___ . ______ _ .00000000 I. 0231883 8. 1250460 8.3507897 
5 . ____ ______ _ 

_ 81935929 

K=~~ 
2 a ", 

=1.9171032 

In the second example, illustrated in table 6, 
K , K - E, and IT - I( have been calculated for the 
case cOl'l'esponding to X =X2 in fignre 17 _ The 
constants have been chosen as indicated in table 4_ 

In the final example, shown in table 7, a com
bination of the King and Bartky methods has 
been used for computing the desired integrals. 
H ere I( has been calculated by usc of the AGM 
scale, which is common to both methods; IT - I( 
has been ealculated by using Bar tky's scales. To 
evaluate I( - E, King's method is followed, intro
ducing a l' scale and a summation, r , defined as 
follows: 

(14) 

(1 5) 

where the l' scale starts with I'o= k and is identical 
with King's c scale. From King's eq 27 it follows 
that 

K-E=~!: (16) 
2a", 2 

A review of the methods illustrated in tables 5, 
6, and 7, indicates that there is no great difference 

r ~ 0.62792510 

.".1'/2 
K-E=--

2 a ", 

~0.60189861 

1. 0001314 
1. 0000000 

------- -- ---

8.2366242 8. 2379179 
8. 23727 10 R.237271 1. 

8.23727 11 

JI-K=l'..L", 
2 a ", 

~15.791699 

in the amount of work required whichever m ethod 
is used. The method shown in table 7 requires 
one less column of computation and is somewhat 
less subj ect to introduction of errors in calculation. 
Furthermore, in adapting the work to machine 
calculation it is possible to rearrange Jones' equa
tion in a number of ways so that the end values 
of the var ious scales in table 7 are used directly. 
One such convenient arrangement of Jones' equa
tion is 

where 
(18) 

and other quantities are as previously defined. 

(c) Calculation of 1\110 

The mutual induetance, lvI, as given by cq 5 
may now be evaluated , inasmuch as all the 
required elliptic integrals have been computed 
in tables 5, 6, and 7. The necessary data are 
assrmbled in table 8. Using the values posted 
in the last column of this table, fdo is calculated 
from eq 7 with the result: 

Mo= 49991.32 cgsm units of inductance. (19) 

T ABLE 8. Summary of computation 

e~0.99175988 ? .".(A+a )e=201.08000 

x N. k 
I{-E C'2 

.II ~ c,(lI- K ) 

em 
2.49992 12.5 0.99034263 2.3919342 0.9321413 5260. 16 
8.09975 40.5 .97717812 I. 9920478 . 68~480G 15074. 30 

39.89876 199.5 .75411483 1. 0583965 .2630034 34809.80 
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2 . The Actual Inductor 

(a) General Pror.edure for Correcting Mo 

The effective value of mutual inductance for 
the actual inductor is given in terms of kID, per
taining to the idealized inductor, by the expression 

The quantities within the square bracket relate 
to the secondary, while the factor in round brack
ets Lakes accoun t of departures of the primary 
winding from ideal conditions. The secondary 
winding consists of 218 turns, 215 of which are 
distributed in a regular manner, 82%4 turns p er 
layer in 24 layers. The distribution correction, Cs, 

arises from the fact that the average contribuLion 
of a Lum in Lh e 215 turns group difl'ers somewhaL 
from Lhat of Lhe ll ypoLheLieal Lurn Laken aL Lhe 
center of Lhe channel for which .2\110 was computed . 
The last Lhree turns of Lhe secondary arc located 
in the twenLy-:fi[th layer aga inst one side of the 
channel and their contribution is evaluaLed sepa
rately and added as t::, JIJ. The primary COlTec
tions, Cp , involve five terms, ench of which will be 
discussed in Lu l"il. 

(b ) Corrections in Detail 

1. Correction jor S econdctry Distribution. The 
value of the secondary disLribution correcLion, Cs, 

was detennined by t\VO meLhods. In both methods 
the calculations were made as if Lhe secondary 
turns were circles instead of being turns on a mulLi
layer helix. An estimate of Lhe errol' so introduced 
gave a value of less than 1 part in 108 ofLhe Lotal 
inducLance, which is obviously negligible. 

In the first method for calculating the value of 
the secondary distribution cOlTection, Cs was split 
into a component, CST, due to radial distribution 
and a component, Csx , clue to axial spread of the 
winding. In eyaluating the component CST , all of 
the turns in each layeT were considercd to act as if 
concentrated as circles iLt the middle of each layer 
in the plane x= o. The mutual inclueLiLl1Ce beLween 
the primary and coaxial circles in the pbne .1:= 0 
was calculated for 13 values of A bet ll'een the 
limits 24.8 and 27.7 em. The calculated values of 
IvI were plotted agaiost A on a large sheeL of 
coordinaLe paper, as illust.rated on a small scale by 
figure 18. This figure shows that oNI/oA is zero 

Absolute Measureme nt of Resistance 

MEAN LOCATION OF SECONDARY LAYERS 
5 10 15 20 25 

t i 

92 

90 -

88 
j 

86 j 
84 t Ao 

82 " ] 
j 

80 

1 78 
I 

25 26 27 28 
A , em 

]c J GUT\I; 18. j1 r ll tllal i nel l/ clance between the whole pri I/!ary 
anel a single centrally locCLted secondary circle oJ radi11s /I . 

.J\f in cgslll tlllits of inductance. 

foJ' lll'o I'alues of A , which is lhe feaLu re soughL 
by modificaLioll o( lh e' Cmnpbell design . The 
approxim!1te locations of Lhe various secondnry 
ln ye rs are inti lcaLed along Lhe Lop edge of Lhe 
f-igllre . Inasmuch llS 82%4 turns we]'c considered 
to be COllC"elltratecl aL Lhc cenLcr of ench layer, Lhe 
Lolal inciucLance nnc!e l' Lhi s assumpLion is 82%4 
Lime'S the sum o( 24 I'alues of j \ [ Lal,en f rom Lhe 
elll' I'e at Ylllue's of A cor rrsponlling lo Lhe l'nclii of 
cach secondary layer from I (024·, inclusive. Thc 
values of seconda ry radii nrc listd in Lable 3. The 
to tal inducLance sllmmecl in this manne r is 
10,747,241 egsm uniLs of inducLance. From Lhe 
cUJ"\' e, the value of A1 corresponding to one l urn 
of radius AD is 49 ,991.31; 215 LlIl'llS concenlraLcd 
at this radius would produce a Lotal or 10,748,132. 
From thc relation 1+ c.T= 10 ,747 ,241/10 ,748,132 
the value of CST was found to be - 83.0 ppm. This 
correcLion will later be applil'd Lo the basic yalue 
of }.tID giyen in eq 19. It should pCL'haps be ex
plained at Lhis poinL Lhat the cw've of figure 18 
was originally cl1lculn led in 1938 from dimensional 
daLa slighlly eli rl'erenL from those given in figure 17. 
The cU l've has been brought up to date by means 
of calculaLed increments taking cognizance of 
dimensional changes ; reliance is placed primarily 
upon Lbe value of Mo as currently calculated 
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directly from 1948 dimensions rather than upon 
Mo as taken from the curve, although the agree
ment between the two values is satisfactory. 

The value of the correction Csx was determined 
from experimental data. To test the effect of the 
axial distribution of the turns, two flat "pancake" 
coils of 24 turns each were wound with inner and 
outer radii of 25.1 and 27.6 cm , respectively. 
These two coils were mounted around the primary 
in placc of th e secondary, and the mutual induct
ance between the two fiat coils, in series opposition, 
and the primary winding was determined. This 
was measured with the same circuit as for the 
absolute measurements, but instead of the I-ohm 
standard resistor a low range adjustable resistor 
was used. This resistor was adjustable in steps of 
0.01 microhm, and a series of balances was made 
with one pancake coil mounted 10 mm above the 
central plane of the primary as the second coil was 
raised from about 6 mm below the central plane. 
This passed through the region normally occupied 
by th e secondary and gave a measure of the 
change in mutual inductance as the 24 turns were 
moved in either direction from the central plane. 
The ch ange in resistance required to balance the 
circuit plotted against the axia l position of the 
movable coil as measured from the fixed is shown 
in figure 19. The lowest part of the curve corre-

7 

6 
(/) 

~ 5 
o 
a: 
<) 4 
~ 

a: 3 
<l 

2 

4 5 6 7 B 9 10 II 12 13 14 15· 16 17 

AXIAL POSITION. MM 

FIGURE 19. ExpeTimental data f OT deteTmination of COTTec
lion f 01' axial distTibution of secondary. 

sponds to the position of the central plane of the 
secondary. Changes in ordinate when multiplied 
by 1,000 and divided by 4n (see eq 3) give the 
change in inductance for one circle in each of the 
24 layers as the group moves in either direction 
from the central plane. 

The effect of the axial distribution of the 
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seeondary on the mutual inductance was caleulated 
as follows. The secondary was considered to con
sist of 24 circles in th e central plane, 24 circles 0.9 
mm on each side of the central plane, and also 24 
circles at 1.8, 2.7, and 3.6 mm each side of this 
plane. From the curve, figure 19, were determined 
increases in R at 0.9 , 1.8 mm, etc., each side of 
the minimum. These changes in R when multiplied 
by 1000/4n gave the inductance increments for th e 
several groups at their r espective distan ces from 
th e central plane. The sum of these inductance 
increments was 77 cgsm units of inductance. 'VVhen 
expressed in proportional parts of 215 ],;10 this gave 
the result csx=+7.2 ppm. Combining the radial 
and axial components of the secondary distribution 
correction, cs=-83.0+7.2=-75.8 ppm. 

In calculating the secondary distribution cor
rection by the second method, use was made of a 
formula derived by Chester Snow of this Bureau. 
In terms of his formula the distribution COlTeC

tion can be calculated from eq 21. This is not a 
general expression but an approximation which 
applies only to the particular inductor, as certain 
terms have been neglected because of the flux 
distribution around the secondary, and others 
have been neglect,ed because they involve the 
sixth or higher power of the small quantities b/A or 
ciA . In eq 21,)1.1 is a function of x and A, and is 
the mutual inductance between th e primary and 
a circle located within the bounds of the secondary 
channel. All other quantities are as previously 
defined. The chief labor involved in calculating 
Cs by this formula arises in connection with th e 
evaluation of the various partial derivatives in
volved; these are to be determined at the point 
X= 0, A = Ao. These derivatives may be evaluated 
by means of eq 22 to 28, inclusive. In eq 22, p 
is the nominal pitch of the primary helix and 
Y2(k) is obtained from Nagaoka and Sakurai's [11] 
tables, where it is tab ulated against k2 under the 
heading (..jAalz )F. The nature of the function 
F(x ) appearing in eq 23 need not be entered into 
h ere; its value is to be computed from eq 24. 
The function Yl (k ) is obtained from Nagaoka's 
tables, where it is tabulated against k2 under the 
heading M / ..jAa. The nature of thofunction G(x) 
appearing in eq 25 need not be discussed ; it is 
evaluated by means of eq 26, wh erein Y2' (lc) and 
Y 2" (lc) are to be evaluated by use of eq 27 and 28. 
In table 9 the data required to calcula te Cs have 
been compiled. 
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(21 ) 

(22) 

(23) 

(24) 

o4M 
oA2oX2= 2 { G(XI) - G(X2) + G(X3) } (25) 

G(x) = x { _ 3Y2 (lc) + [ A olc3 + (1 - [110+ aoW) (4 + 3[Ao+aoW)] Y 2' (lc )-
4p.tFo,lAoao CLo 2ao 2ao 

[1 (A°ta~0) lc3J Y z" (le ) } 

~ lc Y1 (Ie) + 2 [~- lc] Y 2 (lc) 
le, 2 

T ABLE 9. Summa1'Y oj data 1'equi1'ed JOT calculating c, by 
Snow's method 

Ao=26. 348 em x,= 2.500 em Xz= 8. 100 em .t3= :39.90 em 
00=20.364 em 1:,= 0.9003 k,= 0. 97n 1:3= 0.75'11 em 
p= 0.2 em I;i= .9808 ,~~= .95·19 I,~= . 5G87 em 
b= .4 1 em ) '2= 148.5 }', =56.90 Yz= 1. 256 em 
e= I. 273 elll Y-1= 17.55 Y, = 12.60 y",= I. 892 em 

By carrying out thc necessary calculations it 
was found that 

o2M a4M a4M 
ax2 = + 17.02, ax4 = - ] 6.97, ax2aA2= - 15 .69. 

When these valucs were employed in eq 21 the 
result was 

cs= ~) - 4.120- 0.0040 + 0.2246 } =jl~o { -3.899 }. 

Using the valu e of Mo given in eq 19, Cs= - 78.0 
ppm. This yalue differs by only 2.2 ppm from 
t he value obtai11ed by the first method. It IS, 

Absolute Measurement of Resistance 

(26) 

(27) 

(28) 

howevcr, considered to be SO/11C1l'llat less reliable 
than Cue figure obtained by the firs t method be
cause thc tUl'1l S werc here assumed to be uniformly 
dis tributed OYe r the secondary channel, whereas 
in the first method, the measured diameter of 
each layer was used in the calculations. The 
yalue that will be used for Cs is therefore that 
obtained by the first method . 

2. I ncrement in M Due to Three Off-Center 
Turns. Equation 5, which is used in calculating 
the mutual inductance, gives the mutual induct
ance between a helix and a coaxial circle located 
in the plane of one end of the helix. For second
ary turns on the plane x=O the inductance is 
calculated for the part of the primary lying on one 
side of (he plane and the resul t is doubled to take 
into account the other half. For secondary turns 
not on the plane J.~ = O the two ends of the primary 
are not, equal and their contributions must be 
calculated separately and added. This calculation 
has been made for the three off-center turns in the 
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twenty-fifth layer, and it was found that their 
inductance totaled 4.74 cgsm units of inductance 
more than would have been obtained with three 
turns on the central plane. 

It is assumed that the difference between the 
inductance of the off-center turns and tlu'ee turns 
on the central plane will remain constant with 
time, although the indu ctance of turns on the 
central plane may change slowly with changes in 
primary dimensions. From the large scale p lot 
of figure 18 the value of 49979.75 is found for 
M 25 . The total contribu tion of the tlu'ee extra 
turns is therefore LlM = 3(49979.7.'») + 4.74 = 
149 ,944 cgsm units of inductance. 

3. Correction jor Primary-Current Distribution. 
In the sections to follow, dealing with corrections 
arising out of imperfections in the primary wind
ing, it will be considered that aU 218 secondary 
turns act as if concentrated on the circle A = Ao at 
x= O, i . e., 1\1= 218 J.110. The error in M due to 
this assumption is entirely negligible in its effect 
upon the magnitude of small primary corrections 
computed on this basis . 

In the resistance-measurement method described 
is this pa,per the effective value of the mutual in
ductance needs to be known at that moment in 
each cycle when the secondary connections are 
r eversed. During this portion of the cycle the 
current in the primary of the inductor is extremely 
constant; for the present, only the steady-state 
current distribution over the cross section of the 
primary wire is of concern. This current distribu
tion may be considered under three headings: 
(a) uniform distribution, (b) the so-called "natu
ral" distribution , in which current distriblltion is 
determined solely by the variation in length of 
the various filaments in the conductor, (c) a closer 
approximation to the actual current distribution 
in which the variation in resis tivity over the cross 
section of the wire, as well as variations in path 
length, is taken into account. Stresses introduced 
in the wire during winding change the r esistivity 
of the conductor by almost 1 percent over its 
cross section, and as a consequence the current 
dis tribution is influenced appreciably. It will 
first b e shown how the magnit,ude of the current 
distribution correction is determined for case (c), 
after which the r esults for cases (a) and (b) may 
r eadily b e determined as special cases for com
parative purposes. 
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The problem is approached by dividing the 
cross section of th e primary wire into an odd num
ber of elements of equal area qo, ql , q2 .. . q" 
constructed by drawing chords parallel to the axis 
of the winding as indicated in figure 20. Nine 

707 474 305 150 - 0 + 150 305 4 74 707 
/la , MICRONS 

FIG URE 20. Cross section oj primary wiTe divided into nine 
elements oj equal area, for 1tSe in calculation of primary 
current-distribution c01Tection. 

elements arc sufficient for the present purpose. 
The distance in microns from the center of the 
wire to the center of each element of area is shown 
on the figure . The next step is to determine the 
contribution to the total flux linkages made by the 
current i j flowing in the elemental area q;, the 
center of which has a mutual inductance )I,;[J with 
respect to a single-turn secondary located at the 
cen tel' of t.he secondary channel. This contribu
tion is l\!lji j and the total flux linkages are found 
by adding the contributions produced by each of 
the nine sections. The correction, c, for current 
dis tribution is determined from the defining 
equation 

(29) 

Here Mo is the basic value of mutual inductance 
as given in eq 19; I is the total primary current 
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and is th e sum of the uneql'al current elements 
io ... in. The factor (1 + c) is that by whi ch 
lY10 mu t b e modified in order that the correct total 
effecLive flux linkages be arrived at when I is con
sidered to be concentrated on a helical filament of 
radius ao. 

In order to proceed with the solu tion for c from 
eq 29, it is necessary to determine how ]v[ and i 
vary over the cross section of the wire. The 
manner in which M varies is given by a T aylor's 
series expansion of M as a function of 6.a in the 
vicinity of ao. Inasmu ch as the higher order de
rivatives of M with respect to a become cumber
some, it is more convenient to evalu ate the desired 
coeffi cien ts in the following manner . M and 
o~N[joa arc calculated for three valu es of a using 
the fol lowing equations: 

oM _ 2 } (OM) (OM) +(OM)} (30) 
oa - ( oa Xl - ~ X2 ~"3 

(3 1) 

In the last equ ft tion a oo ann \" 00 arc thr end terms in 
the scftl es used for computing Ie and n - Ie , as 
illustrated in table 7. From the results of calcu
lations made by taking a equal to ao + 0.05 cm , 
ao, and ao - O.OS cm , it is possible to evaluate the 
coefficients of the T aylor 's se ri es up to and inclu d
ing the third-order term, as follows: 

M = M o+ 4703.07 (6.a) + 107 .0 (6.a)2+ 

3.5 (6.a)3+ . . . (32) 

This equation will b e appli ed to the present prob
lem in the more convenient form : 

M j= M o{ 1 + [94078 (6.aj) + 2140 (6.a j) 2+ 70 (6.a j)3j 

= Mo{l + Aj } (33) 

where, in bo th equ ations, 6.a is in centimeters, and 
A is in parts per million. 

The manner in which i varies over the cross 
section of the wire may be arrived at by writing 

(34) 

H ere e is considered to be the volLage drop across 
one turn of the helix, Pj the resistivity of the con
ductor at area element qj, and l j the length of a 
one- turn filament of the conductor at a distance of 
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(Lo+ 6.a j from the axis of the winding. The current 
i j is desired in terms of that in the cen tral clemen t 
of area qo, and inasmuch as all of the area clemen t 
arc equal , eq 34 may be expressed in the form 

(35) 

From this last equation the total cLlrren t , I , may 
be expressed as follows : 

(36) 

Combining eq 33, 35, and 36, eq 29 may now be 
wri tLen in the form 

c 

~ (1 + Aj) __ 
o (1 + li j) (l + Vj) _ l 
~~_--=1 __ _ 

o o + Ii i ) (l + Vj) 

(37) 

In ord er to evaluate c, the problem th at rrm a ins 
is to determin e how the resistivity varies over the 
cross sect ion of the wire, in order t hat the coeffi 
cients li j may be found . Bridgeman [12] has 
shown that in addition to any changes in dim en
sions, a copper wire will change in res is tivity when 
subj ected to stress. H e found that a press ure of 
1 kgjmm2 would decrease the resis tivi ty by 170 
ppm. In addi Lion, it has also been shown experi
mentally [1 3] that the effects of tension and com
pression are the same numerically, but opposi te 
in sign . At this point it is appropriate to mention 
that after the primary wire had been wound onto 
the porcelain form in one con tinuolls heli x, and 
secured at the desired locations, two lengths of 
wire were removed from the cylind er to provide 
the blank regions on each side of th e central sec
tion. This wire, wh en reli eved of tension, re
tained a radius of curvature of a bou t 28 cm, 
indicating that in the process of winding portions 
of it h ad been stressed beyond the elastic limit, 
i. e., that maximum stresses in the neighborhood 
of 20 kgjmm2 were involved. 

Figure 21 presents stress-strain data taken by 
the Engineering Mechanics Section of t his Bureau 
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FIGURE 21. S tress-strain diagram for coppeT wire used in 
winding primary of mutual indl1ctor. 

on samples of the cop per wire uscd for winding 
the primary. The ordinate 6 kgjmm2 represen ts 
the stress applied to the wire used in winding the 
cylinder when the wire was pulled through the 
final diameter-reducing die and onto the porcelain 
form . The curve begins to depart from a straight 
line at abou t 18 kgjmm2 and in what follows this 
stress will be taken as the proportional limit of 
the wire. As the wire was curved around the cyl
inder in the winding process the init ial stress was 
modified by the added tension or compression in 
the fibers either side of the neutral plane. The 
location of the neutral plane is somewhat uneer
tain, but in view of the manner in which the wire 
is supported in the porcelain groove it is believed 
that it lies close to the center of the wire, perhaps 
slightly in the direction toward the porcelain. For 
the present example the neutral plane will be con
sidered to pass t lu'ough the center of the wire. 
In this case the strains at various distances from 
the center are /:::"a j ao, and the dotted curve of figure 
22 can be obtained from figure 21 after calculating 
strain in terms of /:::"a . This dotted curve repre
sents the stress distribution for the case of simple 
bending. The effect of the drawing tension is to 
displace the curve to the position indicated by the 

320 

solid curve. Ourve A of figure 23 is obtained from 
the solid curve of figure 22 by use of the following 
expression invol ving Bridgeman's resistivity-stress 
coefficien t: 

/:::"p = 1700-. 
P 

(38) 

This equat.ion gives the change in resistivity in pro
portional parts of p, where p is considered t.o be t.he 
resistivity of the wire at that point in i ts cross 
section where the stress, (f , is taken as zero, i. e., at 
the point where the solid curve of figure 22 crosses 
the horizontal axis. In figure 23 the horizon tal 
branches B of the curve arc drawn on the assump
tion that yielding started suddenly when the fiber 
stress reached 18 kgjmm2 and plastic flow pre
vented the stress from rising above this fig ure. 
The line C is obtained by extending the straight 
portion of curve A . By using the information 
contained in figure 23, it is now possible to calcu
late the ra tio of the resistivity at the center of area 
element q j to that at the center of area element 
(]o, using the relation 

(39) 

where y is an ordinate of the curve of figure 23. 
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All of the information required for calculating 
the value of the current-distribution correction c 
is now available. This information is assembled 
in table 10 and pertains Lo the situation where the 
r esistivity variation over the cross secLion of the 
wire is as indicated by curve A of figure 23 . Ap
plying eq 37, the result c= (9.0005737/9.0006901)-
1= - 12.9 ppm is obtained. The value of the 
correction for the natural current distribution, 
case (b), is obtained by setting J.I = O, in which 

instance the factors and summations are a given 
in columns 8 and 9 of the table. The valu e of Lhe 
correct ion is c= - 4.6 ppm.. Lastly, foJ' uniform 
eUl'ren t disLribuLion, case (a), both J.I and jI should 
be set equal Lo zero, whence c= + 4 ppm. It is 
thus evident LIl aL Lhe "alLle of the current-disLribu
tion conection depends decidedly upon the iniLial 
assumptions . In particular, if the cunent dis
tribution were assumed to be uniform Lhe effective 
value of M would be in errol' by some 17 par ts per 
million. It may be argued that the curren t dis
tribution is uncertain because of the effect of ter
minal connections. Experience with precise r e
sistance measurements has indi cated, however , 
that in long conductors the resistance between 
potential points located two or tIu'ee wire cliam
eters away from the current connections is inde
pendent of the purLiculal' manner in which Lhe 
curren t is introduccd , i. e. , a short distance away 
from the current connectIOll s the current distribu
tion is uninflu enced by the disposit ion of th e cur
r ent connect,ions. It is realized that Lhe large 
range in the valu es for the correction her e reporLed 
is a conscqucnce of the large wire 'used in Lhis 
worl.;:. However, the method of analysis which 
has been described is applicable to wire of any size. 
To the best of Lh e authors' knowledge the effec t 
of variation of resis tiviLy upon current distribu
tion, and consequenLly upon the effecLive value of 
l\1l, has not previollsly been inve tigated. 

TABLE 10. Data Jar calculating current-di str ibution corrections 

t.a, ern 1+ 'i 

0 .......................... 0 1. 0000000 

1. ...... . . .. . ........ _ .... - 0.0150 0. 9985893 

2 . ... .. ........... .... .... . +. 0150 1. OOJ4Jl7 

3 ................ ...... . ... - . 0305 0.9971326 

4 ._ ................... . .... +. 0305 1. 0028714 

5 .. . .. _. - - ----------.---- - -. 0475 0. 0955455 

6 ......... . ------ - ------ - - +.0475 L 004464 1 

7 ......... ......... ... . .. _ - . 0707 0. 9933594 

8 . ... .... .. .......... ..... _ +. 0707 1. 0066620 

2: •........ •.•.. • • ••..... ... -------------- - 9. 0000360 
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!+,ui 1+"i 

1. 0000000 1.0000000 

0.9992438 0. 9992634 

1. 0007323 L 0007366 

0. 9984646 0. 9985022 

L 0015015 L 0014978 

0. 9976355 0.9076723 

1. 0022807 1. 0023277 

0.996·1867 0. 9905281 

L 0030199 1. 0034719 

----- -- -------- --- ------------

6 8 9 

1+'i 1 1+ ' i 1 

(1+,ui ) (1+ "i) (!+ lli)(1 + "i) 1+ "i 1+ "i 

1. 0000000 LOOOOOOO 1.0000000 1. 0000000 

1. 00008[6 1. 0014944 0.0993254 L 0007371 

0. 9999424 0. 9985328 1. 0006746 0. 9992639 

1. 0001015 1. 0029774 0. 9986283 1. 0015000 

0. 9998703 0. 9970075 1. 00 13715 0. 9985044 

L 0002333 L 0047088 0.9078082 1. 0023331 

0. 9998511 0. 9954075 1.0021314 0.9976777 

1. 0003348 1. 0070220 0.9008203 1. 0034840 

1. 0001587 0. 9935397 1. 0031791 0.9965401 

9.0005737 9.0006901 8. 9999988 9.0000403 
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The correction has also been calculated for the 
cases pertaining to curves Band C of figure 23 , 
with th e results c= - 12 .0 ppm and - 13.3 ppm, 
respectively . In addition, calculations have b een 
made with t h e cross section of the wire divided into 
19 elem ents of area instead of 9 as used in this dis
cussion ; the results did not differ appreciably from 
those given above. ~VVhen th e primary was wound 
in 1938 it was realized that th e stress in the outer 
fibers of th e conductor exceeded th e elastic limit, 
and that th erefore the exact shape of curve A, 
figure 23, was uncertain because of the possibility 
of cold creep of th e m etal accompanied by som e 
stress relief. I t was believed that the results using 
curves Band C represen ted limiting cases and that 
as time went on the correction p ertaining to curve 
B would b e most r epresentative of actual condi
tions. Jf any appreciable stress relief occulTed , an 
incr ease in diameter and a decrease in pitch would 
be expected. During- t he decade 1938 to 1948 th e 
m ean diameter and pitch both increased by 
approximately the sam e proportional amount, and 
there has been no definite evidence indicating that 
th ere has been any appreciable change in the wire 
stresses subsequen t to the 1938 d imensional m eas
urements. The in term ediate valu e obtained by 
use of curve A is considrred to be the most probable 
value of c; th e curren t-distribut ion correction is 
therefore taken as - 12.9 ppm. 

4. Correction for Distortion of Primary Wire. 
The phenomena assoeiated with th e drawing and 
bending of the primary wire as it is wound onto 
the porcela in cylind er are very complicated . An 
exact solution for the distortion of the wire cannot 
be given , but tb e distor tion is believed to be small 
and consequ ent.ly approximate methods are con
sider ed to b e adeq ua te. 

A tension of 6 kg/mm2 was employed when the 
wire was drawn onto the cylinder . This stress 
produ ced a slight but uniform elastic reduction in 
wire diameter and also modified the density. 
These effects were taken into account when the 
m ean wire diameter was determined from length , 
mass, and density data. Stresses produced by 
bending do not significantly alter the m ean density 
of the wire, but they change the resistivity of the 
wire and possibly distor t its cross-sectional shape. 
The consequences of resistivity changes have 
b een analyzed in connection with the current
distribution correction ; the problem of distortion 
will now be considered . 
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The th eory of a bar ben t by couples has been 
given by Saint-Venant and is dealt with by Love 
[14]. As a solution of th e pertinen t differential 
equat ions, th e latter gives displacem en t equations 
equivalent to th e following, wherein only obvious 
changes in no tation have been m ade: 

xy 
V= Jl (i ' 

xy 
w= - - · 

a 
(40) 

H er e a is th e r adius of curvature, Jl is Poisson 's 
ratio , and u, v, and tv are displacements parallel 
to th e x, y , and z axes, respectively. These 
equations are general, and apply to a bar of any 
cross-sectional sha pe, provided that stresses exist 
in the axial or z direction only, and that they vary 
linearly wi th x. ~When th ese equations are applied 
to a wire that is initially straigh t, and circular in 
cross section, on e is led to the rather surprising 
conclusion that th e section remains circular after 
th e wire is bent. However, th e present problem is 
complicated by th e fact that the conditions stipu
lated in connection with eq 40 are not en tirely 
fulfilled. The condition that stresses exist in the 
z direction only is fulfilled to good approximation 
but because the extrem e fib er bending-stress 
exceeds the elas tic limi t, the axial stress is no t a 
linear function of x over the whole cross section of 
the wire. Som e distortion th er efore occurs, and 
an attempt to estimate the upper limit of its 
magnitude and resultant effect on the value of 1M. 
is made by the following approximate method. 

R eference is made to figure 24 where a right
hand system of coordinates corresponding with 
Love's figure 10 is used . Coordinates are m eas
ured from the center of the undistor ted wire. 
lf th e elastic limit of the wire is taken as 18 
kg/mm2, this stress will be reached in tension at 
the plane x= - 400 microns, where, as before, the 
neutral plane is considered to pass through the 
center of the undistorted wire. Material located 
between X= - 400 and x= + 850 microns is no t 
str essed beyond the elas tic limit and is consider ed 
to be perfectly elastic with Poisson's ratio equal to 
0.3, while the segm ent of wire between X= - 400 
and x= - 850 is considered to act as a p erfectly 
plastic (incompressible) material with Poisson's 
ratio equal to 0.5 . The segment was divided 
into nine smaller segm ents by means of equally 
spaced chords parallel to 0- Y. From the diminu
tion in dimensions of each small segm ent the 
displacem ent f - f' has been calculated and found 
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Sketch illustmting in exaggemted fo rm the 
distortion oj the primw'Y wire. 

to be 0.2 micron. Inasmuch as each small eg
ment suffers a slight reducLionin area the ce nter of 
gravity of the whole cross-sect ional area is shifted, 
in the direction shown, b~' a small amount 0 to 
cg, which 11as been calculated and found to be 0.1 
micron. The basic value of mutual inductance, 
M o, was calculated to Lh e point, P, whi ch Wfl,S 

assumed to be the center of the wire , Lhe distance 
P - j' baving been taken as one-balf the mean un
distorted wire diameter. 'With respect to the 
point P the center of gravity is 0.1 micron furth er 
removed from the axis of the winding. The mu
tual inductance must therefore be increased by an 
amoun t corresponding to an increase in ao of 0.1 
m icron. Using eq 33 the value of this correction 
is found to be + 0.9 ppm. This correction has 
been calculated for several assumed values of elas
tic limit with results not different from the above 
by more than a few parts in 107• If no portion of 
the wire was subjected to stress beyond the elastic 
limit , the value of the correction for distortion 
would be zero. The conditions assumed in the 
approximate calculat.ion were limiting co ndi tions; 
the actual conditions are probably intermediate. 
The value of the distortion correctio n is therefore 
taken as + 0.5 ppm. 

5. Correcti.ons faT Irregularities in PrimaTY 
Diameter and Pitch.. In order to correct for 
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irregularities in diameter and pitch of the pri
mary winding the partial derivatives of 1\11 with 
respect to a and :r ar e l'eqn:recl for coaxial circles. 
One circle of radius A is fixed in the plane x= O 
and represents the secondary, while the second 
circle of radius a, located at various axial posiLions, 
represents a turn, or group of turns, in the pri
mary helix. ' Vhen Maxwell's equaLion for the 
mutual inductance between two coaxial circles 
[1 5] is differentiated with respect to a and x, the 
following expressions are obtained: 

oM= 47fa {(K- E) ,2A(A-a) E} 
oa 1'1 -;- 1'22 

(41 ) 

These eq uations werc eyaluated as a funct ion of x 
fOl' A = Ao= 26.348 em, a = ao= 20.364 cm , and 
plotted infigul'c 25. For values of x between 0 
and 25 mm the values of K and E werc calculated 
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FlOURE 25. p(!1·tial de1"ivatives oM/oa and oM/ox for 
primary and secondm'Y ciTcles as a function of axial 
sepamtion. 

Values or oA f/oa and 0.\ {/o:r in cgsm units of induciallcc PCI' rum . 

in tcrms of t.he complimentary modulus k' = 1'2/ 1'1, 

using the rapidly convergent series given in eq 3 
of Rosa. and Gronr's [16] tables. FOl' values of x 
between 81 and 399, K and E were taken from 
table XII of the same publication. Using diame
t.er-variations, ~D, from the data of figure 11, and 
values of oM/oa from figure 25, local corrections 
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to M were calculated by using the relation 
!:1M=ja(OJ..I/oa)!:1D, whereja is a numerical factor 
that takes the number of turns and units into 
account. The value of !:1M was calculated for 
53 groups of three turns in each long section of 
the primary, and for each turn of the 25-turn 
middle section. These calculations were applied 
to both the December 1947 and the June 1948 
diameter observations. To the nearest cgsm unit 
of inductance the total correction was the same, 
namely, + 62. Expressed in proportional parts 
of 218 Mo, this correction for irregularities in 
primary diameter is + 5.7 ppm. 

TABLE 11. Data for calculating pitch correction 

8. C x 
oM 
ox Alvl 

ern microns mrn 
76 - 0. 4 380 - 0.24 + 0.4 
68 +.5 340 -.31 -.7 
60 -2. 6 300 -. 41 +4.6 
52 -3.8 260 -.54 +8.9 
44 +.2 220 -.71 -.6 
36 +.8 180 -.96 -3.4 
28 -1.6 140 -L30 + 9.1 
20 -2.0 100 - 1. 76 + 14.9 

-----
TotaL ________ +33.2 

The information required for calculating the 
correction for axial mislocation of turns is sum
marized in table 11. The quantities Sn and care 
taken from table 2. The values of oM/ox are taken 
from the curve (fig. 25) for each value of x, where 
X=Sn/2 in millimeters. The corrections to Mare 
calculated for each double group of 20 tUTns by 
using the relation !:1M=jx(oM/ox)c, where againjx 
is a numerical factor that takes proper account of 
turns and units. The last posted !:1Nl value of 
+ 14.9 takes cognizance of the fact that pitch 
measurements at sn= 20 included in the group one 
turn too many, because there are 159 active turns 
in each long section of the primary instead of 8 times 
20. Expressed in proportional parts of 218 Mo, 
the total correction for pitch variations in the two 
long sections of the primary is + 3.0 ppm. 

The calculation in table 11 takes no account of 
possible variations in pitch in the central 25-turn 
section of the primary because no satisfactory 
m eans were a vaila ble for measuremen ts in this short 
section. However, in the range of .r from 0 to 25 mm, 
oM/ox is practically a linear function of x, and 
,consequently it is quite easy to deri ve an analytical 
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expression for the integral value of !:1M over the 
25-turn section in terms of an assumed deviation 
in pitch. If, for example, it is assumed that the 
pitch of the central section of the primary differs 
from the average value Po by 10 ppm, it can be 
shown that the correction would amount to 0.8 
cgsm unit of inductance, which can be neglected 
because its influence on the total pitch correction 
is less than 0.1 ppm. Because of the method 
employed in lapping the continuous groove in the 
porcelain form, it appears unlikely that pitch 
variations exceeding 10 ppm could exist. 

6. Correctionjor eccentricity. Chester Snow has 
provided a formula, remarkably simple in form, 
by means of which a correction for eccentricity of 
primary turns may be calculated. Consider two 
coaxial parallel circles. If one of the circles is 
displaced in its own plane so that its center de- ~ 
parts a small distance, e, from the axis of the 
other, the change in .lv[, for small values of e, IS 

given by the equation 

e2 c/M(x) 
!:1M= -:r (5X2' (43) 

where M (x) is Maxwell's expression for the mutual 
inductance of coaxial circles. 

The equation for !:1M is independent of the 
azimuth of the radius vector whose length is e. 
The exact expression for o2M(x) /ox2 may readily 
be obtained by performing the indicated differenti
ation, but for present purposes it is adequate to 
differentiate graphically the OJl1/ox curve shown 
in figure 25. The results are plotted as the curve 
of figUTe 26. 
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FIGURE 26. Second partial derivative o2NI/ox2, as a func
tion of axial separation x, for primary and secondary 
circles. 

Values 01 62j'vI/6x 2 in cgsm uuits 01 inductance per mm' . 

From straightness measurements described in a 1 
previous section of this paper, it was determined 
that no group of turns in the long top and bottom 
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sections of the primary was off-center by more 
than 101-' with respect to the mean location of the 
central 25 turns of the primary. If it is as umed 
that 8 groups of 20 turns each in the top _ ection 
and 8 groups of 20 turns each in the bottom section 
of the primary are all off-center by this amount, 
the to tal change in M is 

e2 8 «Ylv1'\ 
AM=- 20Ns "4 2 ~ OX2 }x,' (44) 

where N s is the number of secondary turns, 218 , 
and Xj is the axial distance to the center of each 
of th e 8 groups of primary turns. Tak.ing the 
required values of (o21vfjox2) from figure 26 
and making the indicated summation, the value 
of Miff is found to be - 0.0097 cgsm un it of 
inductance, an amount which is entirely negligible. 

Equation 43 may be used to evaluate the e1Yect 
of a displacement of the whole primary with 
respect to the secondary, i. e., an estimate of the 
effec t of a lateral displacement of the secondary 
may be made. It will be noted that the sign of 
t:,.lvI will rcverse whcn the sign of o2lvIjox2 rcverses. 
From figurc 26 it is cvident thaL o2i\!Ijox2 is positivc 
in the regions where the long top and bottom sec
tions of Lhc primary a rc located, whereas o2M jox2 is 
negative in the region occupicd by the central 
section of the primary. As a resul t, displacement 
of the secondary from the coaxial po iLion causes 
M to increase with respect to thc cen tral sect ion 
of the primary and to decrease wi th respect to the 
remainder of the primary. The two effects tend 
to compensate, rendering the inductor relatively 
insensitive to lateral displacemen t of the second
ary. 1£ the secondary is d isplaced 0.5 mm and e 
therefore taken as 0.5 in eq 43, Myf with respect 
to the central section of Lhe p rimary is + 22.0, 
whereas the total t:,.M with respect to the top and 
bottom sections is - 24 .3, a ne t change of -2.2 
cgsm uni ts of inductance, or - 0.2 ppm when 
expressed in proportional par ts of the total induc
tancc. This is in accord with experimental resul ts. 
It has been observed tha t a secondary displace
ment of several tenths of a millimeter produces no 
measurable change in the balance point during 
electrical measuremen ts. 

From the results of this portion of the investi
gation it has been established that any lack of 
sLraightness in the primary is quite negligible. 
In fact, the question may safely be disregarded 
unless the primary is so crooked that it is obvious 
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to the naked eye using a good straightedge. 
H eretofore it has been assumed that no apprecia
ble errors were introduced due to lack of straight
ness in the primary of inducLors of this type. 

(c) Effective Value of M 

The effective value of 1\1£ may now be calccllated 
using the corrections obtained above. The data 
req,lired arc summarized as follows: 

COJ"l"ection for secondar.v di st ri bution , c. ___ _ 
/lJl![ due to t hree extra t urns ___________ __ _ 
Correction for primary current dist ribut ion _ 
Co rrect ion for primary wire disto rti on _____ _ 
Correction for primary diameter variatiol1 __ 
Correction for prim ary pitch variation ____ _ 
Total prima ry co rrect ion, cp _____________ _ 

Applying eq 20, it is found that 

- 75.8 ppm 
149,944 

- 12.9 ppm 
+ 0.5 ppm 
+ 5.7 ppm 
+ 3.0 ppm 
- 3.7 ppm 

],11 = [215X 49991.32(1-0.0000758) + 1499441 
(1- 0.0000037) = 10,897,220. 

To the nearest 1 ppm, the effective value of M 
at 23.0° C, as of March 1948, was therefore 

M = 10,897 ,220 cgsm units of inductance. 

VI. Speed Control 

1. G eneral Considerations 

The average Ireq uency of reversal of the pri
mary Clll'l'cnt and of the associated switching opera
tions is maintained constant within 1 or 2 par ts 
in 107 by means of an elec Lronic spccd-control 
system. The commuLators, reversing generator 
for the primary current, inductor generator for 
the secondary circui t, two special rotary switches, 
and a d-c generator arc mounted on a common 
shaft, to which is belted a d-c driving motor. 

The method of control is to set the driving 
motor to t urn the shaft at a speed somewhat 
higher than is required, and then to reduce the 
speed by throwing a load onto the generator. 
The load is so chosen that, if applied continuously, 
the speed of shaft rotation will be too low. By 
rapidly throwing this load on and off, and properly 
prop0l' Lioning the on and off periods, it is possible 
to maintain the average speed at the proper value. 
Variations in friction loads on the rotating sys
tem can thus be compensated by corresponding 
changes in the average load on the generator. 

The speed of the shaft is synchronized by means 
of a 1,000-c/s emf obtained from the Central 
R adio Propagation Laboratory of this Bureau. 
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This frequency is obtained by stepping down 
electrically from a 100,000-c/s frequency produced 
by crystal oscillators. The 1,000-c/s frequency 
is as constant as the higher frequency, which is 
believed to be constant and equal to its nominal 
value to 1 part in 10 million or better. Before 
introduction into the speed-control circuit, this 
1,000-c/s signal is filtered to improve the wave
form and amplified to an effective value of 40 v. 

To obtain synchronization, a contact on the 
rotating shaft functions briefly four times per 
revolution. This momentarily connects the 1,000-
cycle emf to the grid of a thyratron. If, at the 
instant of application, the 1,000-cycle emf has a 
value above the grid potential at which the tube 
will fire , the tube becomes conducting and a load 
is thrown onto the generator, slowing down the 
rotating shaft and causing it to drop back: in 
phase. If the contact is made at a time when the 
emf is below the firing potential of the tube, it 
remains nonconducting and the shaft continues 
to advance in phase because of the excess power 
supplied by the motor . Just before each applica
tion of the 1-000-cycle emf, the plate circuit of 
the thyratron is opened mechanically for an 
instant to restore the t ube to i ts nonconducting 
condition, if necessary. Changes in generator 
load cause the rotating shaft to "hunt" about 
that phase of the control frequency at which the 
emf equals the firing potential of the tube. This 
hunting is at the rate of 4 or 5 oscillations per 
second, but the speed of the shaft, when averaged 3 

over sufficiently long periods of time, is as con
stant as the frequency of thc controlling emf. 

A system of speed control of this type is not 
inherently stable, b ecause the torques that restore 
the drive shaft to the propel' phase do no t stop 
the shaft at the correct phase but thww it out of 
phase in the opposite sense. Because of time lags in 
applying and removing the torques, an oscillation 
may b e started thaL 'would build up in ampli
tude, unless some method of damping the oscilla
tions were provided. To some degree electromag
netic damping occurs in th e generator and driving 
motor. 

In order to assure stable operation, even in the 
absence of adequat.e damping, the load on the 
generator is thrown on or off in steps. Suppose 
the shaft has advanced in pbase and the mercul'Y-

3 For further d iscussion, see sect ion IX . 
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vapor tube has tripped and a load is till'own on the 
generator. This load provides a torque that stops 
the advance in phase and then produces a back
ward shift of the phase. The electrical circuit is 
so arranged that the torque is initially large but 
quickly diminishes in magnitude. This means 
that a large torque is available to stop the advance 
in phase; but a much smaller tOl'q Lle retards the 
phase tow'ard the correct position, and consequently 
the "overshoot" in phase is small. The circuit 
arrangement is such that the change in torque is 
applied in steps whether the shaft is being either 
advanced or retarded in phase. The variable 
torques are secured by m eans of an inductor 
placed in the armature circuit of the generator. 

The action of the inductor may b e understood 
by the use of th e schematic circuit shown in figure 
27. In this figure , E is th e battery supplying the 

E T 
220 V i 

...J.... 

FIGURE 27. Elementary circuit diagmm of loading gen
erator. 

driving motor and the field windings of generator 
G, which is excited so as to give an emf across its 
armature terminals of about 228 v; Rl and R2 are 
current-limiting resistors; and R3 is the resistance 
load connected across the generator terminals 
when switch S is closed (i. e., the thyratron is 
ionized) . 

Discussing this equivalent circuit by the use of 
Maxwell's mesh currents for the two positions of 
switch S, we obtain the following r esults . 

(a) Switch S Opened 

For steady state conditions, 12 is zero, and 11 , i 
the current drawn from the generator armature, 
G, is 8/24, or 0.33 amp. Consequently, this load 
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is (0.33) X 228 = 75 w, which is, of course, being 
supplied by the driving motor. 

(b) Switch S Closed 

At the instant the switch Sis elosed, the induc
tive action of the inductor tends to prevent the 
current 11 from changing. However, if there is no 
inductance in circuit 2, the current 12 from G in
creases from zero to 224/168, or approximately 
l.33 amp. Then the total current drawn from G 
is l.33+0.33=l.66 amp. At this time the load 
is 228 X l.66 = 378 w. A few hundred ths of a sec
ond later the direction of the current, 11, is re
vcrsed, and the current drawn from G is reduced 
to approximately 1 amp, and thus the load is reduced 
to about 233 w. 

(c) Switch S O pened 

At the instant switch S is opened, 12 becomes 
zero, and a change in the magnitude or direction 
of 11 is opposed by the inductance of L. As 11 has 
a magnitude of 0.36 amp and is p roducin.g motor 
action, G supplies approximately 82 w to the shaft. 
However , in a few hundredths of a seco nd, current 
II reverses in clirecLion and returns to lhe steady 
condition descr ibed in (a). 

G 

• 

> 

"' N 
N 

c 

The above calculations are based on tIle assump
tion that the inductance of circui t 2 is negligib le 
in comparison with inductor L. ;.. [easuremenLs 
show that the inductance of circuit 2 is noL much 
greater than 0.1 h , whereas that of L is abou t 1 
h , even with a direct current of 0.4 amp f1owin.g 
through it. 

2. Control Circuit in Detail 

The circuit arrangement for speed control is 
shown in figure 28. In this figure, D and F repre
sent rotary switches mounted on the shaft whose 
speed is to be controlled, and }.II represents the d-c 
motor that drives the shaft and supplies power in 
excess of the mechanical load. The shaft is con
nected directly to the control generator, 0, which 
absorbs power intermitten tly from the rotating 
shaft. 

The thyratron, T, is a General Electric mercury
vapor Lube F . G. 57, the grid of which is negatively 
biased by the battery B. Four Limes each revolu
tion of the shaft, the t ime pick-up switch , D, mo
mentarily removes the bias ing battery, B , and al
lows the 1,000-c/s con trol emf to be impressed on 
the grid of the thyratron. If the roLaLing mcchan-
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FIGURE 28. Partial schematic cil·cuit diagram oj speed-control apparatus. 
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ical system is slightly ahead of its schedule as de
termined by the phase of the 1,000-c/s emf, the 
control emf is of sufficient magnitude to trip (ion
ize) the thyratron. The thyratron, when ionized, 
completes the circuit through resistance R3, and 
this resistance load on the generator slows down 
the entire rotating system. The switch, F, breaks 
the plate circuit through the mercury-vapor tube 
each quarter of a revolution of the shaft for approx
imately 0.001 sec, the time required to deionize 
the tube. 

Figure 29 shows the mechanical connections of 

FIGURE 29. Motor drive for constant-speed shaft. 

the speed-control cquipment. In this figure, Gis 
a 2-hp, ] , 135-rpm, 220-v shunt wound d-c motor, 
used primarily as a generator, connected directly 
to the shaft of the reversing commutators by a 
stiff leather coupling disk. The d-c motor, 1\,1, is 
1 H hp, 1, 725-rpm, 230-v shunt wound, and it 
supplies the power to drive the shaft at approxi
mately 1,360 rpm. The mechanical loads on the 
shaft are approximately 500 w. These power 
losses are supplied by this motor, which is belted 
to the shaft with the proper pulley ratio. The 
power supplied to motor ~A1 can be controlled by 
adjustable resistors in series with its armature and 
field windings. The flywheel , VV, on the constant
speed shaft has a moment of inertia of approxi
mately one million g-cm.2 

The speed of the shaft is such that it makes 1 
revolution in 0.044 sec. ·When starting, the speed 
of the shaft is manually held close to this value 
for a few seconds. This is accomplished by manu
ally adjusting the speed of the driving motor and 
observing the speed of the shaft by means of a 
stroboscope consisting of lines on flywhl'el lV and 
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a small neon lamp flashed by the 1,000-c/s emf. 
The automatic speed-control device is then con
nected into the circuit and begins to operate. 

Referring again to figure 28, it is seen that when 
switch D closes the circuit through battery B, the 
potential applied to the grid of the thyratron is 
that furnished by battery B. This battery was 
so selected that for the plate voltage used with 
the thyratron, the grid potential is several volts 
less than the tripping potential. Four times 
during each revolution of the shaft, the switch D 
removes the fixed biasing potential by opening 
the circuit and allows the 1,000 cis emf to be 
applied to the grid. If the shaft is ahead of sched
ule , this grid voltage exceeds the tripping poten tial 
and the tube ionizes and conducts current, thus 
closing the circuit through resistor R3• The 
manner in which the potential on the grid of the ' 
mercury-vapor tube varies during a small fraction 
of a revolution of the shaft when it is ahead of 
schedule, is shown in the upper part of figure 30. 
In this figure the grid potential, E g , is shown to be 
less than the tripping potential until a time TI , 

when the commutator opens the circuit of the 
battery and allows the 1,000 cis emf from the 
crystal oscillator to be impressed on the grid of 
the thyratron. For the case shown, the rotating 
mechanical system is a few hundred-thousandths 
of a second in advance of the synchronous position. 
Consequently, the control voltage exceeds the 
tripping voltage when it is impressed on the grid 
of the tube at time TI . This results in the tube's 
closing the circuit, thereby connecting an electrical 
load to the terminals of the control generator, 
which causes the generator to slow down, thus 
reducing the speed of the shaft. After approxi
mately 0.01 sec, the plate circuit is opened by F 
(fig. 28) thus removing the electrical load from the 
generator. Approximately 0.001 sec later, i. e., 
after the tube has deionized, switch F recloses 
the plate circuit, and then switch D opens the 
circuit of battery B, and again allows the control 
voltage to be impressed on the grid of the thyra
tron. If at this time the moving mechanical 
system is still slightly ahead in time displacement, 
the thyratron again trips and the same procedure is 
repeated. However, if the mechanical system is 
now slightly behind the electrical signals, the 
voltage impressed on the grid circuit is less than 
the tripping voltage, as shown in the bottom part 
of figure 30, and the thyratron remains noncon-
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FIGURl;; 30. Variation of gl·id emf during a time s'ignal 
pick-up interval, for two different phase angles. 

ducting. Adjustments are made such that the 
electrical load is on approximately one-half the 
time. This means that in operation the shaft is 
alternately ahead and behind the timing device. 
The period of oscillation is approximately 0.25 
sec, and the amplitude is some 20° or 30° of 1 
cycle of the 1,000-cycle emf. The top portion of 
figure 30 is idealized to the extent that the grid 
potential, E g, may depart from the curve as shown 
during th e brief time interval Ta, when CUITent 

L flowin g in the grid circuit of the tube distOl"Ls the 
timing wave. This does no t affect the operation 
of Lhe circuit, however . 
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After the apparatus has been in operation for a 
sufficient time for the control rheostats and the 
field windings of the motor and generator to come 
to a steady temperaLure, Lhe constan t- peed shaft 
will mn for hours with little attention. B efore 
using the meas uring circuit, however, it is des irable 
to set the controls for the position where the 
amplitude of hunting is a minimum. Since the 
shaft makes 1 revolution every 44 ms, the s peed 
of rotation is 1,000/44 rps, and this is Lhe value of 
n to be used in eq 3. The average value 01 n is 
1,000/44 to the same accuracy as that of the 
1,000-cycle controlling emf, and this is believed 
to be correct to 1 or 2 parts in 107• 

VII. The Measuring Circuit 

1. General Considerations 

As explained in connection with figure 1, a 
direct current, 1, is sen t through the standard 
resistor, R, and the primary winding of the mutual 
inductor , ].,;1. The measllring proccdure requires 
that. the current through the winding of the 
muLual inductor be reversed abouL 45 times a 
second wi thou t air ec ting the curren t through the 
r esisLor. As the desired accuracy of balance is at 
least one parC in a million, with about 1 amp 
flowin g, the above requirement appears to be very 
difflCult Lo meet, since in order to reverse connec
tions to the primary of k [ it is necessary either to 
shor t or to open Lhe primary circuit . 

The better method is probably to short-circuit 
the connections Lo the primary winding and to 
reverse the connections while they are shorLed. 
I t was first planned that the primary battery 
would be of high voltage wiLh a correspondingly 
large series resistance, so th at th e percentage 
change in resistance would be small when the 
primary of the inductor was shorted . 'iVith a very 
high induc tance in the circuit the change in CLlnent 
might be kept small . However, it was decided that 
an easier solu tion of the p roblem would b e to 
arrange th e circuit so that the two terminals of the 
primary reversi ng switch , at the point of shor ting, 
would be always at the same potential, in which 
case no change in the current would resul t from 
the short-circuit. 

That a portion of a circuit can be short-circuited 
without affecting the value of current in the 
remainder can be seen from figure :n. Suppose 

329 



Rh RZ 

Q a' 

c c' 

FIGURE 31. Diagram illustrating how two points in a cur
rent-cm'rying circuit may be br01lght to the same poten tial. 

batteries B \ and B2 are sending a curren t , 1, 
through resistors RI , H 2, and Rp. By properly 
adjusting the current, the potential difference 
across R p can be made to be exactly the same as 
the emf of ba t tery B2 • Neglecting the in ternal 
resistance of B 2 , or regarding it as part of Hp , the 
pot.ential difference from b to c will then be the 
SRme in value bll t opposite in direction to the emf 
between the points a and b. The two points a and 
c are then at the same poten tial , and a short-circui t 
from a to c will no t affect. the current flow. If, after 
shorting, the circuit through B2 and H p is opened 
by disconnecting at a' and c' , the current through 
HI and R2 will flow across the short-circuit without 
any change in value. It is possible then to reverse 
connections to the battery B2 , and also to connect 
a' to c and c' to a, after which the current will 
flow through R p in a direction opposite to that of 
the original current, and the current in the short
circui t will drop to zero . The short-circuit can now 
be I'emoved without disturbance to thc current. 
By this cycle of operations it is theoretically pos
sible to reverse the current through R p without 
a,ffecting the value of the current in the part of the 
circuit to the left of a c. Practically, it can be 
accomplished only approximately, because the 
resistance of th e short-circuit cannevor be zero . 

In th e above procedure, no disturbance will be 
caused in the part of the circuit to the left of a 
and c if the cOllllections and current in the circuit 
t o the right are reversed in such a way that the 
current in the two par ts are the same when the 
short is applied or removed. As long as this con
dition is met, the method of reversal of the right 
circuit is of no consequence. The connections to 
the battery may be interchanged by means of a 
simple reversing switch , or a special switch may 
be used to make the reversal in steps. The presence 
of inductance in this part of the circuit might 
affect the way in which the current reverses but 
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not the final result if the currents match. If the 
inductance were large, it 1V0uld be necessary to 
delay removal of the short-circuit across a and c 
until any transien t effect of the inductance had 
disappeared. Subject to this limi tation, the above 
method for reversing the current throllgh resistor 
R p could be fo1l0 HT()d for reversing the curren t 
through the primary of a mutual inductor without 
disturbing the direct curren t flowing through the 
remainder of the circuit. 

For our particular problem of reversing the 
curren t through the primary of a mutual inductor, 
it is desirable to control the wave form of th e 
current through the inductor during reversal , in 
order to control the wavo form of the induced 
secondary emf. It was th erefore necessary to 
build a spE'cial type of reversing apparatus for 
controlling the change of the cmI'ent during its 
reversal. This will be call eel a "rcversing gen
erator," although it is in reality a bat tery and a 
connected commutator and resistance network 
from which a reversing emf of the desired wave 
form can be obtained. Its function is to maintain 
a zero potential difference across the primary 
shorting switch and at the same time reverse the 
current beyond this switch in a predetermined 
manner. In order to better understand its opera
tion, and i ts rehttion to the shorting switch , let us 
consider the operation of the pr-imary circuit, as a 
whole. 

2. The Circuit as a Whole 

The essential features of the measuring circuit 
arc shown schematically in figure 32. The current , 
I , in the primary circuit is furnished by BJ a 10-cell 
automobile storage battery. The circui t was 
designed for a primary current of 1 amp. but can 
be balanced with other currents, as the balance is 
independent of the magnitude of the primary 
current . The current is adjusted in value by 
means of an ordinary tubular rheostat, Rh. 

The primary current passes through K p , an 
iron-cored choke coil. The iron core contains an 
ail' gap, and the choke has an inductance of about 
6 henries when carrying a curren t of 1 amp. In 
addi tion to thc iron-cored choke, the t wo "elec
tronic chokes, " 111, 112 , [5], are used to help main
tain a constant primary curren t. These electronic 
chokes are amplifiers with a 1:1 amplification J 
ratio and with the output voltage 1800 out of 
phase wi th the inpLl t voltage. Thus a small poten-
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FI GURE 32. Partial diag1'am oj the measW'ing CiTcuit. 

tial difl'crence ansmg across th e input circuit of 
ej ther choke will be neu Lralized, as far as CUl'rent 
in the primary circuit is concerned , by an equal 
potential difference, which will be produced across 
the terminals of its plate rcsistor, T. Two such 
chokes are used in cascade and j,ogether they will 
neutralize, within about 0.2 percent, any sudden 
potential difference, not exceeding 0.1 v, which 
might appear across the primary reversing switch, 
Cp , because of imperfect operation of the other 
components of the circuit. 

B eyond the electronic chokes the primary cur
rent flows through resistor R, which is to be 
measured . This is a four-terminal I-ohm resistor 
of the highest quality, with an adjustable shunt 
of known value, which is used for balancing the 
measuring circuit. Beyond this resistor is located 
ro tary switch Cp , which is used to short circuit the 
primary circuit from a to c while the current is 
reversed in thaI, part of the primary eircuit to the 
right . The reversing generator, RO, controls the 
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curren t as it, is rcversed in this part of the circuit, 
and hence Lhl'Ough the primary of Lhe muLual 
inducLor, ~AI. The adjustable resistor and in
ductor , Ra and La, arc included and adjusted to 
make the resistance and inductance equal to those 
which were assumed, for the circuit to the right 
of the shor ting switch , in designing the reversing 
generator. The resistance and inductance of Ra 
and La need not be known , as the balance of the 
circuit docs not depend upon the resistance or 
self-inductance of this part of the circuit. Their 
usc improves the matching of Lhe current in the 
two parts of Lhc primary circuiL and thus reduces 
volLage disturbances that migh t appear across 
shorting switch Cpo 

The emf induced in the secondary of the mutual 
inducLor by the reversing primary current is 
rectified by means of reversing switch CS. This 
reversing switch is of a simple rotary type, having 
copper segments and copper-graphite brushes. 
In addition to the emf rectified by Cs, and th e 
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steady potential difference across R caused by the 
primary current, th ere is in the secondary circuit 
a square-topped emf wave induced by the inductor 
generator, J. This inductor generator has four 
poles, as shown, which are energized through slip 
rings by a direct curren t. The sum of the three 
emf's is impressed upon th e d-c galvanometer , 
G, in series with which arc placed two large choke 
coils, K s, which limit the a-e component of the 
curren t through the galvanometer. 

The cycle of operation of th e circuit is as follows: 
With switch Op in the series position, as shown, 

th e t est current of about 1 amp flows through 
r esistor R and through primary P of mutual in
ductor M. After having been connected in this 
position for about one-sixth of th e cycle, a short 
is connected across the circuit by 0 11 , which is 
maintained until generator RG has reversed th e 

current through the primary of 1\1. This reversal 
requires about two-sixths of the cycle, after which 
switch Op makes a series connection bu t with leads 
interchanged. Current I is then allowed to flow 
in the reverse direction through the primary 
winding of M for one-sixth cycle, after which it is 
again r ever sed to the starting direction, this 
second reversal requiring the remaining two
sL'{ths cycle. It "will be noticed that after each 
r eversal , the circuit is series-connected for about 
one-sixth cycle. During th ese times the r evers
ing generator is producing a constant emf of such 
a value th at it would maintain a current equal to 
I through the primary of the inductor if the short 
circuit h ad remained. If the emf of the reversing 
genera tor is not exactly correct , th e tremendous 
equivalent inductance in the remainder of the 
primary circuit 'will never theless bring the current 
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to the value 1 so quickly that a constant current 
will fiow through the primary of the inductor for 
a large portion of this one-sixth cycle. 

During the time in which the current in the 
primary is constant, the secondary induced emf 
is zero, and during this part of the cycle the second
ary leads are reversed. Before this reversal the 
eurrent through the primary winding of the in
duetor has attained practically a d-c distribution 
over the cross section of the wire. This is the 
distribution for which the inductance is calculated, 
and no correction is required for the effect of 
frequency upon current distribution. 

The cycle of operation is sholVn graphically in 
figure 33. In the upper part of the figure are 
shown the emf's in tlle galvanometer circuit. H ere 
E j is the emf introduced in the circuit by the 
inductor generator, which from its nature averages 
zero. The ordinates of this curve w(,\1'e measured 
with the generator in actual operation. The 
s traight line 1R is the potential drop across 
resistor R. The third curve, Em, is the emf which 
must be induced in the secondary of the mutual 
inductor by the revers ing primary current to 
balan ce at every instant the algebraic sum of the 
other two emf's in the galvanometer circuit. 

From the third curve the data for the curve 1m 
of the central part of figLlre 33 were calculated. 
This shows the way in which the CUlTent must 
vary in the primary of the mutual inductor to 
generate the emf Em, assuming tha t the reversal 
of the secondary connection is made at the time 
marked X. It should be no ted that the frequency 
of the cycle of 1m in the primary of the mutual 
inductor is ooly hal£ that of the frequency of the 
rectified emf in the secondary circui t. 

The curve I nRt at the bottom of figure 33 was 
then calculated by multiplying 1m by the total 
resistance, R t , of the part of the circuit to the 
righ t of the shorting commutator, Cp , figure 32, 
exclusive of th e reversing generator. From the 
rate of change of 1m and the total self-inductance, 
L t , of this same part of the circuit, the induced 
emf, L td1m/dt , was calculated for the entire cycle. 
The sum of the two emf's, I mRt and L tdIm/dt, i. e., 
E n, is the emf that must be produced by the 
current-reversing generator in order to reverse the 
primary curren t as shown by the curve for 1m, 

thus inducing in the secondary the emf Em. 

Absolute Measurement of Resistance 

3. Details of Certain Components 

(a) The Reversing Generator 

The energy supplied to that part of tho primary 
circui t to the right of the shorting switch , Cp , 

(fig. 32) is furnished by the reversing generator. 
This generator was designed to take the current 
in the primary of the mutual inductor through 
the current cycle shown in figure 33, assuming a 
short-circuit maintained across Cpo The removal 
of the short-circuit brings the primary current 
through the inductor to the same value as that 
through the resistor under test at the time of 
reversal of th e secondary connections, thus cor
recting for an imperfect operation of the reversing 
generator. 

The reversiog generator and its attached circuit 
are shown schematically in figure 34. The storage 
battery, B2 , is connected to two parallel resistance 
circuits, each having a resistance A. In effect, 
this en tire circuit rotates wiLh reference to the 
con tacts b and bt , and the po tential difference 
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FIGURE 34. Schematic diagram for reversing-generator 
mrwit. 
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across these contacts is connected in tleries with 
the primary of the mutual inductor. During 
rotation, the resistance, X, must vary in such a 
way that the po tential difference between band 
b' will vary in accordance with curve En of figure 
33, while the current from b' and back into b is, 
at corresponding parts of the cycle, shown by 
curve 1m of the same figure. 

The design of the reversing gen:-rator required 
the calculation of X, the resistance between the 
brush contacts band b' and the points of attach
ment of th e storage battery, for all parts of the 
cycle. T o calculate X, use is made of Thevenin's 
Theorem. In applying his theorem, a calculation 
is made of the emf, E, which would appear be
tween a' and c' if the circui t were opened between 
them, and then the curren t is calculated on the 
assumption that this emf is applied in thereverse 
sense to a' c', and any other emf is reduced to zero. 

For presen t purposes it is sufficiently accurate 
to neglect the r esistance in battery B 2, whose emf 
will also be called B 2• Then by inspection 
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FIGURE 35. Application of '1'hevenin's theorem to ,'eversing
generator circuit. 

E = B2(A A: X -1) = B2( A A2X} (45 ) 

If now B2 is reduced to zero and - E is inserted 
between a' and c', th e circuit will be as shown in 
figure 35, and by Thevenin's Theorem the cur
rents will be the same as those of circui t 34. Then 
by Kirchoff's Law 

X(A - X ) 
R tI m+ L tdI m/dt+2I m A E 
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= B 2 (A-2X ), 
.it 

where (47) 

The values of X for all par ts of the cycle were 
calculated by solving eq 46, using thc correspond
ing values of 1m and En, as shown in figure 33; 
th ey are plo tted in figure 36, together with the 
curves for 1m and En' The value of resistance A 
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FIGU RE 36. Data used in designing reversing generator. 

is arbi trary, and it was taken as 12 ohms. The 
emf of battery B2 must equal the maximum value 
of En, which in t urn depends upon the resistance 
and inductance of the circuit in which the revers
ing genera tor operates. In actual use, Bz may be 
changed to correspond to the emf of an integral 
number of battery cells, and the values obtained 
for X from eq 46 will not be affected, provided 
1m and En are changed in the same ratio as B2 • 

From eq 47 it is evident that En is proportional to 
1m for given circuit parameters, whence it follows 
that for given values of A, R t and L t the solu tion 
for X is unaffected by changes in Bz if 1m is changed 
proportionately, and this in turn means that the 
main primary current, I , must be adjusted 
accordingly. 

To build the reversing generator of figure 34, 
a commutator was taken from a discarded generator 
and mounted on the constant-speed shaft that 
drives the reversing switches. This commutator 
has 177 segments, each 10 em in length and 3.5 
mm wide. Through a set of slip rings the storage 
battery is connected to points 1800 apar t on the 
commutator. Brushes on the commutator for 
connecting to the external circuit are also spaced 
1800 • Pieces of I'esistance wire were soldered 
between adjacen t segmen ts of the commutator, 
the values of the r esistance of each section being 
so chosen as to change the resistance between ~ 

th e brushes and th e points of attachmen t of the 
battery leads in accordance with the X-curve of 
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figure 36. The sections of resistance were not 
adjusted to a high accuracy, since at bes t the 
reversing of current in the primary winding is a 
s tep-by-step process, and an instantaneous match 
of the emf induced in the secondary and the remain
ing emf's in the secondary circuit canno t be 
attained. The irregularity caused by the step-by
step reversal is smoothed out to some extent by 
means of a 2-, .. tf capacitor connected across th e 
reversing generator.. 

This reversing generator was designed and built 
before the mutual inductor had been completed. 
The design assumed a primary current of 1 amp 
and values of 5 ohms and 22 mh Jor R t and L t , 

respectively. On this basis, the curve En of 
figure 33 was obtained, its maximum value being 
about 7.7 v. Thi s meant that three or four lead
acid cells should be used for B2 • Three cells were 
chosen because th e lower level of primary current 
called for , about 0.8 amp, would produce less 
heat in various circuit componen ts without ma
terially redu cing the sensitivity. 

VVhen the primary of the mutual inductor was 
finished it was Jound to have a resistan ce and 
self-inductance of 3.5 ohms and 15 mh , respec
tively. The values for H t and L t were purposely 
assumed higher than those expected for the 
inductor, in order that the difference could be 
provided by ad justable circuit clemen Ls Ra and 
L a. The circuit could then be accurately set to 
the design values in order to obtain optimum 
performance. 

(b) The Primary Reversing Switch 

The construction of the primary reverSll1g 
switch , which is of the rotary type, is shown 
schema tically in figure 37. A 2-in. length of copper 
tubing 4 in. in diameter 'was split axially into two 
equal long and two equal short sections, and the 
sections were so mounted as to be insulated from 
one another. This part of the switch is driven 
by the constant-speed shaft of the measuring 
apparatus. The segments are represented by 
81 ) 8~, 8 3, and 8 4 of figure 37. Riding on the split 
copper ring is a group of seven copper-graphite 
brushes attached to phosphor-bronze leaf springs. 
Three brushes, BJ, B3, and B4 are connected to 
one side of the primary circuit, and the four 
remaining brush es are connected to the other side. 
The two large copper segments, 8 1 and 8 3, are 
connected through slip rings (no t shown) to 
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reversing generator RG, the primary P of the 
mutual inductor, the adjustable resistor Ra , and 
the small adjustable inductor La. In series with 
several of the brushes are resistors, some shunted 
with capacitors, as shown. 

< 

F I GU HE 37. D etails oj con nections to primary reversing 
switch. 

In the posltLOn shown in figure 37 the circuit 
within the reversing commu tator network is 
shorted. The ClllTent, I , divides and flows through 
brushes B3 and B4 into the long copper segments 
and out tlu'ough brushes B J and B7• The con
ductors that counect brushes Bl to B7 and brushes 
B3 to B4 arc of low resistance and provide parallel 
shorts on the circui t containing the primary of the 
mutual inductor. 

As the segments ro tate with respect to the 
brushes, in the direction sho'wn by the a rrow, a 
position will be reached where brushes B3 and B7 
pass from the long segments, 8 1 and 83 , to the 
short segments, 8 2 and 8 4, while the remaining 
brushes r emain in contacL with (.he long segments. 
In this position th e long segments are no longer 
connected directly together, bu t th ere are three 
parallel paths through resistors that connect them . 
These paths are through B4 to B2 and tlu'ough B5 
and B6 to B J • As the commutator continues to 
rotate the parallel paths open up at B6, B5 and 
finally at B2 , after which the two parts of the 
primary circuit are in series. 
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The purpose of the extra brushes B z, B5, and 
B6 is to limit any voltage rise that will appear 
across the reversing switch in case the currents 
in the two parts of the primary circuit are not 
exactly equal when the short-circuit is removed. 
The first step in the removal of the short-circuit 
leaves parallel resistance paths of 30, 80, and 230 
ohms, and these are opened in that order. To make 
the changes in resistance less sudden, capacitors 
were shunted across part of the resistance in each 
path; this, in effect, gives the equivalent of a low 
initial but quickly increasing resistance to each 
branch. Moreover, the motion of the brushes off 
the copper segments gradually decreases the areas 
of contact, which results in gradual increases in 
brush resistance rather than sudden openings. 

No effort is made to apply the short-circuit in 
steps. However, both when the short is applied 
and removed, the peak value of the potential dif
ference across the commutator always remains less 
than th e maximum that can be satisfactorily com
pensated by the vacuum-tube chokes. 

(c) The Balancing Resistor 

For all the electrical meaSUTements the circuit 
is balanced by varying a shunt on the standard 
resistor. This resistor is of the double-walled type 
[17J used at this BUTeau for maintenance of the 
ohm, mounted in a well-stirred oil bath whose 
temperature is thermostat.ically controlled. In 
this bath, with the measuring current flowing 
through it, the temperature of th e resistor is 
about 0.5 deg C above that of the bath. Hence 
it is necessary to standarize the resistor in its own 
oil bath and with an equal test current. For the 
inductor and frequency that are used, a shunt of 
abou t 105 ohms is required. For this shunt the 
adjustable arm of a " direct-reading ratio set" [18] 
is used in series with a plug box. This ratio set 
is so constructed that its resistance can be ac
curately changed in steps of 0.001 ohm from 99.5 
to 100.5 ohms, and the remaining resistance of the 
shunt is obtained from a plug box with O.l-ohm 
steps. A change in resistance of the shunt of 0.01 
ohm corresponds approximately to a change of 
1 part in a million in the parallel resis tance. No 
temperature control is required for the shunt unless 
the temperature varies several degrees from that 
at which the shunt resistance is determined. This 
determination is made by opening the shunt and 
measUTing the resistance across the break. 
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(d) Current Reversing Switch 

A switch in the primary circuit enables the 
operator to reverse connections to all batteries. 
All of these reversals are obtained with a motor
driven multiple rotary switch, which interchanges 
connections at m and n, p and g, and to the mag
netizing coils of inductor generator J, figure 32. 
This switch is so arranged that reversals will OCCUT 
in the proper sequence and th at the amplifiers and 
galvanometer are properly protected during re
versal. To obtain the reversal the operator has 
only to operate a push button, the switch stopping 
automatically at the end of the reversal. 

The purpose of the reversals of the batteries is 
to eliminate the effect of possible thermal or other 
extraneous emf's in the measuring circuit that are 
not reversed with the measuring current. In bal
ancing the circuit, the galvanometer is not brought 
to its open-circuit position but the resistance is 
adjusted until the galvanometer reading is the 
same for both directions of the main primary cur
rent. The difference of the reading of the galva
nometer from its open-circuit reading shows that 
the stray emf's amount ordinarily to 2 or 3 }.LV 

at most. These stray emf's are usually very 
constant in magnitude, and their effect is elimi
nated in so far as they remain constant between 
successive reversals of the batteries. 

VIII. Electrical Measurements 

1. Location of the Inductor 

Construction of the mutual inductor and of all 
components of the measuring circuit was finished 
by the fall of 1938. Electrical measurements with 
the completed apparatus were begun in October 
of that year. While making these electrical 
measurements it was desirable to have the inductor 
in such a location that its value would not be 
appreciably affected by magnetic materials in its 
neighborhood. For the greater portion of the first 
2-yr period the inductor was mounted on a special 
outdoor pier designed to support it above ground 
and at some distance from any building. This 
pier was entirely of wood, the parts being fastened 
together by wooden pegs and glue. The only 
metal parts were brass straps and bolts used to 
anchor the pier to the concrete footings and to the 
side of the building. 
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FIGURE 38. Outdoor pier, with wooden model showing location of mutual inductor. 

The pier is shown in figure 38, a full-seale 
wooden model showing Lhe loeation of Lhe induc
tor, which was about 8 m from the building and 
4 m above the ground. The nearer cast-iron lamp 
standard at the side of the sLeps was nearly 10 m 
from the inducLor. A double-walled wooden box, 
filled with cotton batting, was mounLed around 
the inductor, and a canvas ten t over the box gave 
protection against the weaLher. Strapped to the 
underside of Lhe pier were wooden ducts that were 
used to circulate dry air from the building through 
the inductor housing. Electrical connections to 
the inductor were by means of twisted pairs of 
rubber-covered copper wire attached to the under
side of the pier. 

An effort was made to con trol the temperature 
of the inductor at 23° C by means of the dry air 
circulated from the building. This was not very 
satisfactory, and it was found necessary to meas
ure the temperature coefficient of t.he inductor and 
to correct for departures of the temperature from 
23° C. The determination of the temperature co
efficient was made electrically. A series of meas
urements extending over 4 days ,vas made with 
no change except for the temperature of the in
ductor and the corresponding value of resistance 
required for an electrical balance. The data ob
tained are shown in figure 39, where the changes 
in inductance in parts per million are plotted as 
ordinates against the temperature of the inductor. 
The slope of the curve determined from these data 
is 5.7 ppm;o C. This is somewhat larger than had 
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FIGURE 39. Date for obtaining temperature coeffic ient of 
inductance . 

been expected, but probably changes in tempera
ture of the wire on the primary change the stress 
it applies to the porcelain, and this produces 
changes in diameter in addition to those resulting 
from temperature changes of the porcelain. 

In September 1940 the inductor was moved 
from the outside wooden pier and mounted on a 
wooden platform in one of the rooms of the Elec
trical Building, in a wing that had been con
structed to be fairly nonmagnetic, and all magnetic 
material was carefully removed from the vicinity 
of the mounted inductor. To accomplish this 
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rcsult, the window- frames were taken apart and 
thcn reassembled with brass serews, the floor was 
removed and replaeed with a cement floor madc 
with glass sand and nonmagnetic cement, and the 
walls were replastered with nonmagnetie plaster. 
The amount of resistance required to balance the 
<.:ircuit at 23° C did not change when the inductor 
was brought to its new location, and consequently 
it is believed that the value of inductance is not 
appreciably affected by any magnetie material in 
the building. 

2. Alinement of the Inductor 

The indoor platform to whieh the inductor was 
moved in 1940 has been employed without change 
since that date. 'Whenever the inductor is re
mounted on this platform, the primary lead wire 
and the secondary must be realined. The first 
step in this process is to set the primary vertical 
by means of a spirit level placed on the top surface 
of the porcelain form. The vertical primary lcad 
wire and connectors are then secured in approxi
mately the correct position along the front of the 
cylinder. The secondary is next suspended in 
place and its height adjusted so that the cen tor of 
its channel coincides with the plane x= O, the loca
tion of the latter being known with reference to 
turns on the primary. A dial indicating gage 
equipped with a conical p in is used to measure the 
axial distance between the surfaces of the second
ary form and the space between certain wires on 
the primary. Varia ti ons in glass thickness are 
allowed for. T he last step in the alinement proce
dUTe consists in setting the primary lead wire ver
tical. For this pUTpose a plumb line is hung in 
front of the cylinder. A telescope mounted across 
the room is sighted on the plumb line, and the 
wire is moved until its image alines with that of 
t.he plumb line. The inductor is then enclosed 
within a double box, the inner one of which has a 
wooden fan at the top as shown in figure 40, this 
being a photograph of the inductor with the fronts 
of the enclosing boxes removed. The air-stirring 
fan is driven by a long cord extending to a motor 
located 6 m away from the inductor. The in
ductor rests upon an annular wooden ring sup
ported about 10 cm above the bottom of the inner 
box. This permits the fan to draw air up through 
the center of the primary and discharge it down
ward along the outside. Thermocouples of negli 
gible magnetic effect are attached to the porcelain 
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form and enable its temperature to be measured 
from a convenient external location. 

FIG U R E 40. InductD?' with j1-oni of double box removed. 

3 . Adjustment of the Primary Circuit 

Before continuing with a description of the 
procedurc followed in making an absolute resist
ance measurement, it is necessary to rerxamine 
conditions that exist in the primary circuit. 

RG 
Rh 

Q 

--=- B - , p 

Ke R 

FIGURE 41. Schematic diagmm showing the dual cUl'rent 
paths in the primary circuit. 
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Figure 41 is a simplified diagram drawn to illustrate 
the poin ts presently involved . From what has 
been said before it is evident that for two-thirds 
of the time 1 and 1", are independent, and their 
values are determined by their respective bat
teries, BJ and B~, and associated equipment. 
During a period when th e points a to care short
circuited, the reversing generator reverses the 
direction of 1m through the primary of the mutual 
inductor in accordance with the middle curve of 
figure 33, while the shaft is moving say from 
30° to 150°. During the same time the rotary 
switch, Cp , reverses the connections at a, a' , 
c, and c'. In the m eanwhile, 1 is held constant 
by various current s tabilizing devices. The effect 
of the vacuum-tube chokes is to diminish by a 
factor of 400 or more sudden emf changes of 0.1 v 
or less appearing across Cp , and this is initially 
equivalent La an increase in the effectiveness of 
the iron-cored choke coil by the same factor. 
In figure 41 , Ie therefore represents an equivalent 
choke of 400 X 7, or 2,800 h. It may be r egarded 
as a large energy reservoir . 'Vhen tIle shaft 
advances from 150° Lo 160° (fig. 33), the rotary 
switch quickly removes Lhe s110rt circui t in Lhree 
distinct steps, at Lhe end of which time Lhe 
primary circuit is se ries co nn ected a nd rem ains 
so while the shaft moves from about 160° to 210°. 
If current I m is no t exactly equal to I wh en the 
short eircui t is removed, it is nevertheless qui ckly 
forced to assume equality with it, the requis ite 
energy being supplied by IC. The energy transfer 
does not take place, of course, without some slight 
infiuence upon the value of I , and the effec t will 
be examined shortly. Approximately in the middle 
of the series interval, when the shaft angle is 
about 180°, the secondary connections arc r eversed 
a t the time marked X in figure 33. At this moment 
the instantaneous value of I in the primary circuit 
is ix. Current ix enters into the ratio ix/l a appear
ing in eq 2, and as was pointed out in section II, 
this current ratio is difficult to measure directly 
with the required accuracy. Electronic amplifying 
and measuring devices must be employed, and 
the emf's to be m easured arc of the same order 
of magnitude as the inherent noise in tube circuiLs. 
Such electronic measuring devices do, however 
find application in thc present problem. A 
cathode-ray oscillograph equipped with amplifiers 
is connected to the poinLs a and c of figure 4l. 
A mod erate vertical sensitivity of 0.1 v/ in . is 
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employed, and consequently vol tage dis turballces 
of 5 mv or more are readily disce rned . H Lhe 
setting of rheostat Rh is slowly changed while 
the apparatus is running, the ratio of I to I II! at 
the moment of short circuit r emoval may be 
judged from the oscillograph response. If the 
currents are matched, there is no cI isco nti nuiLy 
in the oscillograph trace when the short is \"('
moved. If, for example, I is set 15 rna ftbove Lhe 
matched value in the vicinity of 0.8 amp, a" lfl ble" 
1 in. high (100 mv) will appear in the oscillograph 
trace of emf during the period of primary series 
connection. During the 15-ms shor t-circuit peri· 
ods, random emf variations appearing across t lte 
points a to c are very small, never exceed ing 10 
mv. A lO-nw rec tangular voltage puls(' of 15-ms 
duration will change 0.8 amp in a 2,800-h circui t 
by less than 1 part in 107• If the voltage dis tu rb
ance app('aring across the points a to c during the 
seri ('s-connected period is likewise small , it is 
apparent that the instantaneous value of primary 
current will never be displaced front i ts value 
averaged over th e complete cycle by as much as 
1 part in 107• No difficulLy is experienced in set
ting Hh so Lhat the heigh t of the volLage "Lable" 
appeari Jl g during the 7-ms series period is wiLhin 
10 mv of the ze ro level of emf established cI uring 
the shor t-circu it period. Tbe problem cen ters 
chiefly around even ts tha t occur during the 
1.5-ms tran sition period when the co nnec tions 
a re changing from shor t-circui t to sen es. As 
sta ted earli er, the switch Op removes the short in 
Lhree sLeps, and at each of these ste ps an oscil
la t ing emf disturbance is set up Lhat may con
sid erably exceed 0.1 v in amplitude if the resislance 
and inductance of the reversing generaLor circuit 
differ from the values for which the ge nerator 
was designed . By adjusting Ra and L a, par
ticularly the latter, the amplitude of these oscila
tions may be reduced to less than 0.1 v , and their 
time integral value may b e vi sually acl j usted so 
nearly equal to zero that no appreciable net emf 
disturbance remains. When the adj usLments of 
Rh, Ra, and La are so mad e that the net emf 
disturbance displayed on the oscillograph screen 
is substantially zero, it is inferred that the current 
ratio ix/l a differs from unity by a negligible 
amo unt. The eA:ecLiveness of the current-stabi
lizing devices is illustrated by the following test . 
The circuit is fIrst balanced with 1 and 1m matched 
as closely as possible. Current I is then raised 
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about 15 ma with the result that the voltage 
"table" appearing during the series period is 
about 100 mv high. This emf disturbance, lasting 
for about 7 ms, changes the main balance by about 
3 ppm. If current f is lowered 15 ma below the 
matched value, the voltage table is 100 mv 
negative, and the main balance is off by about 
3 ppm in a direction opposite to the first case. 
If this same test is r epeated with the vacuum-tube 
chokes disconnected, the change in balance 
amounts to about 18 ppm. In normal operation 
the voltage impulse is much less than 700 mv-sec, 
and consequently the current ratio ix/f a differs 
from unity by very much less than 3 ppm. 

4 . General Procedure for Making an Absolute 
Measurement of Resistance 

No absolute measurements are attempted if the 
inductor's temperature is nonuniform or if its 
mean temperature has been changing rapidly 
during the preceding 24 hr. If the equipment has 
been idle for some time, temperature differences 
amounting to several tenths of 1 deg 0 may exist 
between the top and bottom of the porcelain form . 
After the air-stirring fan is operated for 6 hI' or 
more, these temperature inequalities are r educed 
to 0.01 ° C. When temperature conditions are 
satisfactory, the main driving motor is started 
and the equipment is allowed to warm up for 10 
or 15 min with the normal test current flowing in 
the measuring circuit. When thermal equilibrium 
has been reached, the automatic speed control is 
put into operation and the driving-power level 
adjusted so that the mechanical system hunts 
symmetrically about the synchronous position. 
With the ca thode-ray oscillograph used in place 
of the galvanometer, the excitation and phase 
angle of the inductor generator are adjusted to 
produce a minimum amplitude of alternating 
voltage in the galvanometer circuit. The oscillo
graph is then connected across t.he primary revers
ing switch, and the rheostat, Rh (fig. 32), is adjusted 
to produce a current match in the two portions of 
the primary circuit. If necessary, the auxiliary 
inductor, La, is adjusted to reduce to a minimum 
the voltage disturbance during the transition 
period from short-circuit to series connection in 
the primary . The circuit is then balanced by 
varying the shunt on R to bring the galvanometer 
to a selected false zero in the vicinity of its open
circui t zero . N ext, all battery connections are 
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reversed using the r emote-control swi tch described 
in section VII, 3, (d). After quickly checking 
the speed-control adjustmen t and the primary 
current match, the shunt, Sh, is again adjusted to 
bring the galvanometer to the sam e false zero 
that was used in the previous balance. There is 
some random movement of the galvanometer spot 
because of momentary fluctuations in speed ; 
these movements, amounting to a few millimeters, 
are integrated by eye in the process of making a 
balance. The time rcquired to perform this inte
gration will be referred to later as the galvanom
eter observing time. The mean of the two values 
of Sh is recorded, and this is the setting of the 
shunt that would h ave been required had there 
been no thermal or other irreversible emf's in the 
galvanometer circuit , and had the galvanometer 
been brought to its mechanical zero. Although 
it is not necessary that the two values of Sh be 
equal, experience with the small thermal emf's 
ordinarily present quickly indicates how the false 
zero may be chosen so as to make the two values of 
Sh practically equal. These balances are re
peated several times and a mean shunt value, S, 
arrived at. The mean temperature of the inductor 
is then measured. From the known temperature 
coefficient of the mutual inductor it is possible to 
calculate the value, Re, of the equivalent un
shunted resistance that would have balanced the 
mutual inductance had the inductor been at the 
standard temperature of 23° C. The value of this 
equivalent resistance is given by the following 
expression: 

H ere R is the four -terminal value of the standard 
at the temperature and load conditions as used in 
this experiment, rl and r2 are the values of its 
poten tial lead resistances, S is the mean value of 
the shunt required to balance th e inductor when 
the latter is at to C, and a is +5.7 X 10- 6 • 

5 . Results Obta ined 

Under favorable conditions two observers can 
balance the measuring circuit and obtain the same 
balance to about half a part in a million, and even 
under less favorable conditions they usually agree 
to 1 part per million. However, a series of read
ings taken at intervals of 1 or more days shows an 
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apparent erratic scat tering of balances, which 
scattering, however , seldom exceeds ± 2 ppm from 
the average of a considerable number. As an 
example, figure 42 shows all readings taken in the 
month of July 1941. The ordinates represent the 
values of the r esistance, E e, required to balance 
the eircui t on the days shown. Throughout tbis 
paper all resistance values, unlt'ss otherwise stated, 
are in terms of the absolute uni t adop ted by in ter
national agreemen t on January ] , 1948, regardless 
of wha t uni t may have been used when the original 
da ta were taken . The scattering evident in 
fi gure 42 resul ted from uncertain ties in deLermin
ing the electrical balance, possible errors in correct
ing for the effect of temperature on the value of 
inductance, and possible changes in res istance, 
inductance, and frequency during the month. 
Over a period of a month any change in resisLance 
was almost surely negligible, and it is also be
lieved that the frequency was constant to 1 par t 
in 107, as it was determined by crys tal oscillators. 
The average value of the shunted resistance for the 
mon th was 0.9906575 with variations from this 
mean of no t over about ± 1 ppm. 

An extended series of determinations of the 
vfllues of resistance r equired to balance the 
measuring circuit was started in October 1938, and 
thi s series has been continued up to the presen t. 
time except for the war period. The r esults of 
these measuremen ts are shown in figure 43. The 
ploLted points r epresent tbe monthly averages in 
cases where at least five determinations were 
macl e during the month. ·Where fewer than five 
readings were taken during a month, the point 
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plo tLed is for a group of fl t least five readings, 
plo t ted a t Lhe center of the Lime interval covered 
by the r eadings. 

Fig ure 43 does not sll ow the r esults of all 
measurements mad e during the period covered . 
On several occasions the res istance required for 
balance would start decreasing at a rather con
stant rate of 3 01' 4 ppm per month, and this 
change would continue for several months if it 
were allowed to do so. Al LllOugh no explanation 
of the phenomenon was obta ined, it was found 
Lha t the drift was associated with a biasing 
battery in the amplifier Lhat furnished the 
1,000-c/s frequency for the control of th e constan t
speed sh aft. This C-ba t tery was replaced , the 
bias being obta ined instead as a po ten tial drop 
across a res is tor, and the difficulty was elimina ted. 
The 1,000-c/s emf was ob tained from a circui t that 
was used to drive a synchronous clock, but Lhe 
readings of the clock were apparen tly unaffec ted. 
The difficulty , however , threw a doub t upon th e 
frequency, and it was necessary to ob tain an 
independent determination during proper func
tioning. 

As a tes t of the 1,000-c/s frequency, the rate of 
the constant-speed shaft was checked by compari
son with the Shor t t Synchronome elock of the 
T ime Section of this Bureau . The clock so oper
ates tha t every 30 sec an electrical impulse is sent 
from the free pendulum to a relay that controls 
the slave clock. Without using the r elay contact, 
the impulse to th e relay coil was impressed on th e 
grid circuit of a gas-discharge tube in such a way 
as to fire the tube. A spark-coil in the plate 
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FIGURE 43. l1I ean values of resistance required to balance the circuit during the period October 1938 to Febnwl'Y 1949. 

circuit of the discharge tube produced a high 
voltage that was made to cause a spark from a 
stationary insulated plate to a rotating point on 
the constant-speed shaft. 'VVith exact synchroni
zation this spark would occur at the same point 
of the insulated plate every eleventh spark, i. e., 
every 5~6 min. With the sparking circuit open 
except for every eleventh impulse and a piece of 
electrosensitive paper on the stationary plate to 
record the positions of the sparks, the rate of 
travel of the spark gave an accurate determination 
of the rate of the shaft as compared with that of 
thc clock. The latter was determined by checking 
against signals from the Naval Observatory. 

Several tests of the speed of the shaft were made 
in this way. By taking observations over an 
interval of about 100 min, the rate could be 
determined to about 2 parts in 107, which was as 
acc urate as the known rate of the clock. To this 
accuracy thc rate of the 1,000-c/s emf was found 
to be correct. In the formula for resistance in 
terms of mu tual inductance and time the value of 
n is therefore used as 

n = 1,OOO/44 rps. 
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An examination of figure 43 shows that either 
the inductance has increased from the first meas
urements by about 13 ppm, or that the unit of 
resistance has decreased by an equal amount; or 
perhaps that there have been changes in both. 
Since the relative change was most rapid soon 
after completion of the inductor, the form of the 
curve suggests that the change was primarily in 
the inductance. The resistors that were used to 
maintain the unit of resis tance during this time 
interval were constructed in 1933 and could hardly 
have been changing in such a way as to explain the 
curve. 

If the change in the ratio of inductance to resist
ance were the result of an increase in mutual 
inductance, the primary of the inductor must have 
increased in dimensions . Such a change is entirely 
possible, as the copper wire might have yielded 
slightly and allowed an increase in diameter, or 
the porcelain cylinder might have increased in 
size because of the familiar "humidity expansion" 
of material of this kind. A relieving of tension in 
the wire would expand the diameter and shor ten 
the porcelain cylinder , whereas a humidi ty 
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expansion would in crcase both diameter and 
length. The latter ch ange was found Lo lu\,ve 
acLually taken place. 

The values of diameter and pi tch given in Lh e 
sect ion on measurement of the inductor were 
dC'Lermined in 1947 and 1948. A similar, alLhough 
not as thorough , set of measurements had been 
mnde in D ecember, 1938, and was used in calculat
ing th e results given at th at time to the In ter
national Oommittee on W eights and ~i[easures. 
A compar ison of th e two sets of dimensional 
measurements shows th at in th e decade the pri
m:wy of the mutual inductor increased in average 
diameter b y 12 ppm, increased in average pitch 
by 11 ppm, and that no s ignificant change took 
pla ce in th e dimensions of Lh e second ary. Since 
for small changes Lh e incllictance was found to 
chnnge as Lhe 1.92 power of th e prim ary diam eLer 
and in versely as th e 0.92 powe r of Lhe primltry 
length , Lh e above-menLioned changes in d imen
s io ns show thaL lhe inductance h as incr eased by 
12.9 ppm. An examination of flg ure 43 shows 
th at in Lhe sam e in terval of Lime Lhe inductance 
as m easurC'cl in terms of LlH' u ni t of resistance 
increased by 13.1 ppm. This m eans that th e 
apparent chflnge in inclucLancein te rms of r esist
ance can b e accou n ted for almost enLirely by Lhc 
incrcase in dim e-nsion of Lh e p rimary helix, and 
th at th ere has been no significant drif t in Lhe uni t 
of resistance as mainLained by means of wire
wound resistors. The excellent agr eeme nt between 
the ch ange in th e muLual inducLance as m easured 

i mechanically a nd as measured in terms of th e 
unit of resistance is undou bteclly som ewhat 
fortuitolls, as eiLh er of Lhe m ech a nical m easure
ments could have been in errol' by ) or 2 ppm. 

By using the value previously g iven for th e 
mutual inductance in 1948 and using n equal to 
1,000/44, we obtain 

R= 4nM= 4X l~~OX 10,897 ,225 

= 990,656,800 cgsm units of resistance 
= 0.9906568 absolute ohm 

This is the value of th e resistor used in balancing 
the electrical c ircui t for th e measuremenL of 
resistance in Lerms of inductance and t ime. 
However, the value of th is resistor in Lerms of the 
absolute ohm mainLained wiLh wire-vlOund stand
ards was found to be 0.9906632, which is larger 
than th e m easured value g iven above by 6 
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microhms_ The values assigned to Lhe- wire
wou nd standards were those assigned on J a nufI,ry 
1, 1948, in terms of the unit selecLed by Lhe 
International Oommittee on IV-eights an el Meas
ures as b eing th e most probable on Lbe basis of 
m easurement prior to 1939. In terms of Lhe 
measurem ents h erein reported, th e unit that th ey 
selected appears to have been too small by 6 
microhms. 

The unit of electrical r esistance h as b een main
tained at this Bureau by means of a group of wire
wound resistors [17], by assuming that the average 
value of ten resistors remains consLant. Such 
res istors have been very constant with respect to 
one another, but there has been no rea l ass urance 
that they are not all chang ing in l" C's istance at 
th e same rate. During the period ] 938- 48 Lh e 
average total relative change of eac]1 of Lhe ten 
resistors, without regard Lo sign, was 0.5 ppm, the 
maximum being 1.0 ppm. Th ese- sm all relative 
ch anges lead Lo t he belie-f that Lh e average of Lhe 
group is constanL to aL least Lhe same ord er of 
accuracy. The resul Ls g iven in Lhe preceding 
paragraph s seem Lo bear out Lhis belief, and Lhey 
const iLuLe th e first sa Lisfactory evidence as Lo Lh e 
accuracy wiLh wh ich Lhe uniL of res isla nce h as 
been main Lainecl aL Lhis Bureau. 

It is expected th at Lhis series of me-a s lln'm en Ls 
of resisLance in terms of i nducLance a nd t ime will 
be con t inu ed. "'Then cornbinecl with occasional 
mefisu remenLs of the dimensions of the iJ1 (lucLor, 
thi s will in effect con sLiLute a maintenance of Lh e 
uniL of resistance by means of Lhe cgs uni Ls JIl 

term s of which it is defined. 

6. Summary of Numerical Results 

A preliminary reporL of numerical results 
obtained by the method descr ibed in Lhis paper 
was submitted to the In ternaLional Oomm ittee on 
W eights and Measures under Lhe daLe of D ecem
ber 28, 1938, an el appears in a publication [191 
of that organization. The resulLs submiLted were 
based upon electrical and dimensional m easure
m en ts made in October to D ecember of th at year_ 
No correcLion for variations in piLch of th e mutual 
inducLor was m ade at that t ime, but it was 
reasonably certain that th e pitch errors were 
small. The preliminary r esults given at that 
time stated that 

1 NBS Washing Lon unit = 1.000485 absolute 
ohms. 
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~ Regarding the postwarlelectrical and dimen
sional measurements as a new determination of 
the ratio of the units, the above relation is now 
written: 
1 NBS 1Vashington unit= 1.000482 absolute ohms. 

Figure 44 is presented in order to clarify the 
relationships that exist between various resistance 
units. Although this figure is not drawn to scale, 
it is intended that it indicate the differences in 
size of the several units, a small unit being shown 
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AB SO LUTE OHM ADOPTED BY : U NIT NOW MA INTA INE D __ ~'...L.-~~~~~~= 
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FIGURE 44. Relative size of variOltS resistance units. 
Differences in rnicrohlus. 

at the bottom of the figure. In the interval 1937-
47 the difference between the Washington Unit 
and the Mean International Ohm decreased by 1 
microhm, as indicated in the figure . The resul ts 
of postwar absolute resistance measurements may 
be expressed in the following optional forms: 

1 mean international unit (1947)= 1.000484 ab
solute ohms, 

or 

1 ohm as presently maintained at NBS= 0.999994 
absolute ohm. 

The results of these measurements may also be 
expressed in terms of numerical values of resist
ance assigned to standard resis tors numbers 78, 82, 
and 84. These resistors were submitted to the 
International Bureau in 1938 for comparisons of 
the national units and are of the large double
walled sealed type, originally constructed at this 
Bureau in 1933. These three resistors, and seven 
others of similar construction, now constitute the 
group of 10 standards that maintain the unit of 
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resistance in the United States . Data ~for the 
three resistors are assem bled in table 12. 

T AB L E 12. Resistance of standard Tesis!ors 78, 82, and 84 

Item Description .'io.78 No. 82 No. 84 
---1--------------1-----------

1 Valllcsin ' '''ashington u niLs a t 20° C, 
as ghon in NBS certificates 
dated N ovembcl' 22, 1938, se nt to 
International Bureau of \ ,r ('ights 
and MeasUl'es-- __ . ___________ ._ ___ 0.999525 0.999556 0.999532 

2 Values in absolute ohms at 20° C, 
as given in Preliminary Hcport 
dated Deeember28, 1938 __________ LOOOOll 1.000041 1.000017 

3 iVl arch 1948 values at 20° C, in terms 
oftbe unitnowmaintained . _______ 1.000015 1.000044 1.000020 

4 March 1948 values, absolute ohms at 
20° C _____________________________ 1.000009 1.000038 1. 000014 

In the above table the numerical values given 
opposite items 1 and 3 have been taken from the 
records of the Resistance M easurements Section 
of this Bureau. Absolute resistance measurements 
made during this investigation employed I -ohm 
standard resistor No. 82 during the early portion 
of the work, whereas resistors No. 67 and No. 76 
were used during the postwar work. The data for 
items 2 and 4 were obtained by comparing the 
three resistors with the standards used in the 
absolute measurements. No conclusions regard
ing the stability of these resistors should be drawn 
from these data, because the decrease in value 
results primarily from revisions that have been 
made in the values of certain correction terms 
utilized in calculating the effective value of mutual 
inductance. These revisions, made subsequent to 
issuance of the preliminary report, will be dis
cussed in the section that follows. 

7. Discussion of Numerical Results 

(a ) Comparison with Preliminary Results 

The ratio of the NBS Washington unit to the 
absolute unit as determined by these experiments 
was given the preliminary value of 1.000485 in 
1938, and is herein assigned the final value of 
1.000482. The difference between the two results 
is influenced by several factors, the most important 
of which is associated with the corrections used in 
arriving at the effective val ue of mutual induct
ance, the most bothersome correction being that 
connected with distortion of the primary wire. 
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In D eccrnbel' 1938 t his cOlTectionwas taken as + 6 
ppm, but subsequent review of the problem has 
revealed that the original analysis was incorrect 
and that the correc tion should have been taken as 
+ 0.5 ppm following the line of reasoning set fO lth 
in Lhis papel'. This change of 5.5 ppm is partiall y 
compensated by adjustments that have been made 
in the values of three oth er corrections. Except 
for the additional data upon which the pitch varia
tion correction is based, these ad j ustments result 
from a critical review of prewar analyses raLher 
than from changes in basic da ta. The net eHect 
of these revisions is such that, had Lhe presen t 
pitch correction been available in 19:38, and had 
all corrections then been calculated ill the manner 
now believed conect, the eff('c li ve value of j\[ 

would have been 2.2 ppm smallel' tha n Lhe valu e 
adopted in December 19:38, and L1w !'aLio of the 
units would have been reported 1 .NBS un it= 
1.000483 absolu te ohms. TllC close agreement 
between th is fi g ul'e and t be postwar result is some
what fortuitolls, in asmuch as uncerLain ties in 
dimensional meaSlll'ements of the indu ctor could 
easily accoun t for clifIerences larger than those 
encoun tered. 

(b) Comparison of Final Results with those of Other 
In vestigators 

In preparaLion fol' the change in un its ul timaLely 
made on January 1, 1948, several nationallabora
tories made painstaki ng a bsolu te measurements of 
resistance, beginning abou t 1933. Complete de
tails describing three distinctly d ifIerent methods as 
carried out in three laboratories have been pub
lished by Hartshorn and Astbmy [20], Vigoureux 
[21], Cur t.i s, Moon, and Sparks [7], and Jouaust, 
Picard, and Herou [22]. The final results ob-

tained by these workers, together with that ob
tained in this investigation, are listed in table 13. 

In table 13 the numerical resul ts listed in the 
last column give the value in ab olute ohms of 
the m ean in temational ohm. They are calcnlated 
from values published in terms of the in tel'l1ational 
ohm as maintained in tIr e designated laboratorie 
at the time of measurement. The international 
ohms used in the three laborato l'ies mentioned 
differed from one ano ther, and fl'om the mean 
international ohm, by only a fel\' ppm. The 
magni tudes of these difl'erences during the period 
1933 to 1939 are given in a publication of the 
International Bureau of Weights and Measures 
[23] . 

In the eady part of 1939 the Inte l'llational 
Commi LLec on Weigh ts and M easures had before 
it Lhe firs t fou l' final figures given in table 13, and 
in addition, p l'eliminary results from the p l'esent 
invesLigation; from Yoneda [24] at the E lcctro
technical Laboratory, Tokyo ; and from 7.ickner 
[25] at the Physikalisch-Technische Reichsanstal t, 
Berlin. Action by thr committee was delayed by 
the war, but fLt a meeting of its Advisory Com
mi LLee hf'ldin 1946 the vallie 1.000490 Ivas se
lected as the hest value fo r the ratio of the mean 
interna tional ohm to the absolu te ohm based 
upon th e experimental wo rk referred to above. 
The fmal resul ts obtained in the present investiga
tion diiI'er from the value selected fo[, internat ional 
use by only 6 ppm and thus support the commit
tee's selection. 

As an in teresting example of a different meLhod 
for the absolu te measurement of resistance, 
reference is made to the work of Nettleton and 
Balls [26], who earriecl out a measuremen t using 

TABL E 13. Results of absolute resistance measurements 

Date of measurements Reference 

1936 ________ __ ________ H artshorn and Astbur),. 
1933 to 1936 ___________ VigoW'cux. 
1936, 1938 _____________ CmUs, :VIoon, and Sparks. 

1907 ________________ __ Jouaust, Picard , and H erou. 
1938 to 1919 ___________ Present papcr. 

a. Nationa] Physical Laboratory. 
b Kational Burcau of Standards. 
, Laboratoi rc Cenl.ra l d 'Elect rieite. 
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La bora tory I 

N PL a 

NP L 
NBS b 

LCE' 
NBS 

Method 
Va ilic of 

mean inter
national ohm 

Ohms 
Campbell. L 000505 
Lorenz . L 000499 
Self-incluctancc sta nelarel and Maxwcll caloaei- L 0004i2 

tance bridges. 
n lo dined Campbel1. 
\\Penner. 

1. 000519 
L 000484 
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apparatus developed by them and bast'd upon a 
method suggested by Rosa in 1909. As a matter 
of historical interest it may be remarked that in 
those early days Rosa and Wenner were inde
pendently seeking to develop a d-c method for Lhe 
absolute measurement of resistance that would be 
as simple and direct as the Lorenz method, yet 
avoid the limitation of the latter due to the low 
emf produced by the homopolar generator. The 
results reported herein represent the culmination 
of many years' work on the part of Wenner and 
his associates in developing his approach to the 
problem. The method used by Nettleton and 
Balls was entirely independen t but in many ways 
similar to 'Venner's. Their work was carried out 
primarily to demonstrate the method, but with a 
few refinements could probably have furnished 
valuable additional data on the ra tio of the inter
national and absolute ohms. 

IX. Performance of the Measuring Circuit 

1. General Remarks 

'Vhen this project was started, the plans called 
for a determination of resistance in absolute units 
to a few parts in a million. Hence, whenever 
possible, sources of error were to be r educed to 1 
part in 10 million or less. Factors that could not 
be so reduced were to be measured to that accuracy 
jf possible. In t.he preceding sections a number of 
potential sources of error have been discussed. 
Besides those discussed, there were many others of 
the types common to all exact electrical measure
ments. Such, for example, are problems of 
adequate insulation, temperature corrections to 
resistors, heating caused by current flowing in the 
resistors and inductors, etc. It is believed that a 
detailed discussion of the steps taken to meet 
these difficul ties is not necessary. There are, 
however, sevt'ral possible sources of error peculiar 
to the method and apparatus that have not been 
considered in detail ; a discussion of these follows. 

2. Discussion of Certa in Sources of Error 

(a) Magnetic Permeability 

The magnetic properties of all materials used in 
constructing the mutual inductor were tested at 
least qualitatively. Because of the relatively 
large masses of copper and porcelain used in 
construct,ing the primary, great attention was de-
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voted to these materials. Qualitative tests made 
on samples of the copper wire showed that it was 
diamagnetic; it was therefore certain that its 
susceptibili ty did not exceed -100/109, which 
was considered negligible. Quantitative observa
tions were made on samples of porcelain cut from 
a block prepared from the same batch of clays as 
was used in making the primary cylinder. Using 
a torsion ba.lance with the specimen hung in a field 
of about. 1,000 oersteds, the susceptibili ty of the 
porcelain was found to he + 32/109, which is 
negligible. Because the specimen tested may not 
have been representative of the large mass of 
porcelain used, the following supplementary test 
was devised . An auxiliary mLltual inductor was 
constructed by using a wooden form about 110 em 
long with an outside diameter slightly less than the 
inside diamet,er of the porcelain form. Channels 
2.5 cm wide and 2.5 em deep at each end of the 
form were filled with bunched windings, thus 
forming two separate secondary coils. The cen
trnl1 -m space between these coils was filled with a 
single-layer helix, which formed the primary wind
mg. The inductance between this primary and 
each secondary 'was about 15 mho This auxiliary 
inductor with its two secondaries connected in 
series opposition was used to balance a low-range 
adjustable resistor in the absolute-resistance 
measuring circuit . The test inductor was so 
mounted that it could be lowered into the main 
inductor and held at various levels while electrical 
balances were made. If the permeability of the 
porcelain had differed from ail' by an appreciable 
amount, a measurable change in differential in
ductance would have occurred in the test inductor. 
No significant change in electrical balance was 
observed during the course of a series of observa
tions taken as the bottom secondary coil of the 
auxiliary inductor was lowered from a coaxial 
position well above the main inductor to a position 
near the b ottom. This test did not give data 
from which the susceptibility of the porcelain 
could be calculated, yet it is believed that if the 
susceptibility had been large enough to produce an 
errol' of as much as 1 ppm in the value of 11;[, it 
would also have affected noticeably the balance in 
t.he test just described. 

(b) Alinement of Primary Lead Wire 

vVhcn primary connections are made in t.he 
manner described in section VIII, 2, it is obvious 
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that the winding will contain an exact whole num
b er of turns. The effect of sliding the top contact, 
for examplr, along the wire of the hrlix is not to 
change the number of turns, but to replace or 
counterbalance a tangential increment of the helix 
with a tangential component of the lead wire. If, 
for example, the top contact is moved by 1 mm in 
th e direction to increase the length of wire in the 
h elix, the length of the primary wire is increased 
by about 2 ppm (the primary wire is about 500,000 
mm in length), but there is actually a decrease in 
mutual inductance of between 2 and 3 ppm. An 
approximately equal change in indu cLance will 
also result from a sidewise mo tion of about 1 mm 
of one of the connecting jumpers. These rxperi
mentally drtrrmined rrsul ts of movement of Lhe 
contacts indicate thaL the m rthocl of alining the 
primary leads i adequaLr . 

I t might apprar tltaL tltt' contacL facrs, K and 
IC of figurr 6, l) 1' (' so lu rge lila t til rind uc tance 
would drprnd upon Lhr poi nls of contac L between 
I( and K' and lhe wirrs of lhr helix. Actually, 
however, any va ri aLion is negligible . If Lhe 
jumper wr rr Lo rock in such fl way fl S lo sh.i ft on e 
contact, say from the crn Lr r lo thr edgr of IC , lhe 
efl'ect or Lhr change of abOlll 1 mm ill lhc lenglh 
of the hrlix would be almosL complelrly D('ulral
ized by an opposiLr laLeral componrnL of thr Cllr
ren t as it flows in K' lo the poinL of conla cL. 

(c) Alinement of Secondary 

The alinemenL of lhr secondary co il wi Lh r ef
erence to the primary is accomp lishrd m rchan
icaIly as C\"scribrcl in seC' Lion VIII , 2. This can 
be done to fl, few hund red ths of a mill imeLer, 
which is found to be adeqlJa te . 

After the secondary has bern properly se t, the 
adj Llstments are tested rlectrically. I t is found 
that radially the secondary can be moved a milli
meter without a measurable change in inductance. 
In the axial direction, a change of 1.5 ppm results 
from a movement of 1 mm in either direction, and 
the adjustment within a few hundredths of a 
millimeter is obviously more exact than is actually 
necessary. A change of a bOll t this same magni
tude results when one sid e of Lhe sr C' onchry is 
raised by 1 mm while thr opposiLr sidr is lowrrrcl 
by th e same amount, i . e. , when the sreonclary is 
rotated about one of iLs diameters. The greatest 
change occurs when this diameter is the one 
tlnough the primary lead wire, but in no case is 
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the re any difficulty in making thr srco nclar)~ 

alinement to a sufficien t accuracy . 

(d) Uncertainty in Effective Value of II I 

The effrct of elTors in measuring lhe d imen ions 
of thr secondary are negligible. The apparen t 
uncertainty in mean primary d iamrter is ± 2 ppm, 
whereas the uncer tainty in mean piLch is ± ] ppm. 
If these errors combine additivrly, the llJleerlflillly 
in the value of 1110 may be as much as 5 ppm. 
An additional eITor of the same magniLucl e mfl y 
be introd uced because of unecrtainLies in Lhe valu es 
of the several .:orrection factors to be applied 
when the effective valur of ltl is ealculatecl . 
Among the individual ("onwlion s, thfl L for pri
mary C'lIJ'J"en t di sLribulion is most ill doubt. The 
facLors affecLing C"llrrenL d is tribuLion have been 
di scussed previously . An ad cl i Lional fado r not 
covered in lhat annlys is n'lfl,Lrs Lo skin rfrect . 
V, hen lhe shorl~ (' i l"('l li t is rrmovrd from the pri
mary, and lhe indu elo r is connc' (' Lrd in series ",ilh 
tbr remainder of thr cil"('lliL, llll' C"lll"renLin the 
primary winding or Lhe inductor is brought lo lhe 
same Yfllue as thaL in lhe remaindrr or the circu il , 
from which iL iniLin lly differs by not more than 
0.2 percell L because of current mi smalch . .\ t 
firsl lhe disLri bution of Lhis ("UlTent ;.1,('1"OSS l.lu' 
sec Lion of lhe primary winding is noL eXflc lly 
Lhe sa.tne as the direcL-cunrnL di slribulion fO I" 
which the J1llltu al indu ctance was calcul a ted. 
However, lhe cmrenL J"flpidly approaches Lhe 
direet-Cllrren t d isLri bu Lion dmin g Lhe sr ries COI1-

nrcLion. Experimental ly , lhe rl rcLri ra l balflll('e 
of the measuring circu it was found no t Lo dmnge 
with the Lime of secondary commuLaLion ove r 
most 0-[ the available range oi Lhe series connec
tion. I t is lherefore concluded LhaL lhi s changr 
in cmrcnL distribu tion is no L apprecia ble. Thi s 
effect is difficult to check by calculation , but is 
believed to be less than LIte dtange oi the se]f
inductance of the primary wind ing wi lh frequen cy . 
Using an expression derived by Coffm l27], it 
was found that the scli- indueLanee at 25 cis 
differs from Lbe direct-currenL value by about 2 
parts in 109 . 

It may b e readily shown [28] that the current 
dis tribution is unifo rm to about 1 part in 106 

across the section of a long straight conductor 
of the s ize and material used for the primary helix 
when traversed by a 25-c/s current. "Yhen 
coiled into a helix the distribution is somewhat 
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iess uniform, because of the proximity effect 
of adjacent turns. Even so, the effect of this 
small departure from uniformity is negligible as 
compared with that which results from bending 
stresses in the wire. In this latter case a re
sistivity variation of ± 0.4 percen t over the section 
of the wire changed the mutual inductance by 
only a few parts in a million from that with a 
uniform distribution. These facts suppor t the 
assumption that the effective value of mutual 
inductance is the same as that for a direct-current 
dis tri bu tion. 

The total elTor in!l;[ may therefore be ± 10 ppm, 
but if some errors compensa te one another, the 
probable un cer tainty in !I;[ may lie between 5 
and 10 ppm. Over long periods of time, the mean 
dimensions of the inductor may ch ange, but it is 
not likely that the values of the corrections will 
change materially. It is therefore believed that 
changes in !I;[, as determined from dimensional 
measurements, can be determined within ±5 
ppm, and this is the figure of interest in connec
tion with observations on the stability of th e 
resistance unit main ta ined with wire standard s. 

(e) Average Speed 

The instantaneous speed of the drive shaft is 
continually oscilla ting about a mean value at a 
frequency of 4 or 5 times per second. The mean 
speed over a given interval of time may be taken 
proportional to the quotient of the total angular 
travel divided by the length of the time interval. 
Obviously, if the time interval chosen is sufficiently 
long, the average speed over successive intervals 
of time will approach the constancy of the reference 
frequency. The time interval of in terest is that 
which was referred to in section VIII, 4, as the 
galvanometer observing time. When balancing 
the measuring circuit, the galvanometer light 
spot moves back and forth over a range of several 
millimeters because of slight speed variations, 
which , however, are not sufficient to throw the 
system out of synchronism. The excursions of 
the light spot are integrated visually over a period 
of about a minute . During this period the total 
angular travel, meas ured on the 1,000-cycle 
reference system, is 60 X 1,000 X 360= 21.6 X 106 

electrical degrees, with a position uncertainty 
equal to th e ampli tude of hunting, which is about 
30 electrical degrees as determined by stroboscopic 
observations. The speed averaged over the 
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1-min galvanometer observing time may therefore 
be uncertain by ± 1.5 ppm. The electrical circui t 
is balanced several times in order to determine the 
average value, S, of the shunt on R (fig. 32), 
and the effect of repeated balances is to reduce the 
uncertainty in the average value of n well below 
1 ppm. The type of visual integration mentioned 
above can be made with surprising accuracy, ai:l 
indicated by the fact that several observers work
ing independently will usually agree within ± 0.5 
ppm on the value of Re required to balance the 
circui t. 

(f) Stability of Primary Current 

Conditions r elating to the proper matching of 
current in the two portions of the primary circuit 
have been discussed in section VIII, 3. The dis
cussion there considered the effect of voltage dis
turbances appearing across th e reversing switch 
Cpo Voltage disturbances arising at that location 
may be thought of as alternating emf's having 
periods of 0.022 sec or shorter. The vacuum
tube chokes were designed to compensate these 
relatively rapid variations in emf, provided their 
amplitude was within certain limits, easily met. 
A question yet to be discussed arises in connection 
with the possibili ty of a change in primary cmrent 
at a rate so slow that the stabilizing devices are 
ineffective. Such a change may be produced by 
a gradual increase in circuit resistance because of 
heating, or by a drift in terminal voltage of the 
main primary battery. It may be demonstrated 
analytically that the circuit balance is not dis
t urbed if the current change is linear. The effect 
of a slow change in the value of the main primary 
current was tested in the following manner. An 
auxiliary load resistor of about 2 ohms was con
nected through a swi tch to the terminals of th e 
main primary battery. This resistor was ad
justed to draw 10 amp with the switch closed, and 
the effect of this load was to cause a gradual de
crease in the terminal voltage of the battery and 
consequently a decrease in the value of the test 
current. The test current was measured con
tinuously with a potentiometer. The test was 
begun by allowing the apparatus to warm up for 
a 20-min p eriod with the auxiliary load switch 
open. The currents in the two portions of the 
primary circuit were then matchecl as closely as 
possible and the circuit balanced in th e usual 
manner. The balance was then observed for a 
30-min period, the load switch being closed for 
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the first 15 min and open for the last 15 min. 
During this run the primary currcnt deCI'eased 
gradually by 2 rna during the first 15-min period 
and rose again by practically the same amoun t 
durin<' the last 15 min. No definitely measurable 
changbe occurred in the balance of the main eircuit 
during this run. The current match in the two 
parts of the primary circuit did not remain perfect 
during this test, but the deviations were such that 

I no error exceeding 0.5 ppm could have arisen from 
this cause. 

If the primary current rises exponen tially from 
one steady-state level to another, the balance 
of the circ~it will suffer a transient di sturbance, a 
decreasing current producing a disturbance of 
opposite sign. Such exponential cbanges in cur
rent a re produced by discontinuous changes Il1 

circuit res istance or battery terminal voltage. 
The effect was tested by inserting a resistance of 
about 0.2 ohm in series with Rh of figure 32. By 
opening and closing a shor ting switch connected 
across this resistance, the effcct producell was the 
equivalent of a sudden decrease or increase o.f 0.16 v 
in battery terminal voltage. After balancmg the 
circuit, the auxiliary switch was opened. This 
produced a sudden cha nge of about 5 mm in the 
o-alvanometer deflection, after which the galva
~ometer spot soon returned to its original position. 
A 5-mm change in galvanometer deflection is 
equivalent to a 5-ppm change in th e valu e of the 
resistance required to balance the circuit. 'IVhen 
the auxiliary switch was closed the opposite effect 
was observed. 

A cathode-ray oscillograph equipped with a sui t
able amplifier was connected across the terminal s 
of the main primary battery in order to determine 
what sudden voltage variations oecurred. No sud
den variations as great as 0.003 v were observed. 
There are no circuit elements between Bl and Cp 

of figure 32 that would produce sudden resistance 
changes as grp,at as 0.01 ohm. The possible dis
continuous changes in resistance and voltage are 
therefore over one order less than that artificially 
produced in the test described above. 

All the tests discussed in this section support 
the co nclu sion that no error as great as 1 ppm can 
exist because of instability of primary current. 

(g) Shorting of Secondary During Commutation 

Under ideal conditions the inductor generator 
in the secondary circuit would furnish an emf that 
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would exactly neutralize the remall1l11g emf's in 
the secondary circuit when the condition of balance 
is attained , and no current would flow at any tim(' 
in th e secondary circuit. Star ting from th is ideal 
balance, a small cha nge in the shu n t on Lhe pri. 
mary resistor would produce a small unbalanced 
direct-current emf, which would cause a current 
to flow through the galvanometer, indicating the 
lack of balance. 

Under theoretical conditions, then, the current 
in the secondary circuit would be zero at balance, 
and no disturbance in it would be caused by the 
short-circuiting of the secondary of the mutual 
inductor that occurs during commutation. More
over, when the circuit is slightly out of balance in 
either direction, the effect of shorting would be to 
produce a small change in the value of th e gal
vanometer cUlTent, but tllis would not shift the 
experim ental setting of the resistance for a balance. 

The effect of this short-circuiting of the seco nd
ary of the inductor may be readily approximated 
sufficien tly well for present purposes. The sec
ondary circui t has a resistance of abou t 650 ohms 
and "choke coils" of 2,000 h of inductance. 
The econclary of the mu tual inclucLor has a re
sistance of abo ut 15 ohms and a self-inductance 
of abou t 0.05 h. The shor t-circui t at the Lime of 
reversal of the secondary connections lasts about 
2 ms. Suppose the circuit is out of balance be
cause the resistor (R of fi g. 1) is high by 1 ppm. 
This will introduce in the seco ndary ci rcuit a 
direct-current emf of about 1 f.LV, which will cause 
a current, i s, of approximately 0.0015 f.L a through 
the second ary circuit . This current will be flowing 
through the secondary of the mutual inductor as 
it is shorted. The t ime constant of the shorted 
secondary is such that the current through it will 
drop to about half its initial value, i. e., from 
0.0015 to 0.0008 f.La, during the time of the short
circuit. At the end of the short, the tremendous 
inductance of the chokes will almost immediately 
restore the current to 0.001 5 f.La, but in the oppo
site direction. The change in current, tli s, is then 
0.001 5+ 0.0008 f.La , and since this takes place 
twice pel' cycle, the average induced emf, E s, in 
the secondary of the inductor is 

Es= L tl/is= 0.05 X O.0046 XI O-6X 23 
1 n 

= 0.005f.Lv. 
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As compared with the unbalanced emf of 1 /-IV, 
which corresponds to an unbalance of about 1 ppm 
in the measuring circuit, Es is obviously negligible. 
The direction of Es is such as to reduce the cur
rent in the secondary circuit. 

In addition to the effect caused by E s, the short
circuit causes a temporary decrease in the'resist
ance of the secondary circui t, by the amount of 
the resistance of the leads and of the secondary 
windin o' of the mutual inductor. The effect on b 

the secondary curren t is the same as if an emf, of 
a vel' age value Es', were introd uced in to the sec
ondary circuit. The value of this equivalent emf 
is approximately 

= 0.I X 15X 1.5 X I0- 9 V 

= 0.0023/-1v, 

where tiT is the proportion of the time the circuit. 
is shorted, and T is th e value of the shorted res is t
ance . 

It should be no ted that Es' and E s act in opposi
tion and tend to neutralize one ano th er. In fact, 
Es' could be increased by means of a series resistor 
un til E s+E /= O, whi ch would have been done if 
the two effects had not been negligible. 

Although the above discussion of the effect of 
short-circuiting the secondary applies only to the 
theoretical case of perfect operation , th e actual 
operation was found to be sufficien tly near the 
ideal that the effect is negligible. This was tested 
by separately doubling both the ind uctance and 
the resistance of the circuit of the shorted second
a.ry winding. In neither case was there a detectable 
change in the balance of the main circuit. 

If the inductor generator were not used in the 
secondary circuit, the emf in the secondary circuit 
at balance would be a square-topped wave of 
about I-v peak value. This would cause an 
alternating current through the secondary circuit 
whose fundamental would have a peak value of 
about 2 /-Ia and which would lag behind the emf 
by nearly 90°. This current would then go 
through zero during the time of the short-circuit 
of the secondary. How large the average in
du ced emf would be because of the self-inductance 
of the secondary winding would depend upon the 
m agnitude of the secondary current at the start 
and end of the short-circuit . A balance of the 
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main circui t made with and without the inductor 
generator gave results that differed by 3 ppm. If 
the inductor generator had no t been provided (to 
aid the galvanometer to integrate correctly) it 
would have been necessary to adjust a resistance 
in series with the secondary winding in order to 
rend er negligible the effect of short-circuiting the 
secondary. 

(h) Stray Electromotive Forces 

One of the advantages of this method of meas
uring resistance in absolute units is the fact that 
the rectified secondary emf is large. The stray 
thermal emf's in the secondary commutator are 
therefore small in comparison. In addition, the 
commutator was designed to minimize such ther
mal emf's, and the test procedure eliminates their 
effect insofar as they remain constant during 
successive observations with the primary test 
current reversed. 

It is necessary that no coupling occur between 
the primary and secondary circuits except via 
the mutual inductance between the primary and 
secondary windings of the inductor. H ence the 
secondary leads from the inductor arc twisted 
and well separated from th e primary leads, which 
are also twisted . In the vicini ty of the commu
tators the secondary leads are carried in an iron 
conduit, and the secondary commutator is en
closed in a steel box. The inductor is located at a 
distance of about 20 m from the commu tators, 
and the latter are about 2 m from the driving 
motor and the loading generator. 

It is also desi rable that all other · nonreversible 
components of direct current emf be minimized . 
These components arise from thermal emf's at 
junctions in the secondary circuit, induction 
caused by rotation of segments of the secondary 
circuit (in the secondary commutator) in the 
earth's field , and synchronous emf's arising from 
sources other than the primary tes t curren t. 
These nonreversible emf's are minimized by the 
spacing and shielding mentioned above; and small 
r esiduals are eliminated during the measuremen t 
by taking balances with the primary test current 
reversed . 

{i) Scattering of Results 

The curve in figure 43 has been drawn as the 
most representative smooth curve connecting 
the 15 plotted points covering the 10-yr period 
during which absolute measurements have been 
made by the W ellller method. Each plotted 
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point is, in general, the mean of a large number of 
observa tions, as shown in figure 42. The mean 
deviation from the mean for July 1941 is 0.4 ppm. 
If Lhe scattering had been entirely random, it 
would be r easonable to expect that the mean for 
adjacent months would deviate from the smooth 
curve by less than this amount, bu t this was 
found to be not so, the mean for June 1941 being 
1.5 ppm below the smoo th curve as drawn. A 
considerable body of evidence, for which there is, 
however, no definite proof, seems to indicate that 
the dimensions of the inductor are varying sligh tly 
from month to month in an erraLic fashion, per
haps because of dimensional hysteresis, with a net 
long-time increase as indicated by the smooth 
curve. In spite of the great effort spenL in 
designing and constructing the mutual inductor , 
it apparently docs noL possess a sLabiliLy equal Lo 
t lutt of Lh e besL prese nt-day large do uble-walled 
sealed stand ard resisLors. 

An extended series of dimensional measll remen ts 
was made o n the inductor between December 1947, 
a nd June 1948. Th e calculated va lu e of 111 
arri ved at on th e bas is of Lhese measurements is 
considered to apply Lo the inductor on the median 
datc, ylal'ch 1948. The indu ctor wn,s not avail
a ble for electrical measurements on thn,t date, bu t 
the res istance tha t would have been required to 
balance th e circui t at that t ime is ta ken from the 
smooth curve of figure 43. Thi s value of Re 
may perhaps be in errOl' by 1 ppm, because the 
exact form of the cllrve betwee n adj acent electr ical 
observations is unl,"nown . The same considera
tions apply to the first dimensional measurements 
made in D ecember 1938. 

3. Estimate of Over-All Accuracy 

A large number of factors must be taken into 
account in estimating the accuracy of the results 
of an investigation of this type. Some of these 
factors enter in a perfectly random way, and errors 
from them may be reduced by taking a large num
ber of observations. Cer tain errors, however, are 
not random, and for others a large number of ob
servations are not practicable. It is therefore 
impossible, on a statistical basis, to assign a 
" probable enol' '' to the final result. A statemen t 
of the over-all acc UJ'acy is primarily an estimate on 
the part of the authors of how well systemat ic 
errors have been reduced . It is the opinion of th e 
authors that in this investigation random errors 
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have been reduced to such an extent that system
atic errors predominate. 

Probably the greatest po tential so m cc of erl'or 
is the mutual inductor, whose value is believed Lo 
be known to be between 5 and 10 ppm.. In spite of 
the large number of observations, uncer La inLies in 
temperature during the measuremen t of the me
chanical dimensions of the primary may ]l ave 
caused errors amounting to 4 0[' 5 ppm. E n ol'S 
of equal magnitude may result from a lack of 
knowledge of the exact value of various cOl'J'ections, 
par ticularly that for current d istribu t ion in Lhe 
wire of the primary helix. Th e des ign of the 
inductor is such that improper alineme nt of the 
leads or of the secondary coil sll oulcl not h ave 
caused an elTor exceedin g 1 ppm. 

The specd co ntrol has been remarkably saLis
factory, and Lhe valu e of frequency of reversal of 
th e primary CUj'rent is believed to be reliable to 
bette r Lha n 1 ppm. The only remainin g source 
of en o l' is in the measuring circui t. He re also 
the performance has been entirely satisfactory, 
a nd no known source of apprccia ble errol' r emains. 
It is probable Lhat Lh e av(' rage of several readings 
is in errol' by 1 ppm at tJl e most. 

Summari zin g, it is believed that the llJ1it of 
res istance as maintained at Lhis Bureau has b een 
measured in absolu te units to ± 10 ppm, and 
perhaps somewhat betLel'. It is probable that 
th e uncertainty co uld be reduced to 2 0 1' 3 ppm by 
th e construction of a moro nearly perfect mutual 
inducto r and by a n improvemen L of the tempera
t ure co ntrol during electrical and dimensional 
measurement. If the primary were wound on a 
Pyrex or fuzed quartz form a more uniform coil 
could probably be obtained. TIl e uncer ta inty 
caused by the nonuniform CUlTen t di stribution in 
the primary winding co uld be reduced co nsiderably 
by using a smaller wire. This would incl'case the 
heating of the primary by th e test cUlTent, but 
th e effect of this heating could be measured 
electrically. 

Thi s method of measuring resistance could be 
used for routine calibrations of I-ohm standards 
to a few parts in a million in terms of inductance 
and frequency . The principal difficulties would 
arise from the fact tha t the average standard is 
not designed to carry currents as large as that 
used in the measuring circuit and that investiga
t ions of the lead resistances of the standards 
would be req uired . 
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X. Summary 

An ll-mh mutual inductor, of a modified 
Campbell type, has been constructed, and its 
value has been determined to a few parts in a 
million in terms of its measured dimensions. 
Using a direct current commutated at a known 
frequency, this inductor has been used to determine 
the resistance of a standard resistor in terms of the 
calculated mutual inductance and time. The 
value of resistance so determined is believed to 
have been correct to 10 parts per million. These 
results indicate that the ohm as now maintained 
at this Bureau with wire-wound resistors is equal 
to 0.999994 absolute ohm. The values for these 
resistors were assigned on the basis of the value 
of 1.000490 for the ratio between the mean inter
national and the absolute ohm as selected in 1946 
by the Advisory Committee on Electricity of the 
International Committee on Weights and M eas
ures . This ratio was based upon experimental 
determinations at several national standardizing 
laboratories. 

The dimensions of the mutual inductor were 
determined in 1938 and again in 1948. After 
allowing for the change in the value of inductance 
caused by drifts in the dimensions of the inductor, 
the average resistance of the ten standard resistors 
used to maintain the unit at this Bureau was 
found to be the sam e in 1948 as in 1938 within 1 
part in a million. Even allowing for possible 
errors of a few parts in a million in the dimensional 
determinations, this is the first satisfactory 
method that has been devised for independently 
ch ecking the stability of the unit as main tained 
by a group of wire-wound resistors. In the future 
repetitions of the dimensional and electrical 
measurements should greatly increase the assur
ance in the maintenance of the ohm. 

The authors acknowledge the contributions of 
Frank Wenner to this project. The preliminary 
determination was carried through under his 
direction. To his genius must be credited much 
of the technique that has made this method, in 
our opinion, the best yet devised for the absolute 
measurement of electrical resistance. 
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