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In accordance with experience concerning the behavior of glass at temperatures within 
its annealing range, an equation is proposed that relates the various extraordinary heat effects 
to the inelastic deformability and to the degree of superheating or undercooling. By using 
this equation in connection with the thermal-expansion curves of a glass within its annealing 
range, certain constants that are related to the coefficient of viscosity and its changes with 
temperature and the degree of superheating or undercooling have been determined with 
reasonable results. Such results make it possible to estimate the inelastic deformability of 
a glass in its various conditions at all annealing temperatures and are, therefore, valuable in 
connection with problems that are encountered in the process of annealing glass. The 
apparent success achieved in applying the proposed equation to experimental data suggests 
that the concepts underlying this equation are fundamental and must be considered in any 
theory concerning the constitution of glass or that of any other extremely viscous liquid. 
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I. Introduction 
1. Superheating and Undercooling with 

Accolllpanying Extraordinary Effects 
in Viscous Liquid 

As already pointed out [1, 2, 3],1 there is a 
possibility that the extraordinary heat effects 
(including the rapid expansion) of glass in its 
annealing range result because the high viscosity, 
which increases rapidly as the temperature de
creases, causes glass to become considerably 
superheated or undercooled even when the rates 
of heating or cooling are very low. Although the 
phenomena are related in some respects, the 
superheating and undercooling of glass are not 
those experienced when melting and crystalliza
tion, respectively, are delayed. Rather, they are 
effects that may be envisioned as possible even 
in the most fluid liquid at temperatures far above 
its freezing point if unattainably high heating 
and cooling rates could be employed. When a 
liquid is in equilibrium at any given temperature, 
there is an average statistical relation between 
its molecules that is unique, since any change in 
temperature, even if infinitesimal, will change it 
accordingly. Such a change in the average 
statistical relation, which corresponds to an 
equilibrium condition, presumably requires many 
processes or readjustments involving the mole
cules of the liquid. Although some of these ad
justments are completed almost instantaneously, 
time is undoubtedly an important factor in the 
development of many others, especially if their 
progress is affected by viscosity. If the time 
required for the full development of the sluggish 
readjustments, that are demanded by a given 
change in temperature, exceeds the time required 
to accomplish the temperature change, the liquid 
can be brought to a temperature in a state of 
nonequilibrium. That is, in the case of heating, 
the liquid can be superheated and, in the case of 
cooling, it can be undercooled. Moreover, if the 
cooling increases the viscosity so greatly that the 
development of the lagging processes ceases al
together, the. liquid (unless reheated) will remain 
indefinitely in the undercooled state. It may even 
attain the amorphous solid condition if cooled 
sufficiently. 

1 Figures In brackets Indicate the literature references at"the end of this 
paper. 
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When a liquid glass reaches any temperature in 
a state of nonequilibrium, it might, on first 
thought, seem improbable that this undercooled 
or superheated state corresponds closely to an 
equilibrium condition at some intermediate tem
perature between the temperature reached and 
that at which the liquid was in equilibrium when 
the cooling or heating was initiated. Doubtless 
there are many cases in which such a corres
pondence is wanting, but it appears to exist in 
most glasses if the tests are not too searching. 
Considerable discussion of this point is included 
in a previous paper [lJ. 

2. Equilibriulll Curve of a Viscous 
Liquid 

When almost any glass is cooled and heated 
through its annealing range at a low enough rate, 
it is always practically in equilibrium on reaching 
any temperature in that range. By determining 
the changes in various properties as these treat
ments proceed, equilibrium curves can be estab
lished. A rapid heating or cooling from any 
temperature at which a glass is in equilibrium 
causes departures from such curves. If such 
departures are caused by sufficiently high rates of 
heating or cooling and if the glass is returned to 
the initial temperature with equal rapidity and 
no other lapse of time, it will be found that the 
glass is still in practical equilibrium at that 
temperature. However, if the initial heating or 
cooling is comparatively slow, the departures will 
be less marked and a very rapid return of the 
glass to its initial temperature will show that it 
is no longer in equilibrium there. After a few 
trials in which the same departure is always pro
duced, it will be found, nevertheless, that the 
glass can be brought rapidly to some other tem
perature at which it is in practical equilibrium. 
This temperature will be higher or lower than the 
initial equilibrium temperature, according as a 
heating or a cooling caused the departure. It 
appears, therefore, that in certain respects there 
has been no marked departure of the glass from 
the equilibrium sequence that it follows on slow 
heating and cooling. 

3. Equilibriulll Telllperature 
In view of experiences such as those just dis

cussed, it has been conjectured that glass, when 
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cooled or heated very rapidly in the annealing 
range, behaves in many respects as a solid material, 
whereas it behaves as a liquid when the rate of 
temperatme change is low enough. Further
more, it is inferred that the physicochemical 
condition or state of a glass is reasonably well 
known only when both the actual temperature 
and that other temperature at which the glass 
would be in equilibrium, if heated or cooled very 
rapidly to it, are known. This latter temperature 
has been termed the equilibrium, or fictive, 
temperatme of the glass. and a glass is uilder
cooled or superheated according as the fictive 
temperatme is reached by the actual temperature 
through heating or cooling, respectively. Ob
viously, the difference between these temperatures 
is a measure of the departure of the glass from 
equilibrium. In the following discussion the 
equilibrium temperature will be designated by T 

in order to differentiate it from the actual tempera
ture, T. 

As stated in previous papers [1, 2, 3, 4], the rate 
at which equilibrium is approached, whenever a 
superheated or undercooled glass is held at a 
constant temperature in the annealing range, is 
roughly proportional to the departme of the glass 
from equilibrium. Moreover, if the departures 
are of the same magnitude, ani the temperatures 
are different, it seems that the rates of approach 
are, in addition, inversely proportional to the vis
cosity which increases exponentially with decreas
ing temperature. Thus, although equilibrium may 
be approximated in a few mUlUtes at the upper 
limit of the annealing range, reaching a similar 
degree of approximation, even when the initial 
departure is no greater, may require many months 
if the treating temperatures are near the lower 
limit of the range. 

4. Changes in EquilihriulTI TelTIpera
ture and Their Relation to Inelastic 
DeforlTIahility Under Elastic Molecu
lar Strains 

Especially when subjected to considerable loads, 
glass is, to an appreciable extent, still inelastically 
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deformable at temperatures far below its annealing 
range. At such temperatures and also at tempera
tures within the lower part of the annealing range 
there are indications that glass has ceased to be a 
truly viscous liquid and possibly has assumed a 
plastic nature [4, 5]. That is, whether the loads 
are of a purely mechanical or a physicochemical 
character, it appears that the number of flow 
planes decreases rapidly witll the temperatme 
unless the loads exceed "minimum" limits, which 
presumably also vary with the temperatme and 
condition of the glass. When flow in a plastico
viscous material is being maintained by stresses of 
either a mechanical or a molecular Ilature, the 
viscous flow that has been proceeding unhampered 
along certain localized flow planes may become 
completely blocked at any time because of changed 
molecular relations, or it may stagnate in a limited 
locality because conditions in the immediate or sur
rounding neighborhood have reduced or eliminated 
the load, at least, temporarily. Likewise, the 
resistance in a flow plane that has been blocked 
may break down because the flow in neighboring 
planes has unkeyed the block or developed stresses 
that exceed the breakdown limit. As a conse
quence, some readjustments and molecular proc
esses in a glass approacning equilibrium may not 
only develop much more rapidly than others, but 
some may also become completely blocked at low 
annealing temperatures. The discussion [1] of 
some peculiarities observed in the exothermic 
effects yielded by samples of a chilled glass, that 
were only partially annealed at low annealing 
temperatures, was based on this concept of the 
behavior of glass at low annealing temperatures. 
Furthermore, according to this concept, it is 
obvious that any theory based on the assumption 
that glass is a purely viscous liquid will not be 
applicable at temperatures below the annealing 
range. The effects caused by the development of 
a plastic condition are demonstrated in the follow
ing pages. However, such effects are simply modi
fications of the heat effects, density changes, etc., 
that would have occurred if the elastic molecular 
strains had relaxed because of viscous flow alone. 
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II. The Approach to Equilibrium 
1. Differential Equations for the Rate 

of Approaching EquilibriuIll 

According to the introductory statements rela
tive to the rate of approaching equilibrium, 

(1) 

In this relation KT is a factor that is inversely 
proportional to the viscosity as long as there is 
little change in the coefficient of elasticity, and 
dT/dt and T-T are, respectively, the time rate of 
change in the equilibrium temperature, T, and the 
departure of this fictive temperature from the 
actual temperature, T. Assuming the empirical 
relation suggested by Twyman [6] for the depend
ence of viscosity on temperature in the case of a 
glass in its annealing range, it appears that 

(2) 

In this expression, k is Twyman's constant, and 
K is obviously the value of KT when T=O. Thus, 
K is an extrapolated coefficient that relates to the 
inelastic deformability at 0° C. Experience 
indicates that K is approximately the reciprocal 
of the Maxwellian relaxation time for mechanical 
stresses, and it is, consequently, extremely small 
for glass at ordinary temperatures. This appar
ent similarity between the approach to equilib
rium and the relaxation of ordinary elastic strains 
first suggested that the relaxation of certain elastic 
molecular strains effects the approach to equilib
rIum. 

On combining eq 1 and 2, the expression 

dT/dt=K(T-T)e'I'(1: (3) 

results. Even in the annealing range, eq 2 and 3 
yield only a very rough fit when they are applied to 
da ta procured on an annealing glass. For example, 
dT/dt will decrease somewhat more slowly with time 
in an undercooled glass and somewhat more rapidly 
in a superheated one than eq 3 allows. One pur
pose of this paper is to demonstrate this inade
quacy of eq 3 when it is applied to the extraor
dinary contraction and expansion and to the 
exothermic and endothermic effects of a glass that 
is b eing heated through its annealing range. 

That eq 2 and, consequently, eq 3 are not ade
qua te is not surprising as the effect of a changing T 

on the viscosity is ignored. From experience it 
seems that the manner in which a property is 
affected by a change in T is very similar to that in 
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which it is affected by a change in T. . For this 
reason it has been assumed in previous cases [3, 4] 
that eq 2 would be more nearly adequate if it 
had the form 

KT= KeT/geT/h (4) 

and g and h were analogous to Twyman's con
stant k. Equation 3 then becomes 

dT/dt=K(T-T)eT/geT/h • (5) 

By this means the above-mentioned inadequacies 
in expressing the change in T at all ordinary anneal
ing temperatures seem to be removed. However, 
more precise data on the changes that are caused 
in various properties and effects must be procured 
before a final decision on this point is reached. 
In any case, it is obvious that eq 4 and 5 are also 
inadequate as soon as glass ceases to be a purely 
viscous liquid and assumes a definite plastico
viscous nature. That is, eq 4 does not take into 
account the possibility that the coefficient of 
inelastic deformability may depend on the load. 
Moreover, this equation may not be adequate to 
express the changes in viscosity over wide temper- I 

ature ranges. 

2. Equations Modified for Linear Heat
ing or Cooling 

In many heating tests, T is increased at a con- I 
stant rate that considerably exceeds that at which 
T decreases at temperatures below the annealing 
range even if the initial T-value was high. Thus, 
in the plastico-viscous range of a glass, the rela- , 
tion between T-T and T diverges comparatively : 
little from a linear one during any given test in 
which . the heating rate is relatively high and 
constant. The absolute value of the factor T-T 
as it appears in eq 3 and 5 may be thought of as 
possessing some of the qualities of a mechanical 
load, especially in its relation to the inelastic 
deformability of a plastico-viscous glass. That 
is, as this factor increases, the deformability in
creases. If the change in the plastic deformability 
is an exponential function of the load, and if the 
special heating condition mentioned above is met 
in any test , then eq 5 should be modified for the 
plastico-viscous range by "introducing the factor 
e(TI-T)/g/. In this exponential factor, T' is pre
sumably near the upper limit of the range in which 
the glass is appreciably plastic. 

When a glass is being heated or cooled at a 
constant rate (dT/dt= ±R, respectively) instead 
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of being held at a constant anneal:ng temperature, 
eq 3 and 5 become 

dr/dT= ± (K/R) (T-r)eT/1; (6) 
and 

dr/dT= ± (K/R) (T-r)eT/gerlh. (7) 

If T and dr/dT are given, 1-r is definitely 
determined according to eq 6, and the equation 
is also easily solved in terms of exponential inte
grals. That is, if y=(T-r)/k and ±x= 
(K/R)keT/", dr/dT= ±xy and 

Ei( ±x) - Ei(±xo) =ye*", (8) 

since dy±ydx= (dx)/x. In this equation, Xo is the 
value of x for some particular temperature, To, 
at which the glass was in equilibrium. (For the 
condition that equilibrium does not exist at To, 
the right-hand member becomes ye*"-yoe*"o.) 
Obviously, the negative sign before x is used in the 
case of cooling, and y is positive or negative 
according as the glass is superheated or under
cooled. 

With respect to eq 7, assigning values to T and 
dr/dT leaves T-r indeterminate, since, under 
certain conditions, r may have, from a physical as 
well as from a theoretical standpoint, either of 
two values,2 depending on ro, the initial value of r. 
Although no simple solution for this relation is 
available, the course followed by T-r during any 

• When V or (T-r)Jh, has the value + 1, the product e-T/'dr/d T has only one 
value, the maximum possible. If, in addition, dr/d T= +1, then V is at a 
maximum and eT/·=Re/Kh. Furthermore, T= k In (Re/Kh) Is the minimum 
temperature, T m, for whicb dT/dTcan be +1. That is, ve-o<e-1 If positive V 
Is either greater or less tban unity, and T>k 1n (Re/KA) If dr/dT=l at the 
MUle time. 

When Ve-o has a positive value less than e-1, it Is obvious that V has a pair 
of possible values, one greater and one less than unity. If T Is the same in 
both cases, dT/dTwill also be Identical and, moreover, It is obvious that the 
values of D, under sucb conditions, correspond to different heating curves. 
That '", the larger value oorresponds to a curve procured on a comparatively 
well·annealed sample of glass (,,<T .. ), whereas tbelesser corresponds to a 
curve obtained, under tbe same standard conditions o( test, on a less well 
annealed sample o( tbe same glass (T,> Tm). Furthermore, If dr/dT=l 
for these values o(~, it follows that the common temperature, T, (or the two 
cases Is greater than T.. When the usual heating rate (3° to 6° C/min) Is 
employed, it will be found that the condition V=l and dr/dT=l usually 
occurs when the sample bas been moderately well !l1lllealed. Since the heat 
effect (endothermic effect, for Instance) is just getting under way when 
dT/dT is unity, It often appears that the beginning of the endotbermic (or 
rapid expansion) effect in a moderately annealed sample occurs at a somewhat 
lower temperature tban in either less or more thoroughly annealed samples. 
Examples of series of curves that present tbis appearance are found In figures 
" and 8 of a previous publication [lJ. 

For the chilled and annealed samples that were used In the expansion tests 
that are described In this paper, the temperatures at whicb dT/dT equaled 
unity were estimated to be 586° and 578° C, respectively. When T .. was 
computed by using the values found for k, h, and K (or R/K), the value 
577.5° 0 was obtained. 

If eq 8 wcre applicable, there would be no T .. above wbicb the maxima of 
the endothermic effects must be reacbed, and consequently they would not 
be confined to a limited range. Experience sbows that the temperature 
range In which tbese maxima occur Is limited, even if the treatment of a glass 
Is varied greatlYI 
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heating or cooling is quite definite for any given set 
of initial conditions. Since (1/g)+ (l/h)=1/k, as 
previously shown [4], eq 7 becomes 1/x- (h/k)dy/ 
dx=±ye-II if suqstitutions,a y = (T-r)/h and 
±x= (K/R) heT1\ are made. However, from a 
practical standpoint, neither this nor any of the 
numerous other forms that can be obtained by 
various substitutions and transformations seem 
to possess advantages over eq 7. Although a 
solution of this equation is lacking, it as well as 
eq 8 can be tested by the use of thermal expansion 
data and also by a study of their significance with 
respect to the endothermic and exothermic effects 
ob.'lerved in glass. 

3. Relation of Equilihriulll Telllpera
ture to Changes in Length 

When r, that is T-ky, has been computed by 
means of eq 8 for various temperatures through 
the use of assumed or determined values for k, 
K, Xo, and R, the computed results may be com
pared with experimental data obtained on any 
property that is subject to the extraordinary 
changes observed when a glass is heated or cooled 
through its annealing range. For example, the 
linear thermal expansion curves may be used, 
although it is difficult to determine precisely the 
expansivities for those values of T and r that are 
in that part of the practical annealing range where 
softening begins. It appears that no great errors 
are introduced by assuming that the linear expan
sivities (a for varying T and constant r, and ex 
for varying r and constant T) are approximately 
constant throughout the annealing range and have 
values that can be determined with reasonable 
precision near the lower limit and sometimes even 
throughout the lower half of that range. Thus, 
it appears that the linear expansion per unit length 
through the annealing range is expressed approxi
mately by 

(L-Lo)/Lo=a(T-To)+ex(r-To) (9) 

if Lo is the length of the glass sample when 
T= To (a temperature that will usually be chosen 
at some point within or just below the annealing 
range and that mayor may not be that for which 
X=Xo and r=ro). The use of eq 9 in conjnnction 
with eq 7 is considered in the following section. 

• In making these substitutions, use is made of tbe identity eT/'e'/i~ 
e"/'e (,-T"'. However, when appearing in an exponent as In this case, 
T-T, altbough its magultude is presumably proportional to certain molecular 
strains, cannot be comidered as necessarily baving an effect tbat Is analogous 
to that of a mechanical load In its relation to Inelastic deformations. 
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III. Application of Equations to Thermal Expansion Data 
1. Therlnal-Expansion Curves 

In a progress report [2] made to the Glass Sec
tion at the Cincinnati meeting of the American 
Ceramic Society in 1942, the inadequacy of eq 
6 and 8 was shown by applying them to experi
mental expansion data. It was also pointed out, 
although not shown definitely, that much of the 
discrepancy between experimental and computed 
results could be eliminated by assuming that the 
viscosity of glass is affected by changes in .,. very 
much as it is affected by changes in T. In the 
following, a resume of that report and a fuller 
discussion of the effect of changes in Tare 
presented. 

The expansion data used for this purpose were 
obtained on two samples of a borosilicate crown 
that was of the usual kind employed in ther
mometers that are graduated to temperatures that 
exceed 5000 C. One of the samples was treatei at 
a high temperature (approximately 850 0 C) and 
cooled rapidly in moving air in order to prevent T 

from falling below 650 0 C. In fact, the cooling 

70 

00 

.-......... 

20 

•••••••••• j .••••••••••• 

_---r:-----------., ... 
. --_.--- ,-, 

400 500 
TEMPERATURE 

600 

FIGURE I.-Comparison of computed and experimentally 
determined thermal-expansion curves for a borosilicate 
thermometer glass. 

1 and 1', Experimental curves for an annealed sample (Circles) and a chilled 
sample (dots), respectively; A and B, tangents to cnrves I' ~nd I, respec
tively, at pointg near 3f)Oo C; EE', the approximate thermal·expansion 
curve of the glass wben it does not depart from equilibrium because the 
beating and cooling rates arc very low; Cand C', computed thermal-expan
sion curve~ (broken lines) corresponding to 1 and 1'. Tbese curves were 
computed in accord with eC] 7, and the departure of C' from I' below 500° 
C results presumably because the equation is inapplicable while a glass is 
In its visco·pla~tic stage. 
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rate of this treatment was such that the red glow 
of the small sample in a comparatively dark room 
disappeared in about 5 seconds. The other sample 
was treated for several weeks at 5000 C in order to 
reduce T to that temperature. Each sample con
sisted of three small pyramids of a type that is 
suitable for expansion measurements by the inter
ferometric method and that makes very rapid 
cooling possible after treatments at high tem
peratures. The expansion measurements ex
tended from room temperature to the softening 
point near 620 0 C and were made by James B. 
Saunders according to the weighted-spacer method 
that he has described [7]. 

The portions of the resulting expansion curves 
between 2600 and 620 0 C are shown in figures 1 
and 2 (curves 1 and 1'). The relative placement 
of the two expansion curves (curve of the chilled 
sample above that of the annealed) was determined 
by making them practically coincide at about 
6150 C, where both samples were just entering the 
range of slight but noticeable softening. In this 
range the T-values of the two samples were pre
sumably almost equal, and the values of T-T were 
doubtless not much greater than a degree, as the 
heating rate used in these tests was only 3 deg C/
min. That is, within the range of appreciable 
softening, it is difficult to maintain T-T at values 
exceeding 1 degree unless the rates of heating or 
cooling are exceptionally high. In other words, 
if deformation of the samples had not taken place, 
the expansion curves presumably would have 
practically coincided with the equilibrim curve 
from this point upward. This curve is represented 
by the line EE', and it intersects the expansion 
curve of the annealed sample at 5000 C because 
up to that point there was no appreciable change 
in the T-value of that sample. However, if the 
heating rate from this point had been made very 
low, the resulting expansion curve on the annealed 
sample would have coincided approximately with 
EE' from 5000 C until the temperature of appre
ciable defocmation was reached. Doubtless a 
line (such as EE') representing the sequence of 
equilibrium conditions in terms of change in 
length should be somewhat curved; but in this 
purely demonstrational presentation, relatively 
minor details of this nature will be ignored for the 
purpose of simplicity. 
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FIGURE 2.-Comparison of thermal-expansion curves deter
mined experimentally and computed in accord with 
equation 8. 

1,1', A, B, and EE', Reproduced from figure I; 2 and 2' (largo eircJc3 and large 
dots, respecti'l"ely), correspond to curves 1 and I' and w~re computed on the 
ass'lmption that the necessary corstants were k~15 degrees, [{~e _".3, 
and TI=560' C, and also that the initial T·values were 5000 C and 653° C 
for the annPAled an<l chilled sampl~s, respe.ctively; 3 and 3' (small 
circles and small <lots, respectively), similarly compnted except tbat tbO, 
constants k=13.57 de~r~es, [{_.-< •. l, and TI=544.1c C were, nsed. This 
comparison of experimental and computed curves Indicates that eq 8 is 
unsatisfactory, probably because tbe viscosity varies as tbo eql11ibrium 
tern perature cbanges. 

2. Method of Estimating Expansivities 

Between 300 0 and 500 0 ° the expansivity of the 
annealed sample was found to be about 0.066 
(Jl. /cm)/deg 0, but below this range the average 
was less than 0.063. Although the expansivity 
of a severely chilled glass is usufilly increased a 
few percent at atmospheric temperatures, the 
expansivity of the cllilled sample also appeared 
to be about 0.066 at 3000 0. If a line coinciding 
with the expansion curve of the chilled glass and 
having this slope (0.066 Jl. /deg) is extended to high 
temperatures, it intersects EE' at 653 0 0, which 
is presumably the initial value of T in the chilled 
sample and also its value during the earlier steps 
of the expansion test and until the equilibrium 
condition of the sample began to change appre
ciably-as it appears to have done immediately 
above 3400 0. This temperature is about 150 
deg below the lower limit of the practical annealing 
range of this glass, and is, therefore, far below the 
range in which purely viscous flow is presumed to 
be possible. 
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If the relative placement of the two curves is 
approximately correct, the difference (653 to 500 
deg) between the initial T-values of the two sam
ples produced a difference in length of 38.4 Jl./cm. 
This corresponds to a linear expansivity of 0.251 
(Jl./cm)/deg ° change in T. In the usual units, 
this value also corresponds to a volumeexpansivity 
of 0.75XlO-4 for a I-deg change in T , and it is 
about 0.7 as large as the value found by testing a 
borosilicate optical glass. The sum, 0.251+ 
0.066=0.317, is presumably 104 times one-third 
of the volume expansivity of the glass when it 
behaves as a liquid within its annealing range
that is, when this particular glass follows its equilib
rium curve (line EE') . 

3. Determination of Equilibrium 
Temperatures 

Knowing the expansivities and the initial T

values, it is a simple matter to compute the T

value at any temperature, T, from the expansion 
curves. Thus, for the chilled glass, T=653°
[0 .066(T-300)- (LT - L JOO)/L T ]/0.251 (see eq 9) and, 
for the annealed glass, the expression is the same 
except that 500 0 replaces 653 0 0 . In figure 3 
(curve 1, circles, annealed; curve 1', dots, chilled 
glass), the T-values so obtained are plotted against 
T. 
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FIGURE 3.-Curves relating to changes in the equilibrium 
temperature as a glass is heated or cooled. 

1 and l' (Circles and clots, respectively), equilibrium temperatures com· 
puted in accord witb eq 9 from tbe corresponding experimental curves 1 
and 1', figure I; C and C' (broken lines), equilibrium temperatures tbat 
correspond to curves C and C' of figure 1 and were computed by a stcp·by· 
step metbod based on eq 5; B, A, and D, tangents (dT/dT=O) to eqnilib· 
rium temperature curves 1 and at I', and C', respectively, at points near 
300° C; EE', trend of tbe equilibrium temperature (slope dT/dT=I) when 
glass remaius in eonstaut equilibrium because the rate of heating (or 
cooling) is very low; T (parallel to EE'), tangent to curves 1 and C wben 
degree of superheating (or T-T) reaebes a maximum; V, one of a family 
of curves indicating conditious for coustant viscosity; F, a, and H, approxi· 
mate courses that would be followed by the equilibrium temperature 
during cooling if tbe cooling rates (30,37.5, and 40 deg C/scc, respectively) 
from comparatively higb temperatures prevented tbe equilibrium tempera
tnre from falling below 6530 C when T became zero. 
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4. Insufficiency of Equation 8 Which 
Relates Viscosity to Actual Tempera
ture Only 

In view of the temperature range involved and 
the form of the r-curve for the annealed glass, it 
is comparatively easy to select values for K and 
k that make it possible to compute, by means of 
eq 8, a curve that follows the experimental curve 
moderately well. By introducing the r-values so 
computed into eq 9 and thus transforming to e~
pansions again, the computed res lIlts shown m 
figure 2 (curve 2) were procured. To del~,y ~he 
beginning of the rapid expansion to the pomt m
dicated by the experimental curve, it was ne.ces
sary in computing these r-values and expansI~ns 
to assume that KT possessed the value umty 
(reciprocal of 1 hour) at a rather high tempera
ture (560° C). Furthermore, it was then neces
sary to assign a rather high value (15 deg) to k 
in order to prevent the rapid expansion from de
veloping too rapidly when T-r reached the rather 
large values indicated by the experimental re
sults. As a result, when this difference became 
comparatively small at high temperatur~s, the 
rate of expansion was too low as a comparIson of 
curves 2 and 1 (fig. 2) indicates. Moreover, when 
the values assigned to K and k were used to com
pute 2' for the chilled sample, the contraction ef
fect that accompanies a decreasing r, was dis
pla~ed to temperatures that were far too high, 
since its range almost coincided with that of the 
rapid expansion of the annealed sample. As a 
matter of fact, such a result is to be expected 
because it was presumed in the development of 
eq 8 that the viscosity at any temperature was 
always the same, regardless of the ~alue of ,r. 
Consequently, unless there is a large dIfference ~n 
the absolute magnitude of the values of T-r m 
the two cases, the contraction of the chilled sample 
and the rapid expansion of the annealed sample 
will begin at about the same temperature. Also, 
the maximum rates of contraction and expansion 
in these cases will be attained at temperatures 
that are not materially different. 

5. Determination of Constants in Equa
tion 7 Which Relates Viscosity to Both 
Actual and Equilibrium Tempera
tures 

As differential eq 7 has not been solved explic
itly for r (except in tbe form of series suitable 
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only for relatively narrow ranges in T/g) , the 
simple procedure followed above cannot be used 
in applying this equation to experimental data. 
However, if tbe slopes, dT/dT, are well enough 
known at three well-separated points in tbe an
nealing range, the constants, g, h, and K /R, .can 
be determined. Having made such determma
tions it is then possible to compare computed , . 
values for the ratio (dT/dT) /(T-r) at vanous 
temperatures with the similar ratios that can be 
obtained by using the slopes (fig. 4) and depar
tures from equilibrium (fig. 5) that are both ob
tained from curves 1 and I' in figure 3. Unfor
tunately, the relative error in the slope determi
nations from these curves is large over much of 
the range of the extraordinary heat effects and, in 
some cases (especially throughout the range of 
the superheating of chilled specimens), the rela
tive errors in determining T - r are also rather 
large. Nevertheless, it is considered that the 
data obtained for dT/dT and T-r (figs. 4 and 5) 
are adequate for the purpose, because this paper 
is purely a demonstrational presentation without 
pretense of high precision. 

The three ranges in which these data seemed to 
be comparatively good were near the respect~ve 
temperatures (1) at which dr/dT= 1, (2) at which 
this slope attained a maximum in the case of the 
superheated annealed sample, and also (3) near 
the temperature at which the slope reaches a i 

minimum (maximum negative value) in the case 
of the undercooled chilled sample. Letting p and 
d symbolize slope (dr/dT) and departure from 
equilibrium (T-T) and the subscripts c and a 
indicate the chilled and annealed samples, respec
tively, the data in the first two cases were (1), 
Pa=1.00, Ta=578.00 C, ra=513.0° C, and da= 
65.0° C; and (2), Pa=5.37, Ta=603.00 C, Ta= 
578.0° C, and da=25.00 C. In the third c~s~, 
the data at a point chosen near that of the mIl1l-
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FIGURE 4.-Slopes of the equilibrium temperature curves 1 
and 1', figure 3, at various actual temperatures. 
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mum were (3), Pc=-O.72, T c=542.9° 0, rc= 
589.7° C, and dc= -46.8. Use of the first and 
third of these sets of data with eq 7 gives the result 
h/g=(rc-ra)/(Ta-Tc)=2.185.4 On using this 
ratio in connection with the second set of data, 

, it follows that g=19.78, h=43.22, and k=13.57. 
This value of k is rather high, but it is by no means 
so extreme as the value 15 that appeared neces
sary for eq 8. 

In using the value found for h/g in connection 
with the second set of data, advantage was taken 
of the fact that Pa=5.37 was presumably a maxi
mum. At such a point, dp/dT=O, and thus, on 
differentiating eq 7, it follows that for this condi
tion h=(p+h/g)d/(p-I) and that p=(1+d/g)/ 
(I-d/h ). These equations also hold for a mini
mum in p. The fourth set of data was chosen at 
a point where such a minimum appeared to be 
and was as follows: (4) Pc=-O.73, T c=540.00, 
rc=591.6°, and dc=-.51.6°, and it was found 
that the expression relating p and d was reason
ably well satisfied by these data without changing 
hand g. 

Having determined g and h, any of these sets of 
data can be used to determine K/R and also Tdk 

• By introducing two sets nf data (such as the first and third presented 
above) into eq 7 and by equating the logarithms oftheratiosofthe correspond· 
Ing members of tbe two resulting equations. !l rearrangement of the result 
yields h!g=(n-rt)/(T,-T,)+(h/(T,-T,)) In (p,d,/p,d,). In the above case 
tbe third set of data was taken at a point such that p,/d, =p,/d, approximately. 
Oonsequently the logarithmic term disappeared. 
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FIGURE 5.-Degrees of under coo Zing and1{'superheating 
(T-.,.) indicated by curves 1 and l' in figures I _and 3. 
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if Tl symbolizes the temperature for which the 
glass, when in equilibrium (T=r), has a relaxation 
time, I/KT, equaling 1 hour. That is, K= 
(pR/d)e-TIUe-Tlh=e-T,/k. Since R= 180 deg/hr 
(3 deg/min), the two values for K are K a=e-40.20, 
and Kc=e-40 .05 if the second and fourth sets of 
data are used. The corresponding values for Tl 
are 545.6° and 543.5° O. Two such sets of data 
should give the same values for K and also for 
Tl if eq 7 is applicable, regardless of the treatment 
received by the glass, and the fair agreement 
found here exceeds what should be expected in 
view of the unreliability of the d- and p-deter
minations. Besides, there is the probability that 
R varied more than was apparent during the t ests. 

After these constants are determined for a glass, 
the relaxation times, l/KT , can be obtained for all 
conditions and temperatures in the annealing 
range. Even the viscosity coefficients, 7/, can be 
estimated if the elastic modulus, E, is known within 
reasonable limits. That is, 7/= E/KT • 

6. Testing the Applicability of Equa
tion 7 

(a) First Method 

From eq 7 it is apparent that a straight line 
should result if In (d/p)-d/h is plotted against 
10 (R/K) - T/k. That is, as long as the viscosity 
varies approximately as assumed (and also pro
vided that the relation between it and the extra
ordinary expansion and contraction is that 
assumed), there should be within the annealing 
range no departures from this straight line that 
are not ascribable to uncertainties in the data. 
For this test, the p and d values from figures 4 and 
5 and the h, k, and K (average) values given above 
were used. (Since the rate of heating was 180 deg/ 
hr, R=e5•193 and In (R/K)=45.320.) 

The results of this test are shown by curve E 
in figure 6. Between 600° and 500° 0 the depar
tures from a straight line are reasonably small, 
except in a few cases in the range where the chilled 
glass became superheated and the procurement of 
data without very large relative errors was impos
sible. However, beginning near 500° 0 and 
extending to lower temperatures, there is a steadily 
increasing departure from a straight line by the 
results for the chilled glass. The sense of the 
departure indicates that dr /dt at temperatures 
below the annealing range has absolute values 
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FIGURE 6.-Test of the degree to which changes in equilibrium 
temperature satisfy eq 7. 

E, Tests of results (curves 1 aud l' in figs. 3, 4, and 5) derived from thermal· 
expansion data (curves 1 and l' in fig. 1), ordinates on the right. C, tests 
of data derived from curves C and C' In figure 3 (displaced ordinates on the 
left). (Circles and dotes, annealed and chilled glass In both cases.) 

(at least when T- T is large) that are greater than 
they would have been if the deform ability had con
tinued to decrease with decreasing temperature 
according to its manner of decrease within the 
annealing range. That is, the relatively distended 
glass of the chilled sample under heavy loads 
collapsed more readily at these relatively low 
temperatures than it would have collapsed if it 
had retained an almost purely viscous character 
with a viscosity coefficient that continued to 
decrease with T and T as in the annealing range. 
This result was expected, because experience in 
attempts at establishing equilibrium conditions 
at such relatively low temperatures led to the 
conclusion that the rate of collapse at these temper
atures is no longer roughly proportional to the 
load, as in the annealing range, but decreases so 
much more rapidly as the collapse progresses 
that-in the case of a glass approaching equi
librium at a constant temperature-the product of 
e(T-,l/h/(1-T) and d (T-T)/dt decreases rapidly 
(instead of remaining constant, as it would if the 
glass were purely viscous) as (T- T) becomes small. 
That is, when a glass is at a temperature such 
that it is definitely plastic, this product exceeds 
or falls short of KeT / k in magnitude according as 
the physicochemical "load" (as represented by 
(T - T) is large or small. 
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(h) Second Method 

As figure 6 indicates that the chilled sample did 
not behave as required by eq 7 until 500 0 0 was 
exceeded, it becomes a matter of interest to deter
mine approximately how much lower than 653 0 0 
the initial T-value would have been if the glass 
had behaved according to that equation through
out the heating. Such a determination can be 
made by laborious step-by-step computations. 

If the temperature is constant, eq 5 can be 
written in the form e-'dz/z=-KeT/kdt, in which 
Z= (T- T)/h. The solution of this for any interval 
of time, t:.t, for instance, is Ei(-Zl)-Ei(-zo)= 
- Ke T / kt:.t, in which Zo and Zl are the values of Z 
at the beginning and end of the time interval. 
Oonsequently, the T-value reached by a treatment 
at To is Tl=hz1+To. Assuming, now that the 
temperature is changed so sharply from To to 
To+t:.T at the end of this first step, that Tl is 
unchanged, it follows that eTO/k is changed to 
e(To-ATl/k and that Zo is changed from (TO- To)/h 
to zl-t:.T/h for the second step in which the glass 
is treated for an interval, t:.t, at an increased tem
perature. If Z2 is the z-value reached at the end 
of the second time-interval, the T-value reached is 
T2=hz2+ To+ t:.T, and after n such step-by-step 
treatments, Tn=hz n + To+ (n-l)t:.T. 

By making t:.T/t:.t=R, the rate of heating in 
degrees per hour, the above exponential integral 
equation becomes 

Ei( - Zl) = Ei( - zo) - (K/R)eT/kt:.T. (10) 

Using this equation in the step-by-step computa
tion and choosing some point (To, TO) on the experi
mental curve as the initial condition produces a 
computed curve that passes through this initial 
point and that approximates a curve that satisfies 
eq 7, and the smaller t:.T is made, the closer the 
approximation will be. Intervals ranging from 
0.5 to 6 degrees were tried. In some ranges, large 
intervals can be used without developing the 
progressively increasing error too much, but when 
T is changing rapidly, intervals smaller than the 
least used would have improved the results ob
tained. The intervals used in computing curves 
o and 0' in figure 3 were 0.5 and 1 degree, and 
To and TO were 5160 and 608.4 0 0, for the chilled 
sample, and 5300 and 5000 0 for the annealed 
sample. Oonsequently, the computed curves and 
the T-curves derived directly from the experi- 1 
mental data intersect at these points. These 
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computed curves, 0 and 0', indicate in both cases 
that the glass at temperatures above 5160 C 
behaved very nearly as eq 7 requires. 

When the previously employed test-made by 
plotting In ((dlp)e-tl / h) against In ((RIK)e- T / k )

was applied to these computed curves, the results 
shown by curve 0 in figure 6 were obtained. In 
view of the fact that intervals no smaller than 
one-half degree were used, these results are as 
satisfactory as could be expected, and they 

I indicate that the computed curves, 0 and 0' 
(fig. 3), throughout most of their courses are not 
far from curves that fully satisfy eq 7. 

7. Evidences of Plasticity 

In figure 3 the trend of curve 0' when compared 
to that of curve l' at temperatures below the an
nealing range suggests that 653 0 C is about 28 deg 
higher than the initial r-value required if eq 7 
had expressed reasonably well the behavior of the 
chilled sample at temperatures below as well as 
within the annealing range. In accord with 
previously expressed surmises, this difference be
tween the actual and required initial r-values is 
presumably the result of the failure of eq 7 to 
take into account the increased mobility of plastic 
glass when subj ected to very large loads. In 
this connection, curve E of figure 6 indicates that 
those points that were obtained below 516 0 C, 
where T-r is almost proportional to T, would 
have been alined approximately with those 
obtained above that point if the abscissas for the 
lower of these ranges had been computed by 

j means of the expression In (RIK) - Tlk- (513-
T) /52 .6. It is to be presumed that the values of the 
constants T' and g' of this added term (513° and 
52.6° in this particular case) depend, at least, on 
the initial r-value and the rate of heating. In 
view of previous mention that an added term 
containing such constants might be indicated 
under certain conditions, the manner in which 
the results below 5160 0 depart from the basic 
straight line suggests that the deformability of 

I glass in its plastico-viscous condition is an ex
ponential function of the load as well as of the 
temperature. This possibility merits further 
investigation. 

This discussion of the possible characteristics 
of this particular glass at temperatures below 
516° C must not be taken as a suggestion that it 
undergoes some sudden and definite change at 
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that point. It is more probable that all changes 
that take place in ordinary glasses while heating 
or cooling do so gradually over a considerable 
temperature range. That is, this point for the 
upper limit of the plastic range has about the 
same significance as the softening point or the 
point chosen as the beginning of the rapid ex
pansion range. 

8. Use of Equation 7 in Determining 
Cooling Curves 

Since the magnitude of the cooling rate that 
produced an initial r-value of 653 0 C was a matter 
of some curiosity, approximations to cooling curves 
(as shown in fig. 3) were also computed by the 
step-by-step method 5 and on the assumption that 
r had fallen to 653 0 0 by the time that Thad 
fallen to 550° 0, below which there had been no 
further appreciable change in r. It was thought 
that the cooling rate might have been about 40 
deg/sec, since it appeared that the sample in 
cooling from 8500 0 had lost all redness in about 
5 sec. However, the cooling curve procured for 
that rate suggests a lower rate, because it indicates 
a crossing of the equilibrium curve at a tempera
ture slightly above 670° 0 rather than at 850° C. 
When a rate of 30 deg/sec was used in the com
putation, the resulting curve began at about 655° 
o to diverge from the equilibrium curve instead of 
continuing to approach it. That is, this rate 

• Equation 8 can be used to determine directly a rate of cooling that is 
definitely lower than the required rate to produce a given >,-value 
(T') when Tbecomes zero. When Trenches zero, x=J(k/R and is very small 
unless R has a very low value. Consequently, e'= 1 and Ei( -x) =In 
(Kk/R)+-r approximately. (Euler's constant, -r=0.5772+.) Thus, eq 8, for 
cooling from an equilibrium temperature, To, to zero degrees becomes -T'/k
In (Kk/Rl+-r-Ei( -xo) wbicb, since xo= (J(k/R)eTo1', may be cbanged so as 
to become [(TO-T')/kj--r =In xo-Ei(-xo). From this equation, xo is easily 
determined approximately when the left-hand member is known and ade
quate tables of exponential functions and integrals are available. Thus, R 
is known if To and the necessary constants of the glass are known. More· 
over, xo is so large, when the starting temperature, To, is high and Risnottoo 
great, that Ei( -xo) is negligible. Consequently,forsnch cases R=[(ke,"'I'. 
Using the values previously found for [( and k, and assuming that equilih
rium was established when cooling began at a starting point near 8500 C, it is 
apparent tbat xo is large for this case and that R=19.9 deg/sec, approximately. 
'fhus, a rate computed in this manner and known to be too low, is about one
half of the rate indicated by the step·by-step computation described above. 

Occasionally it is desira ble to estimate a minimum for the rate at which a 
glass in eqllilibrium at some temperature, To, can be cooled to room tempera
ture without material change in T from TO = To. In such a case, R must be so 
large that Zo becomes very small. It tben becomes obvious, on expanding 
Ei( -xo) in the above equation for determining Zo, that To-T'=kxo, approxi
mately, and that R=Kk'eTo/'/(To-T'). That is, if eq 8 were applicable, R 
is the minimum rate necessary to prevent TO-T' from exceeding some small 
assigned value. If k is replaced by g, and Kby Ke,lh, the result is that which 
would have been obtained if eq 7 had been used for the same purpose and 
on the assumption tbat T varied so little that <,Ih could he treated as constant. 
The ratio of tbese results for R is g'/k' and the smaller result, at least, is much 
lower tbanrequired, but such computations aid in estimating the cooling rates 
required to obtain desired T-values, 
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was much too low unless a much higher rate pre
ceded it from 8500 to about 6600 C, for instance. 
Without using very small intervals in the computa
tion, it also appears that a rate of 37.5 deg/sec 

is somewhat too low. Thus, it seems that the 
probable average rate of cooling in the chilling 
treatment was slightly under 40 deg/sec. See 
curves F, G, and H in figure 3. 

IV. Application of Equations to Endothermic and Exothermic 
Effects 

1. Relation of Heat Effects to Inelastic 
Deforlllahili ty 

As previously stated [4, 5], the manner in which 
strain is dissipated in annealing glass and the 
character of the exothermic and endothermic 
effects, observed when chilled and annealed glasses 
are heated, suggest the gradual development and 
disappearance of a degree of plasticity in glass as 
cooling and heating, respectively, proceed within 
and especially below the practical annealing range. 
As for the expansion effects, so also in that of the 
endothermic effect, the degree of plasticity that 
develops within the useful annealing range can 
apparently be ignored. However, at unusually 
low and, for most purposes, impractical anneal
ing temperatures, it seems necessary to assume 
the existence of a considerable degree of plasticity 
in seeking an explanation for the progressive 
changes which appear in the exothermic effect of 
samples of a glass that, subsequent to a severe 
chilling from a high temperature, have been an
aealed for different periods of time at a very low 
annealing temperature. Curves showing such 
effects have previously been presented [1], and 
the progressive changes are believed to indicate 
that some molecular readjustments leading to 
equilibrium conditions develop rather readily at 
low treating temperatures, whereas others develop 
very slowly or not at all until the glass is sub
jected to higher treating temperatures. Such 
differences in the rates of development are easily 
explained if it is assumed that only a portion of 
the flow-surfaces normally available at tempera
tures in the annealing range are still open at 
lower temperatures for viscous flow while other 
portions are either entirely closed or are practically 
so unless exceptional loads are applied. 

Careful consideration will show that the heat 
generated by the flow, as the elastic molecular 
strains (which are excessive because of super
heating or undercooling) are relaxed, is probably 
negligible compared to the heat effects observed. 
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These considerations then lead to the conclusion 
that the observed heat effects are the result of a 
rapidly changing specific heat as the equilibrium 
temperature changes. 

2. Experilllental Conditions in Deter
lllining Heat Effects 

For understandable reasons, the actual condi
tions that exist in obtaining curves that show 
exothermic and endothermic effects are always 
very different from the idealized conditions as
sumed in discussing the methods of test. Gen
erally, it is assumed that the test sample is so 
small that any temperature gradients within it 
while heating or cooling at a considerable rate 
can be neglected. Actually, this condition is 
seldom approximated and, as a result, the observed 
heat effects are blunted and spread over a temper
ature range that is somewhat too broad. 

In tests of this kind the well-known differential- ' 
thermocouple method is commonly used. One 
hot junction of this couple is in the test sample, 
whereas the other is either in the wall that sup
plies the heat to the heating sample and that 
supposedly conforms to an isothermal surface or 
it is in a so-called neutral body that is enclosed, 
in contact with the sample, by the same isother
mal wall. Also, supposedly, there is no transfer 
of heat from one of these junctions to the other 
that would appreciably affect the magnitude of 
the heat effects that are sought. At best, these 
ideal conditions are only approximated and, as a 
result, any improvement in the test conditions 
usually accentuates the effects as they are shown 
by heating curves. 

3. Relation Between Heat Effects and 
Changes in Equilihriulll Telllperature 

If T is the temperature of the test sample at any 
instant and if the simultaneous temperature of 
the isothermal wall is T to, the rate of heat (H) sup-
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ply to the sample is dl-I/dt=A(Tw-T). Under 
idealized conditions, the factor A in this relation 
is the product of the area and the so-called external 
conductivity of the contact between sample and 
wall. If the sample weighs 1 gram, the rate of 
its heat absorption equals this rate of supply and 
is s"dT/dt+rrd-r/dt for glass. In this expression, 
(J is the heat absorbed per degree increase in T, 

and s" is the normal specific heat. Both of these 
coefficients, like the expansivities, are functions 
of T and T. Thus, s"=s(l+bT+,8T)=S'+S,8T 
serves as a first approximation for the change in 
the specific heat with these temperatures. In the 
second form of this approximation, s, · is pre
sumably independent of T and is, consequently, 
the same for all samples of a glass whether chilled 
or annealed. The normal specific heat of a mate
rial represents (in the case of heating) both the 
energy required to increase the thermal agitation 
and that expended in expanding the material 
against the so-called intrinsic pressure that results 
from the molecular attractions. Increases in T 

do not affect the thermal agitation but are normal
ly accompanied by expansions that generally re
duce the intrinsic pressure somewhat, since a 
separation of the molecules usually reduces their 
mutual attraction. Consequently, rr represents 
only an energy of separation and ,8 is normally 
negative. 

By equating the heat supplied to that absorbed 
and introducing the first approximation for s", the 
r elation T w-T=(R/A)(s'+s,8T+rrdT/dT) is ob
tained and, for the neutral body, which pre-
sumably has no peculiar characteristics in the 
temperature range of the tests, the corresponding 
equation is T w - Tn= (Rn/A,.)sn' if Rand Rn 
are the heating rates of the sample and neutral 
body, respectively. It is helpful in practice if 
:=8', and An=A approximately. In that case, 

it follows that 

T-Tn= (R/A) (s'( -l+ Rn/R) -8,8(T-Ta)
rrdT/dT)=G. (11) 

In this equation, T a, the T-value for a very well 
annealed sample, is introduced because r never 
can be reduced to zero in ordinary glasses. 

In the following discussion, G represents the 
experimental results found for T - Tn. Ordi
narily these experimental results are greatly 
affected by gradients, and consequently seldom 
approximate the values that T-Tn should have 
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under ideal conditions. For example, in testing 
a well-annealed sample, T- Tn should approxi
mate zero throughout the range between the tem
perature at which a steady heating condition is 
first established and that at which the endothermic 
effect begins. This is obvious because Rn=R, 
T=Ta, and dr/dT=O. However, G may have a 
fairly large value that is either positive or negative, 
depending on the characteristics of the heating 
furnace and the manner of packing the sample 
and neutral body. When proper care is taken, 
these disturbing grfidients do not change materially 
between the time a steady condition is first 
developed and that at which granular samples 
show a considerable degree of sintering. As a 
disturbing degree of sintering seldom takes place 
below temperatures that are well above those 
required for the completion of the endot.hermic 
effect, a second steady condition of heating is 
usually developed. In these ranges of steady 
heating, the G-values change very slowly and only 
because A, s', and rr change slightly as T (and 
also T when the second steady condition is 
reached) increases. Thus, when the results for G 
are plotted against T, the curves show two dis
tinct levels, one preceding and the other following 
the heat effects. If these levels are represented 
by G1 and G2, repeated tests on identical samples 
show that G1-G2 does not vary greatly if proper 
precautions are takcn. For this reason it will be 
considered that G properly represents T - Tn plus 
an error that is practically constant and can be 
neglected at least as long as only differences in the 
determinations of G for a single test are con
sidered. 

When several samples of a glass are tested, they 
will all have attained approximate equilibrium 
when the second level is reached and the several 
curvcs can properly be made to coincide approxi
mately in this region, although the Gz-values may 
be quite different because of the errors just men
tioned. Because the variation in G1-G2 is usually 
small in the case of identical samples, the initial 
levels of the curves will then almost coincide 
unless there is a wide spread in the initial T-values 
of the several samples. That is, when the spread 
is not large, the effect of the differences in the 
initial T-values is often masked by the errors in 
determining G1 - G2, but this masking is insufficient 
to hide the effect of differences as large as those 
found between the T-values of severely chilled and 
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27 and 38, Observed effects on beating chilled and annealed samples, respec· 
tively, of a borosilicate optical glass; 1 and 1', indicate approximately the 
heat effects which, according to curves 1 and l' in figure 1 and curves 1 
and l' in figure 4, should be found for annealed and chilled samples of the 
borosilicate thermometer glass if the decrease in specific heat with increasing 
equilibrium temperature were insignificant. The separation betweeu 
curves 27 and 38 below 400· C is mainly the result of a comparatively low 
specific heat when T is high. 

well-annealed samples (fig. 7, curves 27 and 38). 
(See also ref. 1, fig. 8.) 

The significance of the difference between the 
initial levels of these curves is at once apparent 
from eq 11 when it is considered that dTjdT is 
approximately zero and unity in the ranges of the 
first and second levels, respectively. To make this 
significance more apparent, it will be assumed that 
the change in A with temperature is negligible. 
In that case, 01-02=(RjA)(s{3(T2-Tl)+U), since 
Rn/R= 1 at both levels. Thus, by neglecting the 
relatively small {3-term, the difference between 
the levels is approximately RujA, but as {3 is 
negative, there is some increase in 01- O2, as the 
initial T-value, TI1 is increased and thereby causes 
the {3-term to decrease. The T-value, T2, is that 
of the temperature at which all of the various 
curves, when plotted to show the results of a series 
of tests, are brought into coincidence in the range 
of the second level. Unless R is very low or the 
glass has been chilled very severely, T2 is greater 
than Tl. 

When dT/dT reaches its maximum negative and 
positive values in the temperature range between 
the first and second levels, the heating curves (as 
plotted) attain, respectively, their maxima (exo-
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thermic effects), which are observed in chilled 
glasses only, and their minima (endothermic 
effects), which are very pronounced in all annealed 
glasses. During the endothermic and exothermic 
effects, (Rn/R) -1 takes on small positive and 
negative values, respectively. Consequently, in 
both cases, the effect of the s'-term, eq 11, is to 
detract somewhat from the effect of the u-term. 
However, as when developing the approximate 
relation, 0 1- 02=Ru/A, the s' - and {3-terms, being 
relatively small, may again be neglected for sim
plicity. Then, if the values obtained for T- Tn 
at the peaks of the endothermic and exothermic 
effects are designated by 03 and 04, respectively, 
it follows that 0 3-01=- (Ru/A)(dT/dT)mlo and 
04-01=- (Ru/A) (dT/dT) max roughly approximate 
actual conditions. As estimated from curves 27 
and 38 in figure 7, it appears that the three differ
ences, 0 1-02 , 0 3-011 and 04-01 are about 1.8, .-
1.0, and -8.0 deg C, respectively. Consequently, 
(dT/dT)mln = - 0.55, and (dTjdT)max= 4.4. When 
compared to the respective values -0.73 and 
5.37 found from the expansion curves of the ther
mometer glass, these values obtained ·from the 
differential heating curves of the borosilicate 
optical glass appear rather low. However, this 
result is to be expected since experimental condi
tions prevent the heating curves from showing the 
full magnitude of the heat effects. 

If the full magnitude of the endothermic effect 
and the corresponding change in T could be well 
determined (especially in the case of a thoroughly 
annealed glass), it seems that it should be possible 
to determine the ratio s" /u, since the relation 
between the relative cooling of the glass and the 
change in T should be expressed approximately 
by S"(01-04)=U(T4-Tl), in which T4 is the mag
nitude of T when the relative cooling reaches its 
peak. A rough estimate, which could be 30 per
cent or more in error, gave the result s"/u=140/8. 
In arriving at the estimate of 140 deg as the value 
of T4-Tl, it was considered that the initial equilib
rium temperature, TI, of the sample that yielded 
curve 38 was probably somewhat below 460 0 C 
and that T4 was not far below 600 0 C, because the 
difference between the actual and equilibrium 
temperatures is not great when the endothermic 
effect reaches its maximum. 

As the heating rate in obtaining the heating 
curves under consideration was about 6 deg/min, 
it follows that u/A = (01-02) /R=1.8/0.1 and, 
from this result and the above ratio, that s" /A= 
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315. Thus, for any probable value of s" at tem
peratures in the annealing range, the order of A 
appears to be in the neighborhood of 10-3• This 
rough approximation is not a wholly improbable 
value, since A (instead of possessing its idealized 
significance in these tests) was concerned with the 
conduction of heat from some undermined surface 
in the furnace through a wall that was of uncertain 
area and was composed of a thin layer of burned 
asbestos paper and an undetermined thickness of 
granular glass or alundum. However, this uncer
tainty is of minor significance, as the chief purpose 
of introducing the very rough approximations, that 
were obtained as described in the immediately 
preceding paragraphs, is to give a clearer picture 
of the significance of the curves that result from 
this rather complicated type of test which, although 
excellent in a qualitative sense, does not lend itself 
to precise determinations . 

4. Estimated Heat Effects Based on 
Equilibrium Temperatures Obtained 
From Thermal Expansion Curves 

Besides the reproduced curves 27 and 38 (which 
were obtained by tests in which R=6 deg/min), 
figure 7 also contains curves obtained for com
parison by plotting the data, shown in figure 5 for 
dT/dT, according to the manner and scale used in 
plotting the experimentally determined differential 
heating curves. Although the two glasses were 
unlike, the treatments that they had received 
were not too dissimilar. Consequently, it seemed 
that their observed exothermic and endothermic 
effects should have had about the same magnitudE' 
if the heating rates had been the same. To make 
G3-G1 and G4-G, approximate 1 and -8 deg, 
respectively, for the synthetic curves (right-hand 
scale of fig. 7), it was necessary to multiply the 
values of dT /dT by 1.48. This factor corresponds 
to Rcr/A, since dT/dT i~ zero in the range of the 
first and unity in that of the second level. How
ever, when the difference in the heating rates is 
considered, it is seen that the factor in this case 
has very little definite significance, since halving 
the heating rate changes the magnitude of the 
heat effects appreciably. Nevertheless, a survey 
of the heating curves obtained on a number of 
ordinary glasses indicates that the average 
magnitude of G,-G2 is near 1.5 deg. 

In preparing curve 1', the s{3(T2-T,)-term was 
neglected. As a result, G,-G2 is the same for 
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both synthetic curves, 1 and I' (fig. 7). That is, 
the decrease in s" (at low temperatures) as Tl 

is increased was ignored. In all other respects 
the two sets of curves, experimental and synthetic, 
are quite similar in form. 

In figure 8 the synthetic differential heating 
curves 2 and 2' (for chilled and annealed samples, 
respectively) correspond to the curves with similar 
designations in figure 2, and are replicas of those 
shown before the Glass Section at the previously 
mentioned Cincinnati meeting of the American 
Ceramic Society [2]. As then, these curves are 
now presented to show that the form of the 
exothermic effect, if the viscosity of glass de
pended only on the actual temperature, would 
not be that of the experimentally determined 
effect. Also, it is appannt that, contrary to 
experience, the exothermic and endothermic effects 
of a chilled sample would then occur exactly 
within the temperature range of the endothermic 
effect of a well-annealed sample. In plotting 
these curves, dT/dT= ±xy (see eq 8) was also 
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FIGURE S.-Comparison of computed exothermic and 
endothermic effects. 

1 and 1', (Large and small circles, respectively) same as 1 and l' of figure 7; 
C and C', computed eflects in accord with computed curves C and C' of 
fih'urcs 1 and 3. The failure of ~q 7 to aCC0unt for the plasticity of glass below 
the annealing range presnmably causes the divergence hetween C' and l' 
helow 500°0. 2 and 2', (broken lines) ~ompl1ted heat efferts in accord with 
curves 2 and 2' in figure 1. The wide divergenco between t>,ese curves and 
1 and l' presumahly is caused by the failure of eq 8 to qCCOU!lt for hoth the 
pla~ticity of the glass helow 500° 0 and the decrea~e in the viscosity 93 

the equilibrium temperature increases. 
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mUltiplied by the factor 1.48 to bring them into 
conformity with the other curves of figure 7. 

Curves 0 and 0' correspond to the similarly 
designated curves in figures 3 and 1. These 
curves were obtained from the values of dr/dT 
that were procured by the previously described 
step-by-step computations, and they show a 
definite approach to the form and relative place
ment of the experimental curves. They also 

closely resemble the synthetic heating curves 
(fig. 7) that were derived more directly from the 
expansion data, except that much of the heat 
developed in the plastic range is not represented. 
That is, the dependence of the viscosity on r both 
broadens the exothermic effect and displaces i~ 

somewhat Goward temperatures below those of 
the endothermic effects of annealed glasses, 
even if plasticity is not taken into account. 

v. Speculative Discussion 
In addition to the external pressure which is 

comparatively quite small, there are two pressures 
to be considered in relation to liquids, (1) the 
thermal pressure arising from the collisions of the 
thermally agitated molecules, and (2) the so-called 
intrinsic pressure arising from the mutual attrac
tion of the molecules. On the average, these 
opposed pressures are equal when a liquid is in an 
equilibrium condition at any temperature. Cool
ing or heating a viscous liquid rapidly from a 
temperature at which equilibrium has been reached 
disturbs the balance between these pressures 
because the liquid is then no longer in an equilib
rium condition at the temperature reached and 
may be said to be in a condition of "distension" 
or "compaction," respectively. If the change in 
the thermal pressure during a heating or cooling 
is always greater than that in the intrinsic pressure, 
it follows that (until a balance is reached between 
the pressures) the intrinsic pressure will gradually 
compress the relatively distended liquid after an 
undercooling and that the thermal pressure will 
gradually expand the relatively compacted liquid 
after a superheating. 

The work expended when such a compacted 
liquid with a density, D, expands at a constant 
temperature and against the intrinsic pressure, 
P, equals the mechanical equivalent of the heat 
absorbed because of the expansion. Thus, 
Pdv=JDudr. From the previous discussion of 
expansion tests, the result dv/dr=0.75X10-4 was 
obtained for the glass tested. For the same glass, 
D=2.5 approximately, and according to the 
previous very rough estimate, u=8" /17.5. 
Although 8" for this glass is unknown, it appears 
from a summary [11] of the results of a number of 
investigations that the specific heat for the 
average glass at temperatures in its annealing 
range is somewhat in excess of 0.2. On the basis 
of these rough values, P= 1.6 X 1010 dynes/cm.2 
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That is, the intrinsic pressure of glass in its anneal
ing range appears to exceed 1.5 X 104 atmospheres 
and, as previously pointed out [3], this is the same 
order of magnitude as that of values that have 
been mentioned as possible for the intrinsic 
pressure of water (8i. If it becomes possible to 
obtain really dependable values for the intrinsic 
pressure of glasses and other viscous liquids by 
this or other means, the \Talues will be of consider
able interest, since this theoretical pressure is 
closely related to surface tension and to certain 
other properties. It is also to be hoped that 
speculations of this sort may help in those theories 
that are based on X-ray studies of glass. This 
hope rests on the assumption that the very 
excessive compactions and distentions found in 
extremely viscous liquids when superheated and 
undercooled are in some comparatively simple 
manner concerned with the character and size of 
the larger molecules in these liquids. 

Such molecules not only add to the viscosity and 
thus hamper the readjustments of smaller molecules 
to temperature changes but, when present in 
relatively large numbers, probably form com
paratively extended frameworks [9] (supermole
cules) that also become too compacted (or dis
t ended) whenever the temperature is rapidly 
raised (or lowered) and that are delayed in cor
recting this incompatibility by the viscosity and 
plasticity to which they presumably contribute 
so greatly. As previously pointed out [3], chain
or ring-like molecules [10] and some other forms 
of extended molecular structures that often have 
been discussed as possibilities (for references, 
see (10, 11]) might easily be subject to such 
incompatibilities whenever there is a temperature 
change. 

Within the annealing range, these extended 
lattice-like structures formed from simpler mole
cules are presumably unstable in the sense that 
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they (individually but not on the average if 
equilibrium exists) are being continually altered 
in form and size by the thermal agitation of the 
components. However, the rate of alteration is 
presumably so low that the structures not only 
change comparatively little during a rapid heat
ing or cooling over even considerable tempera.ture 
intervals but also persist in a compacted or dis
tended state for appreciable periods after the 
end of the heating or cooling, respectively. 

As the thermal agitation decreases in a cooling 
liquid, the persistence of such structures pre
sumably increases rapidly and the rate of increase 
doubtless parallels that at which the viscosity 
increases. Furthermore, the structures gradually 
become permanent and probably attain a con
siderable elasticity of form if the cooling is 
extended to temperatures considerably below 
the practical annealing range. At this stage 

I ' the liquid is overly distended and the intrinsic 
! pressure exceeds considerably the thermal pres

sure. Consequently, much of the contraction on 
cooling consists of something akin to an elastic 
compression in which the structural members 
suffer various excessive elastic distortions or molec
ular strains. 

As the thermal pressure decreases toward zero 
on continued cooling, the elastic resistance of the 
structures becomes a greater and greater factor 

in balancing the intrinsic pressure. However, it 
seems that their elastic coefficients should also be 
increasing quite rapidly at very low temperatures. 
In that case, the increase in compression per degree 
decrease in temperature decreases, and the in
crease in the elastic coefficients may even be 
sufficient at low temperatures to cause the strains, 
that have been building up, to diminish. Further
more, the expansivity of the vitreous solid may 
become negative if the expansion caused by this 
diminution in strain more than offsets the con
traction which accompanies the decreasing thermal 
pressure. That is, many, if not all, vitreous 
materials may yield expansivity curves that, in 
this respect, resemble the expansivity curve of 
vitreous silica at very low temperatures [12]. 

The compacted condition as caused by rapid 
heating can be produced to an appreciable degree 
only in the annealing range. In this condition 
the excessive thermal pressure may also be re
garded as the cause of elastic molecular strains. 
That is, the excess of the thermal over the intrinsic 
pressure is balanced by the elastic resistance of 
molecular structures to distortion. Even after 
equilibrium is established, molecular strains are 
doubtless present and continually varying about 
an average as one after the other of the pressures 
becomes temporarily the greater in limited elements 
of the whole volume of liquid. 

VI. Conclusion 

Practically speaking, glass at temperatures 
within and above its annealing range is a purely 
viscous liquid that is easily undercooled or super
heated because its viscosity is so very high. 
However, at temperatures far below its annealing 
range, glass behaves as an elastic solid although 
there is an intermediate range in which it possesses 
the characteristics of a plastico-viscous material. 

Although the condition of an undercooled glass 
is not one of equilibrium at the actual temperature 
of that glass, it usually corresponds to one of 
equilibrium at some temperature within the 
annealing range and, if the actual temperature is 
raised quicldy enough to that point, the glass 
will be practically in equilibrium there. A cor
responding relation exists between the condition 
of a superheated glass and some equilibrium 
temperature within the annealing range. The 
degree of undercooling (or superheating) IS 
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measured by the difference between the actual 
and equilibrium temperatures. 

The properties of a glass are affected not only 
by changes in the actual temperature but also by 
changes in the equilibrium temperature. Thus, a 
glass expands when the equilibrium temperature 
increases as well as when the actual temperature 
rises, and lowering either temperature increases 
the viscosity very rapidly. 

Ordinarily, the equilibrium temperature changes 
at a perceptible rate only when the actual temper
ature exceeds the lower limit of the annealing 
range; but, if the degree of undercooling is very 
high as in quenched glasses, it decreases at ap
preciable rates even when the actual temperature 
is in the immediately lower range within which 
glasses take on a plastic character. 

The rate at which the equilibrium temperature 
changes is proportional to the degree of under-
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cooling (or superheating) and also to the inelastic 
deformability. Moreover, for the same departure 
from equilibrium, the rate increases very rapidly 
as the inelastic deformability is increased by 
raising the actual temperature. As this deform
ability also increases as the equilibrium temper
ature increases, the manner of approaching equili
brium from an undercooled condition differs 
somewhat from the manner of approach from a 
superheated condition at the same actual temp
erature. 

In approaching equilibrium from an under
cooled condition, a glass contracts and evolves 
heat, whereas it expands and absorbs heat in 
approaching equilibrium from a superheated con
dition. The rates at which these heat effects 
develop depend on the rate of approaching equili
brium and are therefore also controlled by the 
inelastic deformability. 

In view of the foregoing conclusions, an equation 
has been proposed that relates these various rates 
to the inelastic deformability. It is found that 
this equation is applicable to experimental data 
on the extraordinary expansion and contraction 
effects and on the exothermic and endothermic 
effects of glass in its annealing range. As the 
equation is based on the concept that glass is a 
purely viscous liquid, it is not applicable to data 

on changes taking place while a glass is within 
its plastico-viscous stage in which the inelastic 
deformability increases with the load. 

By using this equation in connection with the 
usual expansion curves that are obtained by heat
ing a glass to temperatures just above its annealing 
range, reasonable results are found for constants 
that are related to the coefficient of viscosity and 
its changes with the actual and equilibrium tem
peratures. These constants would make it pos
sible to determine this coefficient if the modulus of 
elasticity were known for the glass at these high 
temperatures. 

The behavior of glass at temperatures within 
and immediately below its annealing range indi
cates that the various heat affects appear because 
the balance between the average intrinsic pres
sure (which arises from the molecular attractions) 
and the average thermal pressure (which arises 
from the thermal agitation) is disturbed during 
superheating and undercooling. This disturbance 
of the normal balance of the pressures in a liquid 
causes elastic molecular strains that are abnormal. 
When such abnormal elastic strains exist in a glass 
within its annealing range, they relax gradually 
at rates that are governed by the inelastic de
formability which also governs the rates of relax
ation of ordinary strains in annealing glas~. 
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