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The principle variables affecting the precision of telescope pointing at an indoor target

are magnification, brightness, and vernier acuity of the observer’s eye.
ments were performed in which magnification was the principle variable.
were made by a single observer, thus reducing variation in the vernier acuity.

A series of experi-
All observations
The brightness

of the background against which the target was viewed was maintained at approximately the

same level throughout the experiments to minimize effects arising from variation of brightness.

Under these conditions, the relation between probable error of a single pointing (PE,) and

4.962

magnification (M) is approximately PFE; (in seconds) = ‘17+0.068.

I. Introduction

This study of the factors affecting the precision
of telescope pointing was initiated in connection
with the Range and Height Finder Development
Project sponsored at the Bureau by the United
States Army Ordnance. As a range finder is
essentially a double-pointing instrument, it is
possible to deduce the error that may be ascribed
to the purely optical phase of the range finder
system from the results obtained with a single
telescope. The part of this investigation that
deals with the precision of pointing for outdoor
targets has already been reported [1, 2]*

In this earlier investigation, no consideration
was given to factors that may affect the probable
error of a single pointing (PF;) other than the
distance separating target and observer. Other
workers in this field have, however, devoted a
great deal of attention to the correlation of PE;
with magnification of the observing telescope.
The results of these attempts showed such wide
discrepancies from one observer to another that
it seemed worthwhile to investigate this matter
further under carefully controlled conditions.

As control of conditions for outdoor pointing is
not practicable, and as experience has shown that
low and consistent values of P, are obtained
indoors, the present study is made for indoor

t Figures in brackets indicate the literature references at the end of this
paper.
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targets only. It must be emphasized that the
term ‘“pointing,” as used in this paper, refers to
a type of pointing where all mechanical errors
have been eliminated and the error of pointing
found is an attribute of the combination of the
optical system and observer only, and is wholly
devoid of such errors that may result from incor-
rect reading of verniers and scales such as exist
on transit circles and similar mechanical devices.
In addition, the term PE; refers to the probable
error of a single pointing about the instantaneous
“true”” pointing at the time at which it is made,
and is a measure of the error of a single pointing
determined from a number of pointings taken
rapidly, and does not contain any appreciable
effect of drift.

In planning an investigation into the effect of
magnification on pointing accuracy, it is clear that
there are many variables that must either be con-
trolled or allowed to affect the results in whatever
manner they may. For example, if the target and
reticle size are kept unchanged and the magnifi-
cation varied then the apparent width of target
and reticle increases directly as the magnification.
That this change in apparent width may be ex-
pected to have some effect is evidenced by some
work done by Guild dealing with errors of optical
settings [3]. His work was done with the unaided
eye and showed appreciable variation for cross-
line widths varying from 10 to 180 seconds with
the greatest change taking place between 10 and
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Fraure 1.—Arrangement of telescope, collimator, and rotating prism as used in the experiment.

40 seconds. It is therefore possible that the value
of PE; for low magnifications may be influenced
somewhat by the variation of apparent line widths.
However, it was decided to omit control of this
factor because the major portion of a given series
of observations is taken under conditions where
the apparent line width is over 40 seconds and
hence in the region of very slow change.

A second factor that may affect the probable
error of pointing is the apparent brightness of the
background against which the target is viewed.
This effect is discussed by Pelzer [4], who ascribes
to it an importance out of proportion to its ef-
fect, in the opinion of the present author. This
opinion is based on unpublished work in which it
is found that while there is a slow increase in PE,
as one proceeds from a brightness so high as to be
barely tolerable to a brightness lower by a factor
of 1,000, the magnitude of this change can be
neglected as long as the brightness is maintained
at a level compatible with easy seceing. At very
low brightnesses, there is a rapid increase in PL
with diminishing brightness. However, this sec-
ond factor was controlled during the present ex-
periments so that the apparent brightness of the
background against which the target is viewed
was kept approximately constant at a level of easy
seeing throughout this part of the work.
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II. Apparatus and Method of
Measurement

The apparatus and method of measurement are
essentially the same as those described in the study
of outdoor pointing accuracy [1]. The differences
are primarily those concerned with size of tele-
scope and auxiliary equipment. Two telescopes
are used, one having an objective of 711-mm focal
length and 100-mm aperture, and the second hav-
ing an objective of 1,143-mm focal length and
50-mm aperture. The arrangement for the tele-
scope with objective of 711-mm focal length is
shown in figure 1. The collimator has an objective
of 711-mm focal length and 100-mm aperture.
The weak prism has 150-mm clear aperture, and
the angle between its surfaces is 4 minutes.

To vary the pointing without disturbing the
viewing telescope, the weak prism is placed in
front of the telescope objective and so mounted
that it may be rotated about a vertical axis, which
is also parallel to the prism axis. As the deviation
of a parallel beam of light caused by a weak prism
is a function of the angle of incidence on the prism
surface, the image of the target can be caused to
move from side-to-side of the telescope cross-hair
intersection by oscillating the prism. During the
course of an observation the prism is rotated until
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the image of the target appears to coincide with
the cross-hair in the telescope, and the angular
position of the prism is noted with the aid of an
auxiliary telescope and scale in conjunction with
a mirror attached to the rotating prism. This
reading is converted into seconds in the object
space. A series of ten such observations is taken
and the probable errors, PFE;, determined from
these data. Five such 10-groups are usually taken
in a single run with a short intermission between
each 10-group, and the average PI, is accepted as
the value of PE, for the run.

All observations and the recording of data are
performed by a single observer, the author, which,
together with the fact that the rotation of the
prism is controlled by a smooth rod that must be
released between observations, acts to reduce any
effect of memory in making successive settings,
and so tends to ensure the independence of suc-
cessive observations.

The probable error of a single pointing, PFEj, is
computed from the approximate formula

0.8453k3 ) |2,—F|
PE; (in seconds) = —7;2(711_ TR (1)

where xy, 25, . . .2, .. .x,denote the n observations

2

n

of a group and z=""""is the arithmetic mean of the

n readings, and k£ is the calibration constant of the
prism for conversion of millimeters observed on the
scale to seconds deviation of the light beam caused
by the prism. The observations are considered
10 at a time, and for n=10, eq 1 can be written

10
PE,=0.0891k>)|z,—Z|. @)
1

The magnifications, 6, 12, 25.5, and 48 are ob-
tained by four ocular lenses specially designed for
use with the 711-mm telescope objective. Other
magnifications, for the most part greater, are
obtained by using a compound microscope as an
ocular. By suitable choice of microscope objec-
tives and oculars a wide range of magnifications is
provided. The magnifications of the telescope
with the four oculars are determined by two
methods, first by the ratio of the focal length of
the telescope objective to that of the ocular, and
second by the ratio of entrance pupil to exit pupil
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with the telescope focused for parallel light, a
condition that prevails throughout the experi-
ment. For the four oculars the agreement by
these two methods is good.

When microscopes are used as oculars, the total
telescope magnification, A, is computed from the
relation M=m,; X m,, where m; is the objective
magnification and m, the magnifying power of
the microscope. The value of m, is given by the
ratio of the focal length of the telescope objective
to the distance of distinet vision, 250 mm. To
insure against the errors that may result from
accepting the nominal values of magnifying power
of a microscope, cach of the values of m, is care-
fully determined by experiment.

ITI. Results of Measurements

1. Spider Fiber as Target and 71l-mm Objective
in Viewing Telescope

The target is a spider fiber mounted in a vertical
position in the focal plane of the collimator. The
diameter of the spider fiber is approximately 4 u;
accordingly its diameter subtends an angle of ap-
proximately 1.3 seconds at the objective of the
collimating telescope. This value of 1.3 seconds is
nearly equal to the resolving power (1.2 seconds)
of the observing telescope. The bright back-
ground, against which the spider fiber is viewed,
is provided by a ground glass screen illuminated
by a 6-v projection lamp. The brightness of the
screen is varied when necessary by interposing
neutral filters between the lamp and screen.  The
reticle in the observing telescope consists of two
platinum wires 0.0001 in. in diameter intersecting
at 90 degrees, this reticle being oriented to present
the appearance of an X. For the magnifications
used, the apparent angular width of the spider
hair ranges from approximately 8 to 329 seconds,
while the apparent angular width of the reticle
wires ranges from 5 to 227 seconds.

The results of measurement are listed in table
1 and shown graphically in figure 2. The form of
the curve of PFK, versus magnification is an
hyperbola, as is shown in figure 3, by plotting
PE; against the reciprocal of magnification.
The straight line curve so obtained has a definite

. . 1 .
intercept on the PF axis at MZO instead of

passing through zero as might be expected.
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Thus the relation connecting PE; and magnifica-
tion is of the form

A
PE8:M+B) (3)

where A and B are constants, and M is the mag-
nification. For the curve in figure 3, A is the
slope of the curve, and B, the intercept on the
PE, axis. Although the values of A and B can
be obtained directly from the curve, a more
accurate evaluation is made by least-squares
considering only those values of PE; for M=25.5.
The final equation is found to be

5.033
PE~==37

+0.076. (4)

The values of PF, for magnifications 6 and 12
are omitted from the solution because they do
not lie as near to the straight line curve as do the
others. Moreover a least-squares solution, based
on all observed values of PFE, yields computed
values of PFE, that in two instances differ from
the observed values by four or more probable
errors. The present solution yields computed
values of PF; that in only one instance differ
from the observed values of PFE; by as much as
three probable errors, and that instance is for
magnification 12, which was not included in the
solution.

These differences between observed values and
those calculated from eq 4 are given in table 1
under the heading APFE,. It is noteworthy that
these values of APFE, are approximately the same
or less than the values of P,, listed under the col-
umn headed 1, for all values of M=25.5. Even
for magnifications 6 and 12, the values of APE;
are only 2 or 3 times the value of 7,. It can
therefore be stated that the values of PFE, calcu-
lated from eq 4, give excellent agreement with the
observed values for the range of magnifications
used.

Three values of P, are listed in the tables under
the headings 1, 2, and 3. The values listed under
1 are obtained from the formula

+2PE,

" =3 B—1)’ (5)

where 7 is the total number of observations. For
the present work this expression is sufficiently
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well approximated by the formula

_ =5/2I5E
PD———2—,\/"E—

TaBLE 1.—Probable error of a single pointing (PE,) as
a function of magnification (M)

(6)

The results are for a viewing telescope with an objective of 711-mm focal
length, 100-mm aperture. A spider fiber of approximately 4-u diameter
mounted in the focal plane of the collimator is the target.

PE, APE, Py N
Magnification e
gnificatio i of 10-
Obs Cale | “Gate. 1 2 3 groups
Diameters sec sec sec sec sec sec
1. 060 0.915 | 0.145 0.075 | 0.075 | 0.058 5
0. 425 .495 | —.070 .021 .030 . 043 10
277 .273 . 004 . 009 .020 . 025 45
. 170 .181 | —.011 .012 .012 . 004 5
. 180 L7 . 003 . 009 .013 .012 10
.135 .144 | —.009 . 007 .010 .017 10
. 145 . 137 . 008 . 007 .010 .014 10
= .120 .120 . 000 . 008 .008 . 004 5
263 . . 100 . 096 . 004 . 005 .007 . 007 10
5.033
PE.=7M7+0.076

The values of P,, obtained by this formula,
with n taken as the total number of observations,
is especially useful for comparison with A P,
the difference between observed and calculated
values of PE,. The values of P,, listed under 2,
are obtained by use of the same formula, with
PE; the average value for five 10-groups and for
n=>50. Where there are several 50-sets involved,
the value of P, is the average for the several 50-
sets, and represents what might be termed the
average theoretical probable error of the probable
error for five 10-groups. The value of P, listed
under column 3, is obtained by considering each
PE, from a single 10-group as an observation and
computing the probable error of the mean for the
average value of PE, from five 10-groups. Where
more than one 50-set is considered, the value of
P, is the average for the several 50-sets. Ideally
P,, computed in this manner, should equal the
value of P, listed under column 2. It is note-
worthy that fairly good agreement prevails be-
tween the values of P,, listed under columns 2
and 3, for the same magnification.

2. Platinum Wire as Target and 711-mm Objective
in Viewing Telescope

The target is a platinum wire mounted verti-
cally in the focal plane of the collimator. The
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diameter of the wire 1s 0.0005 in., which subtends
an angle of 4 seconds at the objective. All other
conditions of the experiment are essentially the
same as those for the spider fiber as target.

The results of measurement are listed in table
2. Assuming the same form of equation con-
necting PL; and magnification evaluation of the
constants A and B by, least-squares gives the
relation

PES:§‘§§%+O.O6O, %)

which is nearly the same as eq 4 found for the
spider-fiber target. A comparison of observed
and calculated values of PFE, given in table 2

TaBLE 2.—Probable error of a single pointing (PE) as a
function of magnification (M).
The results are for viewing telescope with an objective of 711-mm focal

length, 100-mm aperture. A platinum wire 0.0005-in. in diameter mounted
in the focal plane of the collimator is the target.

PE; APE, P, Num-

Magnification be

Obs. | Cale. %b;lc_ 1 2 3 groups

Diameters sec sec sec sec sec sec

6.0 _________ 0. 942 0.937 0. 005 0.033 0. 067 0.082 20
19.6___________ . 308 .328 | —.020 011 . 022 .030 20
25.5. . . 270 . 266 . 004 . 007 . 020 .016 40
. 192 L2056 | —.013 . 007 . 014 .014 20
.170 . 165 . 005 . 008 .012 .011 10
.135 .123 .012 . 007 . 010 .010 10
. 105 .106 | —. 001 . 005 . 008 . 009 10
. 087 .089 | —.002 . 004 . 006 . 006 10
. 094 . 084 . 010 . 005 . 007 .012 10
. 079 .081 | —.002 . 004 . 006 . 008 10
.070 .073 | —.003 . 004 . 005 . 005 10

L 5.262
PE==37+0.060.

shows excellent agreement. The significance of
A PE; and the three values of P, are the same as
explained in section 1. The theoretical value of
P, listed in column 2, shows very close agree-
ment with the value of P, determined from the
spread of values of PFE;, listed under column 3.

3. Platinum wire as target and 1,143-mm
objective in viewing telescope

In this part of the experiment, a telescope
objective with focal length of 1,143-mm is used to
study possible effect on the values of PFE, that
may arise with change of focal length of the ob-
serving telescope objective. All other conditions
remain the same as described in section 2.

The results of measurements are listed in table
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3. Assuming that the form of the equation con-
necting P, and magnification is the same as eq 3,
evaluation of the constants by least-squares gives
the relation

4.592
PES:*A*[*

+0.067, (8)
which closely resembles eq 4 and eq 7. A com-
parison of observed and calculated values given
in table 3 shows execellent agreement.

TasLe 3.—Probable error of a single pointing (PE,) as a
Sfunction of magnification (M).
The results are for a viewing telescope with an objective of 1,143-mm focal

length, aperture 50-mm. A platinum wire of 0.0005-in. in diameter mounted
in the focal plane of the collimator is the target.

PE, APE, Py Num-
Magnification | beIB_or
Obs. | Calc. %t:]c_ 1 9 3 groups
Diameters sec sec sec sec sec sec

265 __ 0.239 0.240 |—0.001 0.017 0.017 0.017 5
3212 SNSRI . 208 .210 | —.002 .015 .015 .024 5
49.1.___________ .165 . 161 .004 .012 .012 .017 5
134 . . 100 .101 | —.001 . 007 .007 . 008 5
157 . 099 . 096 . 003 .007 . 007 . 007 5
201 ___ .. .079 . 083 | —.004 . 006 . 006 .012 5

IV. Discussion

Although the variation of probable error of
telescope pointing with magnification has fre-
quently been the subject of investigation [1], the
results have been so diverse that it seemed worth-
while to study this phase of pointing accuracy with
the present equipment. It seems probable that
the wide variations in the results previously re-
ported arise from the attempt to correlate PE,
with magnification for pointings made at an outdoor
target without control of other variables. Such
pointings are likely to be influenced by turbulence
of the air intervening between observer and target,
lighting conditions and degree of contrast, config-
uration or shape of the target viewed, arrange-
ment and size of the cross-hairs in the observing
telescope, and small movements of the observing
telescope or the object viewed. In addition, some
investigators have handicapped themselves at the
outset by assuming that there should be a definite
relation connecting pointing accuracy and resolv-
ing power of the telescope objective [6, 7, 8, and 9].
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The possibility of such a relation is minimized by
Tilton [10] who, in the course of some precise work
on prism size, found it necessary to study the effect
on pointing accuracy with change of aperture of
objective. His findings indicate no significant
change or pointing accuracy with resolving power.
It is probable that a belief (not always definitely
stated) that pointing accuracy does not differ
greatly from the limit of resolving power influ-
enced some investigators to be satisfied with a
relatively coarse adjustment in making their set-
tings. For example, Pelzer [4], the first worker
to make definite attempts to control brightness,
arrives at such high values of PF, (varying from
0.9 to 1.4 seconds for magnifications varying from
28 to 14) that it appears very likely that he did
not employ a sufficiently fine means of reading his
pointings. Also, many observers appear to base
their formulas relating magnification and pointing
accuracy upon resuvlts obtained for relatively few
magnifications. Thus, Noetzli [11], in his work
on outdoor pointing, bases his equation

27t 2.0 )

PE= 1% M

upon magnifications 12, 24, and 37, while Klempau
[12] bases his equation
4.9 3.0

PE,= o 1
Va1 )

upon magnifications 19, 23, and 30.

One of the best pieces of work definitely deal-
ing with indoor pointing accuracy is that by
Noetzli [11]. He first investigates the effect of
magnification upon pointing accuracy unc
ditions that preclude errors arising from the
presence of cross-hairs in the ocular, and, for a
range of magnification from 1 to 78, finds the
relation *

. 1.39
‘ PE~==F (11)

However, in making the settings in the second
part of his investigation, wherein he used cross-
hairs in the ocular, he gets the relation

0.486

PESZW, (12)

? The constants in Noetzli’s equations have been adjusted by the present
author to express probable error instead of root-mean-square error.
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which is clearly open to question in view of the
present study. In seeking an explanation for
this discrepancy, the present author has plotted
Noetzli’s values in the form of M X PFE; versus M,
which is shown in figure 4, for pointings both with

and without ecross-hairs. It is clear for those
values of M in excess of 15.7 that Noetzli’s values

with cross-hairs fall on a curve satisfying the
equation

MXPE=1.665+0.035M, (13)

while those values of M X PE, found for M vary-
ing from 1 to 8.6 not only fall well below this
curve, but they also are lower than the corre-
sponding values of M X PE; for all magnifications
without cross-hairs. It seems very improbable
that the pointings with cross-hairs should be
better than the pointings without cross-hairs for
magnifications 1 to 8.6 and inferior for mag-
nifications in excess of 15.7. It is noteworthy
that these discrepancies are pronounced only for
the lower magnification where, according to table
1 in Noetzli’s paper, a telescope objective was
used as ocular. Whenever long focal length
lenses are used as oculars, it is possible that there
may be sufficient difference in adjustment of ob-
jective and ocular (or of the reticle with respect
to the objective and ocular) to produce a difference
in magnification between the condition of point-
ing with and without cross-hairs. The tendency
for the normal observer would be toward an ad-
justment producing a higher magnification for
pointings with than for those without cross-hairs.
Accordingly, the magnifications 1 to 8.6, listed by
Noetzli, may actually have been somewhat
higher for the condition of pointing with cross-
hairs that they were Wlthout cross-hairs.
When eq 13 is transformed into the equivalent
form
1.65

PE= M

+0.035, (14)

which is identical with the form in eq 1, it is clear
that the constant B is not appreciably different
from the average value of 0.068 found in the
present experiment. The value A is, however,
very much smaller than the value of 4.962 re-
ported here. Since, however, the constant A is
the vernier acuity of the observer’s eye, and there
is considerable variation in this quantity from one
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FicURE 4.— M X PE, versus M.

Observed values of M X PE, with cross-hairs are indicated by crosses; curve 2 shows the theoretical curve for M >15.7. Observed values of MXPE, with-
out cross-hairs are indicated by circles; curve 1 shows the theoretical curve. These results are obtained from Noetzli’s paper. (See reference [11]).

observer to another, the differences in the constant
A introduce no difficulty.

V. Conclusion

The relation between PE; and magnification is
found from this experiment to be expressible in
the form

A
PES_M+B)

where A and B are constants. On averaging the
values of A and B for the three cases described, the
resulting equation is

4,962
PE,==772°40.068 (15)

It is problematical whether any significance can
be attached to the variation of the constants A
and B for the three cases. This question can
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only be answered by further study where a wider
range of target diameters and focal lengths of the
observing telescope are used. The constant A4 is
the vernier acuity of the observer’s eye and can
undoubtedly be expected to vary from one ob-
server to another. The value of 4.96 seconds is
within the range of values obtained by different
observers, contained in a discussion of vernier
acuity in a paper by Walls [13].

It is more difficult to account for the constant
B. Previous workers in this field have used
equations in which A only appeared, PE; being
correlated with the reciprocal of magnification.
Two possibilities are here advanced in interpreta-
tion of the constant B. The first is vibration that
is always present however much it may be re-
duced by careful mounting. The second possi-
bility is that the short air column separating the
collimator and telescope objective may by its
turbulence introduce the additional error repre-
sented in the equation by B. In the study of
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outdoor pointing, the possibility of a dependence
of pointing accuracy upon range was discussed [1].
The contribution dependent on range was given as
0.064d% where d is the range in meters. The
distance separating the collimator and telescope
objective in this experiment was approximately

0.75 meter. Accordingly the computed error -

arising from range is approximately 0.059 second,
which is not significantly different from the values
of B found in the present experiment on indoor
pointing.
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