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Response Functions for Types of Vision According

to the Miiller Theory
By Deane B. Judd

According to the Miiller theory of vision there are three stages in the visual process,
an initial photochemical stage, an intermediate chemical stage relating to the chromatic
aspect, and a final stage of excitations of the optic-nerve fibers. By taking advantage of
recent precise information regarding the metamers characteristic of normal, protanopie, and
deuteranopic vision there have been derived the spectral variations of the responses for each
stage as functions of wavelength. These response functions account precisely for the same
normal metamers as the ICI standard observer, and closely for the same confusions by
color-blind observers as the simpler Konig theory. Furthermore these functions describe

chromatic thresholds of the normal eye (Abney, Priest-Brickwedde) as a gradual approach
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to tritanopic vision as field size and luminance are decreased.

I. Introduction

In the ninteenth century, two rival theories of
vision monopolized most of the interest of in-
vestigators. One of these is the Young-Helmholtz
three-components formulation; the other is the
Hering opponent-colors theory. The discovery of
the facts of red-green blindness dealt fatal blows
to the then current forms of both of these simple
theories, though proponents of the respective
theories continued to pump a semblance of life
into them with wordy battles. The opponent-
colors theory in its original simple form can be
made to yield but a single form of red-green
blindness, that known as deuteranopia. It must
overlook the established fact of a second type of
red-green blindness, protanopia, in which the
luminosity function is deficient in the long-wave
portion of the spectrum and in which the chrom-
aticity confusions are consistently different from
those of deuteranopia. The three-components
theory explains the confusions made by both
types perfectly but in its original simple form has
to predict that deuteranopic vision consists of
mixtures of red and violet and protanopic vision
consists of mixtures of green and violet. When
cases of unilateral red-green blindness showed
consistently that the perceptions of red-green-

blind observers have the hues blue and yellow and
no others, the original simple three-components
formulation became obsolete. Some advocates
of this simple theory took refuge in a suggestion
by Fick [1]* that red-green confusion is the result,
not of the nonfunctioning of either the red or the
green receptor system, but rather of the two
receptor systems having identical photosensitive
substances, either that for red (deuteranopia) or
that for green (protanopia). By this suggestion,
the responses from the red cones combine with
those from the green, regardless of the photo-
sensitive substance in either, to give yellow. This
combination can take place in the postretinal
portion of the nervous system, as emphasized by
Hecht [2], for binocular fusion of colors, and it
is permissible to assume that it always takes place
there even in binary stimulation of one eye alone.
From this view it is only a step to the theoretical
position originally proposed by Donders [3] and
later espoused by Kénig [4], von Kries [5], and
Adams [6] that the three-components formula-
tion holds for processes in one stage of the visual
mechanism (perhaps the photosensitive-substance
stage), while the opponent-colors theory holds for

1 Figures in brackets indicate the literature references at the end of this
paper.



processes in a later stage (perhaps the optic nerve).
This view may be called the stage or ‘“zone”
theory of vision. Furthermore, a very able ad-
vocate of the opponent-colors theory, G. E.
Miiller, adopted a theoretical view [7] that, al-
though divergent in detail and elaborated to
include an additional stage, was essentially in
agreement with the stage theories favored by
Donders, Konig, von Kries, and Adams.
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Fraure 1.  Absolule chromatic thresholds for homogeneous

light as a function of wavelength.

The dotted curve is based on the Miiller theory; see section VII. @, Ob-
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It was shown by Abney [8] in 1910, by Priest
and Brickwedde [9] in 1926, by Guild [10] in 1928,
by Holmes [11] in 1941, by MacAdam [12]in 1942,
and probably by others, that the nearly achro-
madtic color of noon sunlight is more confusible with
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Fraure 2. Least fraction of spectrum light detectable as a
chromatic difference in a mixture with sunlight, 2° observing
field.

The solid line is an empirical representation of these data based on the
uniform-chromaticity-scale triangle (Judd); the dotted curve is based on the
Miiller theory; see section VII,
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the greenish yellow color of spectrum light at 570
mp by a normal observer than with any other
nearby portion of the spectrum, definitely more
than with the yellow portion (575 to 585 muyu).
Figure 1 shows the brightness in foot lamberts
found by Abney to be required to produce the
perception of a chromatic color noticeably dis-
tinct from the achromatic color of light from the
carbon arc. Figure 2 shows the Priest-Brick-
wedde determination of minimum perceptible
colorimetric purity. In both of these figures the
maximum near 570 mgy is outstanding. Similar
results were found by Guild, Holmes, and Mac-
Adam. This outstanding maximum might sug-
gest that pigmentation of the eye media of the
normal eye absorbs a large fraction of the short-
wave (violet) portion of the spectrum, or for small
fields it could mean that because of the chromatic
aberration of the eye, the short-wave portion of
the sunlight spectrum is out of focus and largely
lost.  But the most likely explanation is that the
normal eye, at least in the fovea, has some of the
characteristics of a tritanopic eye; a tritanope
has a neutral point in the spectrum near 570 mgy
where the normal observer has this quasi-neutral
point. Furthermore, for very small fields sub-
tending 20" or less, it has been shown by Konig
[4], Willmer [13], Hartridge [15], and Wright [14]
that the fovea is tritanopic.

In an attempt to deseribe the chromaticity
sensibility of the normal observer in terms of an
approach to tritanopia, Judd [16] derived a trans-
formation of the OSA “excitations” corresponding
to an 80-percent dilution of the violet excitation
with red and green. Figure 3 shows the resulting
excitation curves and Maxwell triangle, and Figure
4 shows how this formulation corresponds with
Priest’s data on minimum perceptible colorimetric
purity. This formulation corresponds to a the-
oretical suggestion similar to Fick’s proposal to
account for red-green confusion; it suggests that
in the fovea the red and green substance from the
red and green cones has leaked into the violet
cones to a serious degree (809, leakage). A sim-
lar degree of success was demonstrated by Hecht
[17] in another development of the Young-Helm-
holtz theory. Both explantions suffer, however,
from a failure to permit an account of dichromatic
vision, as do various coordinate systems empiri-
cally derived to represent in a simple way the
facts of chromaticity sensibility [18, 19, 20].
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Ficure 3. The response functions and Mazwell triangle
corresponding to a three-components explanation (Judd)
of the data shown in figure 2.

The suggested explanation is that segregation of photosensitive substances
specific for long-wave energy is poor, violet cones having nearly as much
(80%) as the red and green cones. Chromaticity coordinates of the spectrum
referred to a set of stimulus primaries that have been found useful in deriving
the “minimum purity perceptible.”” (See BSJ. Rescarch 4, 515 (1930) RP163
also J. Opt. foc. Am. and Rev. Sci. Instr. 16, 115 (1928)). A, The three
““distribution” curves which give the mixture diagrain shown.

There are, however, two accounts of chroma-
ticity sensibility that do seem also to permit good
explanations of dichromatic vision, that by Adams
[21] and the recent excellent treatment of chro-
maticity sensibility by Stiles [22].  An account of
protanopia and tritanopia by the Adams theory
has not yet been worked out in detail.

An outstanding defect of the three-component
accounts of chromaticity sensibility is that there
is no satisfactory explanation of the primary char-
acter of the spectrum in the neighborhood of 475
my. Most normal observers (though not all) see
this portion of the spectrum as blue, and they see
the short-wave extreme as binary in character, a
mixture of red and blue. In commenting on this
difficulty, it was remarked by Judd [23] in 1932,
“The most satisfactory solution yet offered is
Miiller’s theory which aseribes primacy to both
blue and violet, the latter in the retinal processes,
and the former in the optic nerve.”

Miiller Theory of Vision
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Froure 4. Least fraction of spectrum light detectable as @
chromatic difference in a mizture with sunlight, 2° observ-
ing field.

The dotted line represents a part of the data shown in figure 2; the solid
line is based on a three-components explanation (Judd, see fig. 3) of the tend-
ency of the normal eye under these conditions to make tritanopic confusions.
O 3KS/(c—1/3); K=0.0024, 0.8 blue deficient; +, (dp/dE),—o, Irwin G Priest,
obsecver.

As a prerequisite to a quantitative explanation
in terms of the Miiller theory for the confusibility
of sunlight with the spectrum at 570 mu and for
chromaticity sensibility generally, there must be
derived the colorimetric coordinate systems corre-
sponding to the two additional stages, the retinal
and the optic nerve stages, of the Miiller theory.
They have so far been described only qualitatively,
or at least semiquantitatively. Since the theory
has been adjusted to correspond qualitatively with
the facts of colorblindness, and since those facts
have recently become known quantitatively (chief-
ly through the work of Pitt [33]), it is now possible
to evaluate these coordinate systems, and so lay
the *ground work for a possible explanation of
chromaticity sensibility based on the Miiller
theory.

II. Formulation for Normal Vision

According to the Miiller theory,? light stimuli
can elicit three different primary sensitizing proc-
esses (P-processes) in the cone mechanism, whose
strengths are determined according to wave-
length of the incident radiant energy according to
functions similar to those defining the three com-
ponents of the Young-Helmholtz theory. The
P,-process is aroused by the spectral region 475

2 Acknowledgment is made to Michael J. Zigler, Department of
Psychology, Wellesley College, who kindly supplied a very helpful transla-
tion into English of these parts of Miiller’s discussion of color-blindness [7].
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my up to the long-wave visible extreme. The
P,-process is aroused by the spectral region be-
tween the long-wave end stretch (770 mp to a
wavelength greater than 655 mp) and the short-
wave end stretch (380 mu to a wavelength less
than 450 mu). The Pj-process is aroused by the
spectral region between 540 mp and the short-
wave visible extreme.® From this deseription, the
distribution curves of the P-processes are seen to
resemble closely the OSA excitation curves [24].
The best modern evaluation of these distribution
curves based upon the 1CI standard observer [25]
is to be obtained [26] by the following transfor-
mation:

P,=3.1956 X+2.4478Y —0.6434Z
P,=—2.5455X-+7.0492Y+0.4963Z (, (1)
P;=0.0000X-40.0000Y+-5.0000Z

which are graphed in figure 5. The reverse trans-

formation [27] is given by
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Ficure 5. Rates of decomposition of the photosensitive

substances of the three-components theory as functions of
wavelength.

These functions are suited to the first stage of the Miiller theory.
X=0.24513P;—0.08512P,-+0.03999 P,

Y=0.08852P;+0.11112P,+0.00036P; . (1a)

Z=0.00000F;-0.00000,-0.20000 P

Except for the small secondary maximum of the
P, curve in the neighborhood of 430 my, these
functions conform essentially to the description
by Miiller of the primary sensitizing processes.
These processes contribute immediately to excita-
tion of a black-white “substance’” of the optic-
nerve fibers in the sense of producing white. They
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also act upon certain assumed chromatic sensory
substances in the cones of the normal eye as
follows: the P;-process acts to produce a major
yellowish red (yR) process in a yellowish red-
bluish green (yR-bG) substance and a minor
greenish yellow (gY) process in a greenish yellow-
reddish blue (¢Y-rB) substance. The Py-process
acts to produce a major bluish green (bG) process
in the yR-bG substance and a minor greenish yel-
low (¢gY) process in the gY-rB substance. The
Ps-process acts to produce a reddish blue (rB)
process in the gY-rB substance. 1t is further as-
sumed that the processes within each of these
chromatic sensory substances are antagonistic so
that a yR-process cancels completely a bG-process
of equal strength; and a ¢gY-process may cancel
completely an rB-process. The wavelengths at
which stimulation by homogenecous radiant energy
would produce these cancellations are between 560
and 570 mu for ¥R to cancel b@, and near 495 mpu
for gY to cancel rB.

From this description it would seem that the
transformation from the amounts of the primary
sensitizing processes to the amounts of the chro-
matic sensory processes might take on the simple
form:

yR=—bG=a,P,—asP, )
: (2
ﬂYZ—rB;!blP1+b2P2_b3P3

where a@;, a,, by, by, and b; are constants greater
than zero, with @, greater than b,, and a, greater
than b,.

In addition to the primary sensitizing processes
(Py, P,, P;) and the chromatic sensory processes
(yR-bG, gY-rB), there are six different excita-
tions of the optic nerve (w, s, r, g, ¥, b), which
correlate with the introspectively pure white,
black, red, green, yellow, and blue sensations,
respectively.  The chromatic excitations are
assumed to arise from the chromatic sensory
processes alone, the yR-process arousing a major
r-excitation and a minor y-excitation as indicated
by the notation yR. Similar major and minor
excitations are aroused by the b@, gV, and rB
processes. The white-excitation of the optic
nerve comes from the immediate effect of the
primary sensitizing processes (P;, P, P3) to which
secondary contributions from the yR- and gY-
processes are added. The black-excitation comes
chiefly by induction [7a, p. 85], from a white
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surrounding field or from a white preexposure
field, but a secondary contribution comes from
the bG and 7B processes. Like the chromatic
sensory processes, the four chromatic excitations
of the optic nerve make antagonistic pairs, an
amount, of r-excitation cancelling a like amount
of g-excitation, and the same cancellations for
7~ and b-excitation. For stimulation by homo-
geneous radiant energy, the one cancellation
occurs at the wavelength for arousing unitary
yellow, which is probably between 575 and 582 mu
under usual observing conditions for an average
normal observer. A second (r,g)-cancellation
occurs at the wavelength for arousing unitary
blue, and a (y,b)-cancellation occurs at the
wavelength for unitary green.

For self-luminous areas with a neutral surround-
ing field the s-excitation acts as negative w-excita-
tion; however, they do not cancel, but combine to
give gray. From this description it would appear
that the excitations of the optic nerve could be
found for the normal observer by the following
transformations:

r=—g=cyR+corB=—c,bG—cgY
y=—b=digY+dyR=—drB—d:bG@
w=e,P1+e,Py+ e3P+ esyR-+e;9Y
s=e,bG+esrB

3)

where the luminance of the area is given by the
difference, w—s, between the white and black
excitation, and the symbols with subscripts
represent constants evaluated so far only by the
conditions that ¢; is greater than ds, and d; is
greater than c,.

Equation 3 1s similar to those set up by Schro-
dinger [28] in accord with the theoretical views of
von Kries [5], and by Adams [21] in accord with
his own theory [6]. Adams has, moreover, pointed
out the advantages and theoretical plausibility of
the view that the various stages are not linearly
connected. For simplicity in the present deriva-
tion, attention will be confined to the assumption
represented in eq 2 and 3 that the connection is
linear and homogeneous.

III. Dichromatic Vision

According to the Miiller theory, protanopia cor-
responds to the failure of the (yR, bG@)-chromatic

Miiller Theory of Vision

substance; and on this account, it is called by him
outer red-green blindness. Thus, for protanopia,
yR=bG=0, and we may write from eq 3:

ry=—gp=CrB=—cogY
yp:_bp:dlgyz—“der
wy=eP1+e Pyt e;Py+e,9Y

4)

sp=esrB

From eq 4 one might think that the Miiller theory
predicts for protanopia simply the sensations of
black and white plus the two chromatic sensations
greenish yellow and reddish blue, since a given
amount of blue excitation is always bound up in-
extricably with the same minor red excitation.
This is indeed the simplest prediction from the
formulation and corresponds fairly well with
reports of unilaterally protanopic observers.
Miiller, however, points out that although failure
of the (yR, b@/) chromatic process is sufficient to
produce the symptoms of protanopia completely,
this failure could be accompanied by a failure of
some of the chromatic processes in the optic nerve,
which combination of circumstances could give
rise to an observer having protanopic vision by all
tests actually sensing only the hues yellow and
blue, or even only the hues red and green. Such
observers could be distinguished from each other
only if one eye had trichromatic, and the other,
protanopic vision.

Deuteranopia, on the other hand, is ascribed by
Miiller to failure of the (r, g)-sense of the optic
nerve and is called inner red-green blindness.

Thus, for deuteranopia, r¢=—g;=0, and we may
write from eq 3:
Yo=—bo=dgY+dyR l
We= P+ e, Po+tesPs+eyR+-e;9Y ;. (5)
Sg=e,bG+esrB J

From eq 5 it is plain that the predicted sensations
of deuteranopes must be black, white, yellow, and
blue; there are no alternatives.

Tritanopia, like protanopia, is ascribed to a
retinal defect. It corresponds to failure of the
(9Y, rB)-chromatic substance and is called outer
yellow-blue blindness. Thus, for tritariopia, ¢¥Y =
rB=0, and we may write from eq 3:



r.=—g=cyR=—cbQ,

Y=—b,=dyyR=—d,bG,

; (6)
w,=e,P+e:Py+-e;Ps+esyR,

e,—ebl@

The sensations of tritanopes are seen to be pre-
dicted as black, white, and either yellow and blue,
or red and green, or some fixed combination such
as yellowish red and bluish green. The latter
hues correspond to the simplest prediction, since
the (yR,b() chromatic sensory process is un-
affected. These hues agree well with the reports
of tritanopes who have acquired the defect through
a disease of the retina.

IV. Evaluation of the Constants

Response functions for normal and dichromatic
vision according to the Miiller theory can be
evaluated from eq 1, 2, and 3, for all three stages
of excitation, provided the 14 constants of eq 2 and
3 be evaluated. For the normal mechanism
adapted to a stimulus yielding an achromatic
color, the stimuli for the unitary hues, red, yellow,
green, and blue, are known [29, 30] within limits;
these stimuli must excite only the respective r-,
y-, g-, and b-processes of the optic nerve. The
stimulus yielding the achromatic color, itself, must
cause the chromatic sensory processes yR, gV,
b@, and rB to vanish, and also reduce to zero
the chromatic -, y-, g-, and b-processes of the
optic nerve. The colors confused with gray by
the typical protanope, deuteranope, and tritanope
must conform to the yR-process, the g-process,
the rB-process, and their complements, respec-
tively. The difference between the spectral lu-
minosity function of the typical protanope and the
same function for the normal observer must be a
constant fraction of the (yR, b@)-process in order
to conform to Miller’s proposal; and similarly
the difference between mnormal and tritanopic
luminosity must be a constant fraction of the
(¢Y, rB)-process.

There are many more than 14 conditions to be
satisfied, including several that are set down by
Miiller only in qualitative terms, and some that
relate to sensibility to chromaticity differences.
In evaluating these constants, the best determined
conditions (marked by asterisks in the next sec-
tions) have been satisfied perfectly; and from the

6

resulting excitation curves it may be seen to what
extent the less well-determined conditions are
satisfied. For example, of the data for the normal
stimuli for the unitary hues, only those for unitary
yellow have been used, since they were specifi-
cally mentioned by Miiller as indicating the stimu-
lus to be between 575 and 582 u. Unitary blue
has necessarily to be taken as the complement of
unitary yellow relative to the stimulus for white
or gray; and unitary red and green were taken as
the confusion colors for typical deuteranopia.

1. Hueless Point and Unitary Yellow

For an achromatic color, both the chromatic
processes of the optic nerve and the chromatic
sensory processes must cancel to zero. It is
known [31] that stimulation of the normal eye by
a source of equal energy results under ordinary
conditions of observation in a closely achromatie,
or hueless color. For such a source, X=Y=7,
and from eq 1, P,=P,=P,; hence we may write
with sufficient accuracy from eq 2

yR:a]PI—aQPZIO,
whence:
a,/a;=1.000; (7)*

and similarly
9Y=b,P;+b.P;—b;P.=0,
whence we find
b; b, =b;. (8)*

By setting r=¢g=y=0=0 in eq 3, and substi-
tuting eq 7 and 8, the expressions vanish, and no
further relation is found. .

For the r-g cancellation point between 575 and
582 mypu, we may take somewhat arbitrarily for
simplicity the crossing point of X and Y at 578.1
mu. For stimulation by homogenecous energy of
this wavelength we may write

r=—g=cyR-+c,rB=0
:Cl(axp1_(lzpz) —C2 (blpx i b‘l])'.l'—bij])f{) =0
= (@,6,—b1¢5) (3.1956 X +2.4478Y —0.64347) —

(@0, +bocz) (—2.5455 X +7.0492Y + 0.49637) +
bye. (5.00002) =0

By substituting X=Y=0.4996, Z=0.0008, which
refer closely to 578.1 mu, we obtain

Journal of Research



2.8189 ((1/;(‘1 S b[Cz) —2.2505 (agcl+b262) +
0.0040b5¢,—0. 9)*

2. Dichromatic Copunctal Points

The chromaticity confusions of dichromatic
vision may be represented on the Maxwell triangle
by famrilies of straight lines, all lines of one family
intersecting at a common point, known as the
copunctal point [32]. These copunctal points have
been evaluated from recent determinations, chiefly
by Fitt [33], and expressed in terms of the ICI
standard coordinate system. They embody the
essential information regarding the chromaticity
confusions of dichromats and lead to a convenient
expression of four conditions affecting the unknown
constants.

According to the Miiller theory, protanopia
corresponds to the failure of the (yR,b¢)-chromatic
substance. For certain stimuli the (¢ ,75)-process
is also reduced to zero. These stimuli are the
equal-energy stimulus and all of those confused
with it by the protanope. These chromaticity con-
fusions are indicated on the Maxwell triangle by
a straight line passing through the equal-energy
point, and for every point on this line, ¢V = —rB=
0. In particular, since all of the chromaticity con-
fusion lines pass through a single point, these
conditions must hold for the protanopic copunctal
point defined by 2= X/(X+4Y+2)=0.747, y=Y/

(X+Y+2)=0.253, 2=Z/(X+Y+7Z)=0. Hence
we may write from eq 2
b, P1+b,P,—b3P3==
0,(3.1956. X+2.4478Y —0.64347) +
0s(—2.5455X +7.0492Y+40.49637) —
b;(5.00007)=0;
whence we find
b,/b,=0.0393. (10)*

Similarly, from the less well-determined tritano-
pic copunctal point, z=0.18, y=0.00, z=0.82,
we may write

'yR: ~~b(lv:(ll})lﬁa-_)PQ:O,

—a,(3.1956X +2.4478 Y —0.64347) —
a2(—2.5455 X +7.0492Y +0.49637) =0;

whence we find a;/a;=—0.0512/0.0476=—1.07,

Miiller Theory of Vision
815197—49—2

a value contradictory to eq 7 based upon the
achromatic stimulus for the normal observer,
which is much more reliably established than the
tritanopic copunctal point. By setting a,=a,
in conformity with eq 7, we find that a condition
for the tritanopic copunctal point by the Miiller
formulation is that P,=PF,, which from eq 1 is
equivalent to y=1.9872—0.327. This line inter-
sects the z-axis of the chromaticity diagram at
r=0.165, y=0.000, which is in as good agreement
with the facts as the approximate evaluation of
the copunctal point (r=0.18, 7=0.00) estimated
with the help of the Kénig theory [32]. The latter
accords with Miiller’s view that tritanopia is
characterized by a single neutral point in the
spectrum (near 570 mgu); the former places a
second neutral point near the violet extreme of
the spectrum (430 mpy) and arises from applica-
tion of the Miiller theory to the properties of the
standard observer. As already noted, P, evalu-
ated by this means has a small secondary maxi-
mum in the neighborhood of 430 mpy, causing it
to cross the P,-curve at this point, a result quite
unanticipated by Miiller. Actual reports of
tritanopic vision are fairly well divided in this
respect; for example, the cases reported by
Konig [4] and Koéllner [3/] yielded a single neutral
point; those by Collin and Nagel [35] and Piper
[36] had neutral points or areas in the neighbor-
hood of 430 mg. Willmer and Wright [14]
found an indication of such a neutral region for
small fields in the normal fovea, and Pitt [37]
considers this to be typical of tritanopia. The
difference in chromaticity between 430 mp and
the short-wave end of the spectrum is small,
and it is possible that individual variations among
tritanopes can account for the slight discrepancy
in the report between no short-wave neutral point
and one near 430 mg. On the other hand, it
seems to be fairly frequent that tritanopes have
ocular media pigmented heavily with brown pig-
ment, and it is also possible that this pigmenta-
tion would cause the spectrum to become in-
visible to many tritanopes at a wavelength greater
than 430 myu as in a case reported by Farnsworth
[38]. The formulation could be made to accord
strictly with the Miiller view on this point by
choosing constants in eq 1, so that the repre-
sentation of P, is everywhere higher than P,
for wavelengths less than 500 mu, such as that
found by Stiles [22], but such a wavelength dis-
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tribution of P, is itself contrary to Miiller’s view.
It seems more useful to proceed with an account
of tritanopia involving a second neutral point
near 430 mu. Take therefore a;=a, as in eq 7.

By the same argument given for protanopia,
we may set y=-—b=0, for the deuteranopic
copunctal point defined by Y=Z=0. For eq 1,
2, and 3 we may write

y:—b:dng+d2yR:d1(b1P1+62P2—bspa)‘l‘
dy (a0, P,—a,P:) =0,

— (bydy+ards) (3.1956 X +2.4478Y —0.6434Z)
1 (body —asds) (— 2.5455 X +7.0492Y +
0.49637) —byd, (5.00007) ;

whence we find, since ¥'=7=0,
3.1956 (bldl + (lld2> —2.5455 (b2d1 —(Ixz’lg) =(0)
(11)*

Two other conditions may be derived from the
protanopic and deuteranopic copunctal points.
It has been shown [32] that the deuteranopic
copunctal point lies on the deuteranopic alychne,
that is, the line on the Maxwell triangle associated
with zero deuteranopic luminosity; and the
protanopic copunctal point lies on the protanopic
alychne. Hence for the respective copunctal
points we may set (w—s); and (w—s), equal to
zero, and from eq 1, 2, and 3 there are found:

61_0.039362+2e5(b1_0.039362) :0, (12) &
and
3.1956 (e;-+2e4a,+2¢5b,) —2.5455
(62“264a2+265b2)=0. (13)*

3. Dichromatic Luminosity Functions

It has been shown that the luminosity functions
of red-green-blind observers can be expressed as
functions of X, Y, and Z [39] by eq 14 and 15, in
which W, is the protanopic luminosity and W,,
the deuteranopic

W,=0.460X-+1.359Y40.101Z, (14)
Wd: Y. (15)

From eq 1a, these functions may be written in
terms of the primary processes, Py, P,, and Ps:
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W,=0.00754P;+0.19017P,-+0.00229P5,
(14a)

W,;=0.08852P,+0.11112P,+0.00036 ;.
(15a)

But from eq 2, 4, and 5, we may write

Wp: (w—s)p: (€1+2ble5)P1+(62+2bz€5)P2+
(e3—2bse;) Ps, (14b)

Wa=(w—8)s= (w—8) = (11 2a164-+2b,65) P, -
(62—2a564+2bs65) Py +- (63— 2bse;) P, (15b)

By equating the coefficients of P;, P,, and P; in
eq 14a and 14b, we obtain three additional con-
ditions to be satisfied by the constants:

e1+2b,;=0.00754, (16)
€3+2b,65=0.19017, (17)
63_2636520.00229. (18)

Similarly, by equating the coefficients in eq 15a
and 15b we obtain three more conditions:

€1+2a164+2b185:0.08852, (19)
€3— 20964+ 2bs0;=0.11112, (20)*
63_26365:0.00036. (21)*

Equations 16 to 21 are not entirely independent
of the conditions previously found, nor are they
all congruent. From eq 16 and 17 there may be
derived eq 12; and from eq 19 and 20 there may
be derived eq 13. Furthermore, eq 7, 10, 12, 19,
and 20 combine to give eq 16 and 17. Equations
18 and 21 are contradictory. Since it is an essen-
tial part of the Miiller theory that the deuteranopic
luminosity function be the same as the normal,
we must accept eq 21 and reject eq 18. This
choice will prevent (w—s), in eq 14b from being
exactly equal to W, in eq 14. It remains to be
found whether the resulting evaluation of (w—s),
is as representative of available data on the
protanopic luminosity function as is W,. Thus,
we have obtained only two additional independ-
ent conditions from protanopic and deuteranopic
luminosity functions, eq 20 and 21.

If it be assumed for the moment that tritanopic
luminosity is the same as deuteranopic and nor-
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mal luminosity, as it may well be judging from
the available information [7a, pp 53 and 102; 34,
36, 40, 41, 42, 43], then from eq 2 and 6 we
obtain eq 22:

(w—s)=(w—s) ,=e,P,+e:Py+-e;.P3+2e4 (0, P, —
a2P2). <22)

By comparing the coefficients of P;, Ps, and P,
m eq 15b and 22 we see from each of the three
comparisons that ¢; must be zero; that is, there
can be no darkening effect from the gY-process,
such as implied by eq 3. The Miller theory
thus cannot abide having equality between tri-
tanopic and mnormal luminosity. Miiller was
well aware that his theory required the tritanopic
luminosity function to be different from normal
and remarks [7a, p. 63] “In regard to spectral
luminosity distribution in tritanopia, there must
be, if no complications exist, because of the absence
of the w value of the g} process, a decrease in
the luminosity of yellow and yellowish lights in
comparison to normal. Unfortunately
there have been up to now no investigations of
the spectral luminosity characteristic of tritano-
pia.”  Since the present purpose is to find the
coordinate systems implied by the Miiller theory,
we must disregard the rather inconclusive indi-
cations that there is no difference between tri-
tanopic and normal luminosity; hence no atten-
tion can be paid to eq 22 in evaluating the con-
stants, and ¢, must be given a positive, though
small value. Take arbitrarily, then: ,

¢;=0.03 e,. (23
4. Chromaticity Sensibility and Theory

We may now take stock of the conditions that
must be satisfied by the 14 constants:

Criterion Resulting condition

Hueless point______________ Eq 7 and 8
Unitary yellow_____________ ¥q 9
Protanopic copunectal point__| Eq 10 and 12

Eq 11 and 13
Eq 20, 21, and 23.

Deuteranopic copunctal point
Dichromatic luminosity - - _ __

These 10 equations have been marked with
asterisks to show that they were used in the deriva-
tion of the constants.

Miiller Theory of Vision

There remain four conditions to be set up before
the 14 constants can be evaluated. Three of the
four conditions refer to the relative sizes of @, and
bs, ¢; and d;, and a, and ¢,.

The first ratio, a,/bs, has to do with the relative
sensibility of the eye to yellowish red-bluish green
differences on the one hand and greenish yellow-
reddish blue differences on the other. Empirical
studies on large fields [20, 21] indicate that a,/b; is
about 2.5, that 1is, the normal eye detects (yR,
b@)-differences more readily by about a factor of
2.5 than would be judged from the relatively great
overlap of P, and P,. By setting ¢;/d,=1.0, this
greater sensibility to (yR, bG)-differences is pre-
served in the optic-nerve stage.

The ratio of a,/¢; has to do with the comparative
amounts of the chromatic sensory process and the
chromatic excitations of the optic nerve. There
does not seem to be any fundamental meaning to
this comparison. It has merely to do with a rela-
tion between che units expressing the rate of a
chemical process in the retinal receptors and those
expressing the frequency of the resulting impulses
in the fibers of the optic nerve. This ratio may be
set arbitrarily, and for simplicity we set a,/¢c;=1.

The final condition refers to the size of the
arbitrary units in which the chromatic responses
are to be expressed; for simplicity take a;=1.

Solution of these 14 equations simultaneously
gives the values of the constants:

1,=1.0000,a,=1.0000,
b,=0.0151,b,=—0.3849,b,—0.40000,
¢:=1.0000,¢,=0.6265,

d,=1.0000, dy=0.1622,

:=0.0075,6,=0.1912,¢,=0.0013,¢,=0.0405,
¢;=0.0012

It will be noted that, as required by eq 2, a, is
greater than b, and a, is greater than b,. Further-
more, as required by eq 3, ¢; is greater than d,,
and d, is greater than ¢. This correspondence
with the Miiller description indicates how thor-
ough was his grasp of the facts from purely
qualitative data, though probably ¢,=0.6265 is
not as small compared to d;=1.0000 as would be
expected from Miller’s designation of d;g} and
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cgY as a major y-excitation and a minor g¢-
excitation, respectively, resulting from the g}
process. The value of ¢, would be reduced some-
what by taking a higher value for the wavelength
of the spectrum stimulus for unitary yellow,
say 582 mu instead of 578 my; see eq 9.

V. Definition of the Coordinate Systems

We may now insert these constants into eq
2 and 3, and so give explicit definitions of the two
new coordinate systems implied in the Miller
theory. The coordinate system applying to the
chromatic sensory processes of the retinal recep-
tors is defined by eq 2a:

YR——§G—P—P,. } -
gV = —rB—0.0151P, 1 0.3849P,—0.4000P,)

The coordinate system applying to the processes in
the optic nerve fibers is defined by eq 3a;

r=—g=yR-+0.6265rB=—bG—0.6265¢Y, )
y=—b=¢gY+0.1622yR=—rB—0.1622bG,

w—0.0075P,+0.1912P,-+0.0013P,+0.0405 ¢ (38)
yR+0.00129Y,

§=0.04050G'4+-0.001278. J

These two coordinate systems may also be de-
fined in terms of the standard 1931 ICI coordinate
system for colorimetry from eq 1. Equation 2b
gives the definition of the colorimetric coordinate
system for normal observers corresponding to the
chromatic sensory processes combined with the
luminesity function Y; and eq 2¢ gives the re-
verse transformation from this coordinate system
to the standard ICI system:

yR=—bG= 5741 X—4.601Y—1.1407,
gY=—rB=—0.932X+2.750Y —1.8197,) (2b)
Y= 1.000Y;
X=0.1581yR—0.0991gY +7Y,
Y= Y, (2¢)
7Z=—0.0810yR—0.4991gY + 7,

Equation 3b gives the definition of the colorimet-
ric coordinate system for normal observers corres-
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ponding to the excitations of the optic nerve, and

eq 3¢ gives the reverse transformation from this

coordinate system to the standard ICT system:
r=—g=6.325X—6.325Y7

2.004Y—2.0047 (3h)

1.000Y

Y=l

(w—s)=

X=0.1581r+ (w—s)
W= (w—3s) (3¢)
Z=—0.4991y-+ (w—s)

Table 1 gives the response functions of the normal,
protanopic, deuteranopic, and tritanopic types of
vision derived from the ICI standard observer
according to the Miiller theory (eq 1, 2b, 3b, 4, 5,
and 6).

The very simple transformation equations be-
tween the chromatic excitations of the optic nerve
according to the Miller theory and the standard
1931 ICI coordinate system for colorimetry arise,
of course, from the fact that the X-primary of the
ICI system corresponds to a stimulus for unitary
red, and the Z-primary corresponds to unitary
blue. The 7,y (w-s) system corresponds to the
central stage of the Adams theory [*], and coordi-
nate systems closely resembling that deseribed
by eq 3b have been used by Adams with consider-
able success to explain chromaticity spacing for
large fields, chiefly studies of the spacing of the
Munsell colors [*].

The coordinate system set up by Schrodinger [44]
in 1925 resembles closely that defined by eq 3b
except that it was not adjusted to correspend to
the same balance between (y,6)-excitation and the
(r,9)-excitation (a,/b;=2.5, ¢;/dy=1.0). Schouten
[45] made use of conditions derived from the hueless
point (eqs 7 and 8), the deuteranopic neutral point
(eq 11) and the unitary yellow point (eq 9) to
compute response functions for assumed central
r-, Y-, g-, and b-processes. These functions bear a
considerable resemblance to r and y evaluated
from eq 3b. Thus it is seen that the essence of eq
3b is neither new mnor confined to the Miller
theory; it arises from the opponent-colors theory
of Hering and has been used in at least three
theoretical studies since 1925.

Figure 6 shows as functions of wavelength
P,, P,, P;; yR and ¢gY; r and y; and finally in the

Journol of Research



TasLe 1. Response functions of the normal, protanopic, deuteranopic, and tritanopic lypes of vision derived from the ICI
standard observer according to the Muller theory

[Spectrum: equienergy]

Primary sensitizing :
Drgl(flegeszgrz)orsiﬁ‘:?gg:b N Senscolx?)r'orl)l:gzlo(;ses Optic-nerve excitation
Wave i
length Normal vision__.____| yR-bG gY-rB r-g b w-s |
Py 25 P, Protanopic vision .| _______ GY-rB)p (») (€ N (w-8) p
Deuteranopic vision.| (yR-b@)a | (gY-rB)a | - (y-b)a (w-8)a | -----
Tritanopie vision_.__| (yR-bG)¢ |- _______ () E T s e
mp
380 | ----- e B e T s —13 +8 =1 AN [ S [
| 390 1 S 100 +1 —40 +26 —40 O5F AT 0.2
| 400 3 340 +3 —136 +88 —135 .4 0.1 .6
* 410 8 1 1,037 +8 —414 —+-267 —413 3,2 .5 2.1
420 24 6 3,228 +17 —1, 288 +824 —1,286 4.0 2.5 7.0
430 44 47 6,928 —3 —2, 752 +1,722 —2,753 11.6 12 18.1
440 45 143 8,736 —97 —3, 439 +2, 057 —3, 454 23 31 31.1
450 27 292 SR ) = —264 -3, 432 +1, 886 —3,475 38 59 46
460 2 511 8,846 | o= e —509 —3, 142 +1, 459 —3,224 60 100 67
470 19 783 (B e —T764 —2,274 —+660 —2, 398 91 152 96
480 123 1,140 4, 08 [ e —1,017 —1,185 —275 —1,350 139 220 142
490 312 1,616 2y 320 | B e —1,304 —304 —1,113 —515 208 312 208
500 631 2,399 1, 360 —1,768 4389 —2,012 +102 323 464 322
510 1,159 791 —2,441 +1, 087 —3,122 4691 503 699 501
520 1, 890 391 —2,993 +1, 751 —4,090 +1, 266 710 949 706
530 2,612 211 —3,064 +2, 140 —4,405 | +1,643 862 1,107 857
540 3,205 5, 996 102 —2, 746 +2, 316 —4,197 +1, 871 954 1,174 948
550 3,815 5, 915 44 —2,100 +2, 317 —3, 552 —+1, 976 995 1, 163 990
560 4,333 5, 503 20 -1,170 +2,176 —2,533 —+1, 986 995 1, 089 990
570 4,764 4,772 10 —8 —+1, 904 —1,201 —+1, 903 952 953 948
580 5,057 3,801 L R A +1, 255 +1, 536 +293 +1, 740 870 77 866
590 5,132 2,724 e +2,408 +1,124 —+1, 704 +1, 514 757 564 754
600 4,938 1,745 L s S +3,194 -+744 42, 728 +1, 263 631 376 629
610 4,435 994 2 +3, 441 -+449 —+3, 160 -+1,003 503 228 502
620 3, 663 510 il +3,152 -+252 —+2, 994 —+763 381 129 380
630 2,702 23 | .. +2, 469 -+130 42,387 +531 265 68 265
640 1, 860 94 Seoes +1, 766 464 +1,726 +351 175 34 175
650 1,168 e e e +1,135 -+30 +1, 116 -+214 107 16 107
660 676 TORN [T OEns 4666 —+14 +657 -+122 61 8 61
670 368 3 e +354 +7 4350 +64 32 4 32
680 191 1S R —+190 +3 +188 +34 17 2 17
690 L e e e +93 —+1 +92 +16 8.2 )| 8
700 L B N +46 +46 +8 47V | R 4.1
710 24 - +24 423 +4 2.1 2.1
720 B R CLE RS TR +11 411 +2 130 .9
730 6 ENENE e S +6 +6 +1 .5 .4
740 T B +3 +3 s .3 oo .3

= For protanopic and tritanopic vision the Miiller theory does not state
rigidly that the optic nerve excitation must follow eq 4 and 6, though this is
the simplest prediction. Either r-g or y-b, but not both, may be zero.

lower left quadrant the deuteranopic luminosity
according to eq 3b, the protanopic luminosity
according to eq 4 together with the luminosity
contributions of the chromatic sensory processes
yR and gY.

Miiller Theory of Vision

If they are not zero, they have wavelength distributions proportional to the
chromatic sensory processes.

VI. Protanopic Luminosity Function
In the ICI system the standard luminosity

function is represented by the second function,
Y; and from eq 3b it may be seen that the Miiller
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Ficure 6. Response functions according to the three stages of the Miiller theory.

Upper left: Processes in the initial photosensitive stage (same as Young theory, see eq 1 and fig. 5); lower left: components in the luminosity function (w—s)
both for normal and deuteranopic, Wa, and protanopic, W5, vision (see eq 3a); upper right: chromatic retinal sensory processes (see eq 2a); lower right:
chromatic processes in the optic-nerve fiber stage (same as the Hering theory, see eq 3a).

theory can be formulated, as he claimed, in such
a way that the difference between the w-excitation
and the s-excitation gives the normal luminosity
function. This function has already been shown
to be as satisfactory a representation of deuter-
anopic luminosity as it is for some normal lu-
minosity functions, because the deuteranopic lu-
minosity functions fall within normal limits [32].
In these two respects this formulation of the
Miiller theory conforms exactly to that previously
worked out in accord with the Konig theory [4, 32].
However, it was noted previously that eq 21
contradicts eq 18; so it remains to be seen whether
the prediction of protanopic luminosity by this
formulation of the Miiller theory is as acceptable
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as that by the Konig theory. By inserting the
constants in eq 4 it is found that this formulation
of the Miiller theory requires protanopic lu-
minosity to be given by:

(w-8),=0.0075 P,+0.1921 P,+0.0003 P;. (4a)

The previous formulation of the Koénig theory
yielded the equation:

W,=0.0075 P;+0.1902 P,+0.0023 P;. (14a)

Figure 7 is a plot of these functions adjusted
approximately to unit maximum, together with
upper and lower limits of available data on
luminosity functions of protanopic and protanom-
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Frcure 7.  Protanopic and protanomalous luminosity func-

tzons.

The solid curve, Wy, corresponds to a wavelength function derived in ac-
cord with the later Konig form of three-components formulation for prota-
nopic luminosity [32]; the dotted curve, (w—s),, is based on the Miiller theory.
The arrows indicate maximum and minimum luminosities of 12 protanom-
alous and six protanopic observers. Note that these data support both
functions about equally well.

alous observers [32]. It will be seen that these
data support both functions about equally well.

VII. Chromatic Thresholds, Normal and
Tritanopic

We are now in position to inquire whether the
Miiller theory offers a basis for explaining the
chromatic-threshold data of Abney [8] and Priest
Brickwedde [9] referred to earlier. According to
the Miller theory the ability of an observer to de-
tect aslight variation in chromaticity from a central
chromaticity, such as that of the light from a car-
bon arc, would depend upon the excitation of the
chromatic sensory processes. The amounts of
the excitation of these processes corresponding to
any color specified in terms (X, Y, Z) of the 1931
ICI standard observer can be found from eq 2b.
And, in particular, they have been found for the
spectrum colors for unit irradiance and are plotted
in the upper right quadrant of figure 6. Both of
the above sets of data are given, however, in lumi-
nous units (luminance of the field just yielding a
chromatic difference from carbon-arc light in
Abney’s work, or luminance fraction required to
be mixed with sunlight to produce a color just
noticeably different from sunlight in the work of
Priest and Brickwedde). We should expect to

Miiller Theory of Vision

compare with them, therefore, the excitations of
the chromatic sensory processes corresponding to
the colors of a spectrum of constant luminance;
that is, we should expect to find the chromatic
thresholds in luminance terms to correspond to
the reciprocal of some combination of yR/(w—s)
and gY/(w—s). The exact form of combination
would seem to be expressible in terms of the
probability of a chromaticity difference being
discriminated as a function of the probabilities of
each of the two independent chromatic processes
becoming effective considered separately. For the
present purpose it is sufficient to take tentatively
the combination as the square root of the sum of
the squares; that is, assume, for the moment,
that the effective chromatic excitation for large
fields and high luminance is proportional to:
[(yR)*+ (gY)*)?/(w—s). For experimental con-
ditions, such as restricted angular size of field or
low luminance, that make the normal eye respond
more or less like a tritanopic eye, the effective
chromatic excitation may be assumed to be pro-
portional to [(yR)?+f2 (gY)2"2/(w—s), where f is
the relative effectiveness of the gY-rB process
compared to the yR-bG proeess. In general, we
would compare to the chromatic thresholds
dB/dE, expressed in luminous terms, the reciprocals
of these assumed effective chromatic excitations
so as to study the validity of the relatior

dBJdE=k(w—s)/[(yR)*+f* (9Y)]"?,

where [ is the constant required to adjust the
theoretical function to the units in which the
chromatic threshold is expressed.

Abney’s data have been found to agree fairly
well with eq 24 for £=0.0020 and f=0.04; see
dotted curve of figure 1. The course of the experi-
mentally determined function is- followed well,
except for wavelengths greater than 590 mpy
where the predicted threshold is considerably
lower than that found experimentally. As far as
is known, no explanation of these data has previ-
ously been suggested. It should be pointed out
also that more recent determinations of the
chromatic threshold by Purdy [46], and Otero,
Plaza, and Casero [47] are quite at variance with
these data, and indeed with each other. They
show neither the sharp peak at 570 mp nor the
decline to small values near 450 mu. Needless to
say, they are quite unexplainable by the Miiller
theory. The data by Abney and Watson, how-

(24)
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ever, may be summarized by saying that they
conform fairly well to the Miller theory for a
retinal region in which the normal ¢V, 7B process
is 96 percent ineffective. Tritanopia corresponds
to complete ineffectiveness of this process.

The data of Priest and Brickwedde have been
found to agree well with eq 24 for £=0.05, and
1=0.5; see dotted curve on figure 2. The degree
of agreement is quite comparable to that obtained
by a coordinate system adjusted ewpirically to
represent such data [18]; see solid curve. In this
case, the less complete data by Purdy are in sub-
stantial agreement and are also shown. It should
be pointed out, however, that these data have been
corrected to refer to the standard luminosity func-
tion by multiplying them by the ratio of the
standard luminosity function to that found by
Gibson and Tyndall. Tt is probable that an
improvement in the theoretical account of other
psychophysical data by means of the Miiller
theory would result from revaluation in terms of
an observer based on the Gibson-Tyndall experi-
mental mean [18] luminosity function instead of
on the standard observer. However, we may say
that the Priest-Brickwedde data correspond well
to the Miiller theory for a retinal region in which
the normal gY-rB-process is 50 percent effective.

It is concluded that the Miiller theory affords a
good explanation of chromatic thresholds in terms
of a gradual approach to tritanopic vision. A
thorough study of the implications of the Miiller
theory for chromaticity sensibility of all types
such as that carried out by Stiles [22] for the three-
components theory would seem to be worth while.

VIII. Summary and Conclusion

By taking into account the metamers known to
be characteristic of protanopic, deuteranopic, and
normal vision as well as data on the stimulus for a
neutral color and the stimulus for a color of unitary
yellow hue, the spectral variations of the responses
for each of the three stages of the Miiller theory of
vision have been evaluated as functions of wave-
length.

These response functions are shown to yield an
account of normal, protanopic, and deuteranopic
vision that differs in no essential respect from the
simpler explanation yielded by the Kénig form of
three-components theory. They differ in their
explanation of tritanopic vision by requiring the
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- explanations are possible.

tritanopic luminosity function to be slightly
higher in the short-wave end of the spectrum than
normal; the three-components explanation re-
quires it to be slightly lower in this part of the
spectrum.

The chromatic response functions of the second
stage of the Miiller theory are shown to lead to a
satisfactory and convenient account of the
approach to tritanopia exhibited by the normal
eye in viewing small fields or fields of luminance
near the chromatic threshold.

It is concluded that the qualitative ideas of
Miiller lead to admissible and consistent coordi-
nate systems. The Miiller theory shows how the
three-components formulation of Young, Helm-
holtz, and Konig (first stage) and the opponent-
colors formulation of Hering (third - stage) may
both be accepted, and the explaining power of both
be simultaneously utilized. The intermediate
stage is also a promising and powerful theoretical
tool. The quantitative consistency of the Miiller
ideas and the success demonstrated in accounting
for tritanopic confusions made by normal observers
does not, of course, prove the Miiller theory to be
completely, or even basically, correct. Alternate
There are important
gaps in our knowledge of retinal chemistry and
conduction and integration of mnerve impulses
that, if filled, might disprove the Miiller theory
and require adoption of an alternate account.
Furthermore, several aspects of the Miiller expla-
nation, though admissible in the present state of
our knowledge, seem implausible and unlikely to
be born out by future work. At the very least,
however, the Miiller theory must be viewed as a
forward step, and the coordinate system suggested
by the second stage has practical value regardless
of any of these future theoretical developments.
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