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Location of the Galvanometer Branch for Maximum
Sensitivity of the Wheatstone Bridge

By F. Ralph Kotter

The battery and galvanometer connections to a Wheatstone bridge may be interchanged

without altering the condition for balance.

One of the combinations will give a higher

sensitivity than the other, but the ealculation of the better arrangement is often somewhat

tedious.

This paper presents a ‘“‘rule-of-thumb’ method of determining the better arrange-

ment, which requires only a knowledge of the resistance of the bridge arms and the value of

the external eritical damping resistance of the galvanometer.

The battery and galvanometer connections to
the Wheatstone bridge may be interchanged with-
out affecting the condition of balance of the bridge.
One of the arrangements will usually be more
sensitive than the other.

The question of which connection would give the
higher sensitivity was investigated by Maxwell.!
His conclusions, which have formed the basis for
most subsequent treatments of the subject, were
based on the assumption that the battery would
be the limiting factor in the sensitivity, whereas
now batteries that will supply more energy than
:an be dissipated as heat in the bridge arms are
universally available.  Wenner ? has recently dis-
cussed the problem of the connection of the gal-
vanometer branch under conditions of modern
laboratory practice, considering the limiting power
in the bridge arms and assuming that the galva-
nometer is always used eritically damped or with
the same percentage of critical damping.

[t has been found that Wenner’s analysis may
be extended to give a simple rule of thumb method
for determining the better position for the gal-
ranometer branch. This method requires only a
knowledge of the resistances of the bridge arms
and the value of resistance required to produce
critical damping of the galvanometer. As will be
subsequently proved, the rule ® to be followed is:

1J. C. Maxwell, A treatise on electricity and magnetism 1, 400 (1873).

2 F. Wenner, J. Research NBS 23, 229 (1940) RP1323.

3 The possibility that this rule is valid was suggested to the author by J. L.
Thomas of this Bureau. A similar but less precise rule is given by H. B.
Brooks in the section titled, Measurements and measuring apparatus, of

Pender and Del Mar’s Electrical engineer’s handbook 4, section 5, p. 5,
3d ed. (John Wiley & Sons, Inc., New York, N. Y., 1936).
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Caleulate the resistance of the bridge between each
pair of opposite branch points with galvanometer
and battery circuits open.  Compute the ratio or the
reciprocal ratio, whichever is less than unity, of each
of these “bridge resistances” to the external critical
damping resistance of the galvanometer. Connect
the galvanometer to the pair of branch points for
which the ratio is nearer unity.

The rule given above assumes (1) that the
galvanometer is to be used with critical damping,
(2) that the limitation on the maximum power is
the same for each arm of the bridge, and (3) that
the voltage applied to the bridge is sufficient to
dissipate this amount of power in one arm and
no greater amount in any arm of the bridge. Under
these conditions the rule is perfectly general,
applying to all values of bridge ratios, bridge arm
resistances, and galvanometer external critical
damping resistances.

Perhaps more frequently than not, it is desirable
to use the galvanometer slichtly underdamped.
In that event the above rule applies if the required
calculations are made using the value of external
damping resistance that has been found desirable
ather than the critical damping resistance.

Proof —The validity of the rule stated above
will be established by determining, for all possible
values of the galvanometer external critical damp-
ing resistance, the relative sensitivities and relative
ralues of the ratios of bridge resistances to damp-
ing resistance for the two possible locations of the
galvanometer branch in a Wheatstone bridge.
Subject to the conditions of balance, the ratios
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and the resistances of the bridge arms may have
any desired values.

There is no loss in generality in assuming the
bridge arms to have the values shown in figure 1
and requiring that n>p=1. (The case of n=p
is trivial, since the bridges (a) and (b) are then
identical.)

The bridge resistances across the galvanometer
for the two cases are

_nR(1+p)
Wem "1t £
and -
, _PpR(1+mn)
W= 2)

It may be readily shown that W, > W, for all
values of n and p subject to the condition n >p=1:

W, _n(1+p)*
W, p(1+n)?
Let n=p-+q, (¢>>0). Then

W.__ p*+2p*+pq+p+2pgt+q
W, p*+2p*+p’¢+p+2pg+q(p*+p9)

As ¢>0 and p=1, the denominator is larger
than the numerator and W, >W,.

The sensitivities and resistance ratios to be
compared are continuous functions of the galva-
nometer critical damping resistance; however, the
functions are each two joined straight lines, with

R nR R nR
A
© -

pR npR pR npR
. ®
(a) (b)

Ficure 1. Alternate connections of battery and galvanometer

in the Wheatstone bridge.

the variation of bridge sensitivity with galva-
nometer external critical damping resistance when
the galvanometer is connected as shown in (@) of
figure 1. Curve “bridge b7 of figure 2 is the
corresponding curve of sensitivity when the con-
nection is that of (b) in figure 1. It is therefore
necessary to carry out the proof in the following
four cases:

Case 1, V=W,

Let V represent the ecritical external damping
resistance for the galvanometer and consider first
V<W,. The ratios to be compared are V/W, and
VIW,.

It has already been shown that W,>W,, there-
fore

different slopes for the two parts. This is illus- £> \4 3)
trated in figure 2, where curve “bridge " shows W, W, ‘
Bridge :

Sensitivity [ Bridge b
(S) |
|
|
I '

I I | Bridge a
! | |
I I |
| | |
| | I
| |
{ 1 |
] x| |
Y
vl c| {
= 2 -
" l " l L I
> > >
1 ! |

External  Gritical Damping  Resistance (V)

Freure 2. Variation of bridge sensitivity with galvanometer external critical damping resistance.
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Case 2, W,< V< +pnR:
Now consider W,< V< pnR.
compared are W,/V and V/W,.
Dividing one ratio by the other and using eq. 1
and 2 gives

The ratios to be

"V pnR?
Viw,~ v )

This ratio is equal to unity for V=+/pnR and
greater than unity for all values of V' less than
vpnR. Therefore,

W._. V — _
vz W, for V< +/pnR. (5)
Case 3, \/ﬁR<V<W'b:

Now consider vpnR<V<W,. The ratios to
be compared are again W,/V and V/W,, and eq. 4
shows that

i “<”. for V>+/pnR. (6)

Case 4, V=W,

In the range V= W, the ratios to be compared
are W,/Vand W,/V.

It has already been shown that W,>W, and
consequently

W,
LA ™

Tt has now been shown that the ratio involving
W, and V is larger than the ratio involving W, and
V for all values of V<_+/pn R, that the ratios
are equal for V= y/pn R and that the ratio involving
W, and V is larger than the one involving W, and
V for V>>+/pn R. 1t remains then to be shown
that the sensitivity of bridge a is greater than that
of bridge b for V<\177€ R, that the sensitivities
are equal for V=+/pn R, and that the sensitivity
of b is greater than a for V >+/pn R.

Since the power is greatest in the nf? arm of the
bridge of figure 1 a the resistance of this arm
imposes the limitation on the voltage that may
be applied to the bridge and Wenner’s equation
for the bridge sensitivity,* S,, may be written

R V
=00V 5 5 = )
Sa " RtnRXW,
where D is the voltage sensitivity of the galvanom-
eter in scale divisions per unit electromotive force
when. the resistance in soucb with the galvanome-

4 F. Wenner, J. Research NBS 25, 238 (1940) I(I’l;z;
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teris V; IV,z 1s the maximum permissible potential
drop in nR; and the other symbols have the mean-
ings previously given them.

As is shown by Wenner, when the ratio V/W, is
less than or equal to unity its actual value is to
be used in the equation for sensitivity; however,
when the ratio V/W, is greater than unity, it is
to be replaced by unity in the equation. This
assumes, as stated above, that the galvanometer
damping is always adjusted to the same value
either by series or parallel resistance as required.

Expressed in terms of the permissible power,
Pz, in the nR arm, the equation may be written

Su=2DVP iR X Xy (®)

For the bridge in figure 1, b, the limitation is
imposed by the pR arm, and in terms of the per-
missible power in it (P,z) the sensitivity may be
written

U R _V
:2D\/I)HR \1)1€XR+pRXWb (9)

As it is assumed that the power limitations are
Y . v P \ " \ 5} "
the same for all arms of the bridge, P,z=PF .z,
and eq 8 and 9 may be rewritten

wnR V
vVpR
KH—;I)XH (11)

For values of V equal to or less than W,, the
ratio V/W, is equal to or less than unity, V/W,
is less than unity, and the actual values are to be
used in eq 10 and 11.

Then for V=W, using values of W, and W,
from eq 1 and,2,

__KV
“ YnR(1+p)
; KV
= \pR(1+n)
S, [p(1+n)?

S, Vn(1+p)¥

The quantity under the radical has already been
shown to be greater than unity; therefore,

S, >8; for V< W,. (12)
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For V=+/pnR, V/W,is greater than unity, but
VW, is less than unity, and the sensitivities are,
from eq 10 and 11:

Jak

Sa=K1+nX1,
S :Kl@?x*\?ﬁ& (1= ):Kl“%ﬁ.
=1+ p PRI+ VTP TR 11
That is, o
S,=S, for V==+/pn R. (13)

Now it is evident that for any value of V less
than /pn R, S, will be less than K~y/nR/1-+n, while
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for any value of V between W, and +pn R, S, is
constant and equal to Ky/nR/1-+n. Therefore,

8.>8, for W,<V<+/pn R. (14)

For values of V greater than /pn R, S, will be
greater than K+nR/14n, while S, remains con-
stant at Ky/nR/1-+n. Therefore,

S,> 8, for V>+/pn R, (15)

completing the proof.

WasHINGTON, January 2, 1948
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