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ABSTRACT 

A method is described for separating, by the process of adsorption, the aro­
matic hydrocarbons from their mixture with paraffin and naphthene (cycloparaffin) 
hydrocarbons, as in t he gasoline or ke-rosine fractions of petroleum. The m ix­
t ure is introduced into the top of a column containing an appropriate excess of 
solid adsorbent. A low-boiling paraffin hydrocarbon, such as pentane, butane, 
-or propane, is then added in sufficient quantity to removc from the column the 
paraffin and naphthene hydrocarbons but not the aromatic hydrocarbons. The 
latter are then removed by adding an appropriate desorbing liquid, such as meth­
.anol. The paraffins, naphthenbs, and pentane are thus obtained as a mixture 
from which the pentane is easily removed by distillation. The aromatic hydro­
carbons are obtained as a mixture with pentane and methanol. The methanol 
is easily removed by extraction with water and the pentane by distillation. 

This method of separation was tested on a known mixture of 17 pure hydro­
,carbons, the normal boiling points of which covered a range from 60° t o 1740 C 
and included all of the 5 normal paraffins from n-hexane through n-decane, the 
isoparaffin 2-methylpentane, the 4 normal alkyl cyclohexanes from cyclohexane 
through n-propylcyclohexane, and all of the 7 possible aromatic h ydrocarbons 
from benzene through isopropylbenzene. The separation of the aromatic hydro­
'Carbons from the paraffins and naphthenes was quantitative within the limits of 
measurement, and their recovery was complete within the normal operating loss 
·of material in processing. 

Experimental determinations were made of the quantity of aromatic hydro­
carbon adsorbed per u nit quantity of adsorbent, for a number of different binary 
solutions of aromatic hydrocarbons with paraffins or naphthenes, at several con­
eentrations of the aromatic h ydrocarbon, and with silica gel, carbon, magnesia, 
alumina, Filtrol, and Florisil as adsorbents. The results are displayed in the 
form of adsorption isotherms. 
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In this paper a method is described for separating, by the process 
of adsorption, the aromatic hydrocarbons from their mixture with 
paraffin and naphthene (cycloparaffin) hydrocarbons, as in the gasoline 
and kerosine fractions of petroleum. The method of adsorption used 
for this purpose is essentially that devised by the Russian botanist 
M. Tswett [1] 3 and commonly kn'own as the Tswett method or the 
chromatographic method. Previous applications of this method to 
the separation of aromatic hydrocarbons involved principally hydro­
carbons of high molecular weight and of biological importance.4 

While there are a number of reports on the use of the Tswett method 
in the field of petroleum chemistry [6, 7, 8, 9, 10, 11], the method 
does not appear to have been used for the separation and recovery 
of aromatic hydrocarbons from naphthene and paraffin hydrocarbons. 

II. GENERAL DESCRIPTION OF THE METHOD 

The petroleum fraction, a mixture of aromatic, naphthene, and 
paraffin hydrocarbons, is filtered through a column containing more 
than enough solid adsorbent to adsorb all of the aromatic hydro­
carbons. The filtrate (if any) is (a) an aromatic-free mixture of 
paraffins and naphthenes. In addition to the aromatic hydrocarbons 
(b) which are retained within the column principally by adsorption, 
there are retained some paraffins and naphthenes (c) in the macro­
scopic interstices of the adsorbent and some which are weakly adsorbed. 

The paraffins and naphthenes (c) are displaced by adding an ap­
propriate low-boiling hydrocarbon in the liquid state (e. g. n-propane, 
n-butane, or n-pentane). The filtrate from this operation is (d) 8l 

mixture of the displaced paraffins and naphthenes together with the 
hydrocarbon used in displacing them. The filtrates (a) and· (d) now 
contain the paraffins and naphthenes of the original charge. The 
original naphthenes and paraffins are separated by distillation from 
the low-boiling hydrocarbon in these fractions. 

3 Figures in braekets indicate the literature references at the end of tbis paper . 
'See. for example. Chromatographic Adsorption Analysis [21 and the compilation recorded there from 

the work of Kubn and Winterstein [31. Winterstein ana Schon 41. and Winterstein. Schon. and Vetler (5J. 
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The aromatic hydrocarbons on the adsorbent, together with the low­
boiling hydrocarbon in the column, are displaced by the addition of a 
substance which is more strongly adsorbed than the aromatic hydro­
carbons. The added substance may be methanol, in which case the 
aromatic hydrocarbons are obtained as a mixture with the low-boiling 
hydrocarbon and methanol. The methanol may be removed by extrac­
tion with water and the low-boiling paraffin removed by distillation, 
or, if pentane is used, both the methanol and the pentane may be 
removed by distillation, provided the amount of the pentane is more 
than sufficient to remove the methanol as an azeotropic mixture. 

The adsorbent may then be reactivated for the next cycle. 

III. STATEMENT OF PRINCIPLES INVOLVED IN THE 
METHOD 

Certain of the principles involved in the process of adsorption are 
now reasonably well understood r12, 13, 14]. When a solution of an 
aromatic hydrocarbon with a paraffin or a naphthene is filtered through 
a column of solid adsorbent, the first portion of solution comes into 
contact with successive layers of fresh adsorbent and its aromatic 
content is progressively reduced to zero. The first, or top, layer of 
adsorbent comes into contact with successive portions of solution 
having the initial concentration of aromatic hydrocarbons. This 
layer of adsorbent soon reaches a state of equilibrium between the 
aromatic hydrocarbons in the solution of the original concentration 
and the amount of aromatic hydrocarbon adsorbed per unit quantity 
of adsorbent. As the solution moves down the tube, successive layers 
of adsorbent come into contact and into equilibrium with solution of 
the initial concentration. Thus, extending downward from the top 
layer of adsorbent, a zone is formed in which the adsorbed aromatic 
hydrocarbon is in equilibrium with solution of the initial concentration, 
which solution fills the macroscopic interstices of the adsorbent. With 
continued introduction of solution at the top of the column, this 
equilibrium zone extends farther and farther down the tube, forcing the 
aromatic-free material ahead of it, with (if the filtration is not too 
rapid) a comparatively narrow region between the equilibrium zone 
and the aromatic-free portion. Finally, the equilibrium zone will 
reach the bottom or last layer of adsorbent, and, at this point, solution 
containing the initial concentration of aromatic hydrocarbon will just 
begin to emerge as filtrate from the bottom of the column of adsorbent. 

It is apparent that the treatment of a solution of an aromatic 
hydrocarbon in a paraffin or naphthene in the manner just described 
may yield a portion of the charge as aromatic-free material, but that 
a quantitative separation of paraffin or naphthene hydrocarbons from 
aromatic hydrocarbons is not possible by this process alone. The 
complete separation of a paraffin or naphthene hydrocarbon from an 
aromatic is possible if the ratio of the quantity of charge to adsorbent 
is selected (as described in section V) so that, when the entire charge 
has been introduced into the column of adsorbent, the equilibrium 
zone extends only part way down the adsorbent column. There is 
then introduced into the top of the column the displacing hydrocarbon 
(e. g., n-pentane). When the first portion of this solvent enters the 
first, or top, layer of adsorbent, it dissolves some of the aromatic 
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hydrocarbons. As successive portions pass through the top layer its 
aromatic content is progressively reduced to zero. In the meantime 
the original solution is displaced down the column and comes into 
contact with fresh adsorbent, and consequently the lower edge of the 
equilibrium zone moves downward. The net effect of this process is 
a downward movement of the equilibrium zone, together with a sub­
stitution of the displacing hydrocarbon for the paraffin or naphthene 
originally in the equilibrium zone. If sufficient adsorbent and dis­
placing liquid have been used, the original paraffin or naphthene will 
be completely displaced from the column before the equilibrium zone 
reaches the bottom and before aromatic material appears in the 
filtrate. 

IV. ADSORPTIVE CAPACITY OF VARIOUS ADSORBENTS 

1. SOLUTIONS INVESTIGATED AND METHODS EMPLOYED 

To find the best adsorbent to use in this method of separation, 
experimental determinations were made of the quantity of aromatic 
hydrocarbon adsorbed per unit quantity of adsorbent, for a number of 
clifferent binary solutions of aromatic hydrocarbons with paraffins 
ltnd naphthenes, at several concentrations of the aromatic hydro­
(~arbon, and with silica gel, carbon, magnesia, alumina, Filtrol, and 
1?lorisil as adsorb en ts. 

With silica gel 5 as the adsorbent, data were obtaind for one or more 
concentrations of the following solutions: A, toluene+2,2,4-tri­
methylpentane; A', toluene+2,2,4-trimethylpentane; N, toluene+ 
2,2,4-trimethylpentane; A3, toluene + 2,2,4-trimethylpentan e; B, 
toluene+n-heptane; B', toluene+n-heptane; BO, toluene+n-heptane; 
C, toluene+n-hexane; D, toluene+methylcyclohexane; E, benzene+ 
n-hexane; F, benzene+2,2,4-trimethylpentane; G, p-xylene+methyl­
cyclohexane; H, "diethylbenzene" + 2,2,4-trimethylpentane; I, iso­
propylbenzen e +n-nonane. 

All the observations for the solutions listed, except for solution 
BO, were made at the prevailing room temperature, which was 
recorded in each case and found to be within the range 23° to 28° C. 
Except in those cases where the letter representing the solution 
is characterized with a superscript, one lot of the regular silica gel, 
sample I-a, (see section IV-5) was used. The data, which are dis­
played in the form of adsorption isotherms in figures 1 and 2, were 
obtained from filtration experiments on solutions of known concen­
tration, using 75 g of silica gel, and with a ratio of length to diameter 
of the column of adsorbent about 40 to 1. The volume of aromatic­
free filtrate, corrected for the small intermediate portion, was deter­
mined as described previously [11] . The quantity of aromatic 
adsorbed was computed on the assumption that no paraffin or naph­
thene was adsorbed.6 On this basis the quantity of aromatic adsorbed 

• Tn this paper the term "silica gel," in any given particle size, when used without qualification, refers to 
material stabilized at the "normal" temperature and designated as No . 659528-2000 (28 to 200 mesh) or No. 
659528-420 (28 to 42 mesh) , Davison Chemical Corp ., Baltimore, Md. In several instances, sil ica gel 
stahilized at higher than the "normal" temperature and designated as No. 859528-2000 (28 to 200 mesh) was 
used and is so indicated . 

6 Actually a small amount of paraffin or napthene is adsorbed and consequently the correct values for the 
",monnt of aromatic adsorbed will be slightly greater than the values shown in figures 1 and 2. 
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is that quantity which in the original solution was associated with the 
portion rendered aromatic-free. The equilibrium concentration is 
in this case the concentration of the original solution. 

r---~------~----'---~~----'-----~----,,-----r----~O 
\ :; I ~ I 

\ 0 0 0 '" '" 0 

H H FI ~ H H H H 

~ 
0 
u 

·in 
LC 

- .. 
~ 0 

C 0 l ~ 
0 

~ .~ 

{ € 
0 ;;: 0; E 

~ { { . ~ c 

f ~ 
~ ~ ~ 

0 

f • 
, , • ! c . c ~ 

~ E' f 
~ 0 

" € . I oi LC 

~ l .~ l E 

I r 0 

f 
oi • · . · ~ 

c ~ ~ + + § c 0 r. 

" · 0 0 0 

~ 
0 

€ ~ · · ! ~ ~ ~ " .. .. "- . oi 
N oi oj N LC N · ~ 

N oj N oj c c c c E + D C C 

+ + + i + + + + + · . D + + . 
~ 
. . 

c c ~ . ~ ~ . · · . ~ . . · · ~ 0 · , 
~ 

~ , , c "0 ~ , 
~ ~ ::2 ~ ~ ~ ~ ~ E · · " ~'iS ~ ~ ::2 '" D 

.; .; .; .; -: .; 
~ .;. .r 0 · .- · .. x .:. ... X ... - -.; ..... ,,- <D -.; <.> 0 W ... '" r - " .i " 

<.> 
~ 

~~ ... 

o 
.1N38~OSO\t~0 Vi!> 001 !J3d 03SaOSO\1 Noa!J\t:JO~OAH :Jll~O!l\t ~O S310Vi 

.;; 

.~ 

;;: 
LC 

i 

. 
c 
0 

! 
+ . 
c , 
2 
~ 
z 

o 

'" d 

z 
o 
!D 
a: ... 
u 
o 
a: 

00 
on >­
d I 

The results of observations with carbon, alumina, magnesia, 
Filtrol, and Florisil, as the adsorbents, and represented, respectively, 
by the letters J, L, M, K, and N for solutions of toluene and n-heptane, 



170 Jowrnal of R esearch of the National Bureau of Standards 

are also shown in figures 1 and 2. These results were obtained 
from experiments performed at 25° C, in which a known weight of 
adsorbent was shaken with the solution until equilibrium was attained 
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and the amount adsorbed was computed from the amount of solution 
and its!change in concentration.7 

1 ExperimentsIperformed in this manner with silica gei as the adsorbent gave results which, though 
somewhat less precise, were in suhstantial agreement with those from the filtration experi ments. To 
avoid undnly complicating figures 1 and 2 these results are not inclnded. 
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2. EFFECT OF TEMPERATURE ON THE AMOUNT OF AROMATIC 
HYDROCARBON ADSORBED 

The effect of temperature on the amount of aromatic hydrocarbon 
adsorbed may be noted by comparing the points BO and B' in figures 1 
and 2, which refer to experiments performed on the same solution at 
0° C and at 28° C, respectively. The amounts of aromatic hydrocar­
bon adsorbed per 100 g of silica gel at 0° C and at 28° Care 16.26 and 
14.51 g, respectively, for this solution, which contains 15.23 percent 
by volume of toluene. This is a change of about 0.4 percent per degree 
for this concentration. 

3. VARIATION IN THE COMPOSITION OF THE PARAFFIN AND 
NAPHTHENE HYDROCARBONS IN THE SOLUTION 

When, as in figure 1, the moles of aromatic hydrocarbon adsorbed 
are plotted with respect to the concentration of aromatic hydrocarbon 
in mole fraction, a single curve may be used to represent the data for 
any of the paraffin hydrocarbons with a given aromatic hydrocarbon. 
Thus, the observations for solutions A, B, and C, which represent 
toluene with 2,2,4-trinlethylpentane, n-heptane, and n-hexane. respec­
tively, fall substantially on a single curve. Also, the observations for 
solutions E and F, representing benzene with 2,2,4-trimethylpentane 
and n-hexane, respectively, fall on a single curve. The observations 
for solutions of toluene with methylcyclohexane fall on a separate 
curve, D, which is somewhat below that for toluene with the paraffin 
hydrocarbons. 

Since, in the separation process, it is convenient to work with 
volumes, the results are plotted in figure 2 in terms of the volume of 
aromatic adsorbed with respect to its concentration in percentage by 
volume. 

4. VARIATION IN THE COMPOSITION OF THE AROMATIC HYDRO­
CARBONS IN THE SOLUTIONS 

The observations on solutions E, F, G, H, and I involve aromatic 
hydrocarbons other than toluene. When expressed as in figure 1, in 
terms of the moles of aromatic hydrocarbons adsorbed with respect to 
the concentration in mole fraction, the results show that the number of 
moles of aromatic hydrocarbon adsorbed decreases as the molecular 
weight of the aromatic hydrocarbon is increased. When expressed as 
in figure 2, in terms of the volume of aromatic adsorbed with respect 
to the concentration in percentage by volume, the results show that the 
variation in the volume adsorbed, for different aromatics, is compara­
tively small, and depends to some extent on the structure of the indi­
vidual aromatic hydrocarbons. 

s. COMPARISON OF VARIOUS ADSORBENTS 

Several lots of silica gel 8 were used for these observations. Lots 
I-a and I-a' were stabilized at the normal temperature and were of 
28- to 200- and 28- to 42-mesh size, respectively. Lot I- b, although 
delivered to the laboratory at a later date than was I- a, was from thl"l 

, See footnote 5. 
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same manufactured batch. Lot II was prepared in the same way 
as lots I-a and I- b but was from another manufactured batch. Lot 
III was of 28- to 200-mesh size but was stabilized at higher than the 
normal temperature. 

The observation on solution B' was made with lot I- b, and is in 
accord with the rest of the observations for the B series, which were 
made with lot I-a. The observation for solution A', which was 
made with lot I-a', is in accord with the rest of the observations for 
the A series, which were made with lot I-a, and shows that these 
two lots of different particle size have substantially the same adsorp­
tive capacity. The observations represented by the points A2 were 
made with lot II, and the points fall substantially below the curve 
for the rest of the A series, which indicates a lower adsorptive capacity. 
The observ3,tion on solution A3 was made with lot III. The point 
A3 falls well below the curve for the A series, and indicates that the 
adsorptive capacity of the silica gel stabilized at the higher temper­
ature is less than that of the material stabilized at the normal temper­
ature. It may be noted, however, that because the apparent den­
sity of the silica gel stabilized at the normal temperature is less than 
that of the other, the adsorptive capacities, per unit volume, do not 
differ greatly. 

The points J, L, M, K, and N represent the results of observations 
with solutions of toluene in n-heptane when carbon, alumina, mag­
nesia, Filtrol, and Florisil, respectively, were used as adsorbents.9 

By a comparison of the points J, K, L, M, and N with curve B, it is 
evident that of these adsorbents, and for the systems under investiga­
tion, only carbon has an adsorptive capacity which approaches that of 
silica gel. However, the apparent density of activated carbon is less 
than that of silica gel, and, on a volume basis, its adsorptive capacity 
is substantially less than that of silica gel. 

V. ESTIMATION OF THE AMOUNT OF SILICA GEL 
REQUIRED FOR A GIVEN LARGE-SCALE SEPARATION 

Before an estimate can be made of the quantity of silica gel required 
to separate a given solution, it is necessary to know the concentration 
of aromatic hydrocarbon and the amount of aromatic hydrocarbon 
absorbed per unit mass of adsorbent from a solution of the given 
concentration. The aromatic content of the solution may be de­
termined from a preliminary small-scale experiment, in which a por­
tion is filtered through a standard quantity of silica gel [11]. From 
the volume of aromatic-free filtrate produced in this experiment and 
the concentration of aromatic hydrocarbon in the original solution, 
the amount of aromatic hydrocarbon adsorbed per gram of adsorbent 
can also be determined. 

It is also necessary to determine experimentally the amount of dis­
placing liquid required to wash the adsorbent completely free from the 
original paraffin-naphthene mixture and carry it into the filtrate (see 
section VIII-I). 

, The identifying characteristics of these adsorbents are: Columbia Activated Carbon, Grade F, size 20 
to 48 mesh, Carbide & Carbon Chemicals Corp., New York, N. Y.; Activated Alumina, Grade A, size 80 
to 300 mesh, Aluminum Ore Co., East St. Louis, Ill.; Adsorptive Powdered Magnesia No . 2641, impalpable 
powder, California Chemical Co., Newark, Calif.; Filtrol (prepared commercial fuller's earth) X-215, 
M-162, size 60 to 100 mesh, special lot supplied by G. Calingaert, o[ the Ethyl Gasoline Corp., [or this ex­
periment; Florisil (prepared commercial [uller's earth), analytical adsorbent, 60 to 100 mesh, Floridin Co., 
Warren, Pa. 
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The estimation of the amount of silica gel required for the separation 
of a simple binary mixture of an aromatic and a paraffin hydrocarbon, 
using as a displacing liquid another paraffin hydrocarbon, is made in 
the following manner: As stated in section III, the displacing liquid, 
in addition to substituting itself for the paraffin originally present, 
causes a downward movement of the equilibrium zone. In the ideal 
case involving no mixing of the displacing liquid and the paraffin 
hydrocarbon of the original solution, the column would be divided into 
three zones: a zone at the top containing only the displacing liquid; a 
second zone in which the adsorbed aromatics are in equilibrium with 
those in the displacing liquid; and a third zone containing only the 
original paraffin. The minimum quantity of adsorbent required 
would be that quantity which would just allow the original paraffin to 
pass completely from the column but would not allow any of the liquid 
from the second zone to pass out of the column. If the displacing 
liquid simply forces the solution ahead of it, without any mixing be­
tween it and the original solution, and if the break between the equi­
librium zone and the aromatic-free portion ahead of it is infinitely 
sharp, the theoretical minimum quantity of adsorbent is given by the 
equation 

(1) 

Here na is the number of moles of aromatic hydrocarbon in the solu­
tion, Qa is the adsorptive capacity of the adsorbent in moles of aromatic 
hydrocarbon per gram of adsorbent for the given concentration of 
aromatic hydrocarbon, y is the number of grams of adsorbent, n. is 
the number of moles of original solution, and Xu is the mole fraction of 
aromatic hydrocarbon. 

The ideal case just described does not represent the actual situation 
accurately, because in practice there is some mixing between the 
displacing liquid and the original solution. Furthermore, the amount 
of the ori~inal paraffin or naphthene that is actually adsorbed must be 
desorbed. 0 For these reasons it is necessary to pass an additional 
amount of the displacing liquid through the column to wash out the 
original paraffin completely and to carry it into the filtrate. 

To estimate the total quantity of adsorbent required, the process 
may be regarded as taking place in a series of steps. In the first step, 
the quantity of adsorbent required to adsorb the aromatic hydro­
carbons from the original solution may be computed. Similarly, 
in each succeeding step there may be computed the quantity of ad­
sorbent which is necessary to adsorb the aromatic hydrocarbons from 
the displacing liquid required in the preceding step. The quantity 
of adsorbent required in the first step is that given by the following 
equation, which is equation 1 converted to a volume basis: 

Vsca ( ) Y= -Q 2 va 
Here Vs is the volume of the solution, Ca is the volume fraction of 
aromatic hydrocarbon in the solution, and Qva is the adsorptive 
capacity in volume of aromatic hydrocarbon per gram of adsorbent. 

10 See footnote 6. 
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If b is the volume of displacing liquid required per gram of adsorbent 
to remove the original paraffin completely from the first step, then 

V,cab 
Q.a 

is the volume of displacing liquid required in the first step. If ca' is 
the concentration in volume fraction of aromatic hydrocarbon in the 
displacing solution, . 

VsCa(J!~) 
Qoa I-ca 

is the volume of aromatic hydrocarbon to be adsorbed. If Q.o' is the 
adsorptive capacity of the adsorbent for a solution of the concentra­
tion co', the quantity of adsorbent required in the second step is 

V sca[ ca' ( b )] 
Q.a Qoa' I-co' . 

The total quantity of adsorbent required for all steps is 

V sca[ + ca' ( b )+ ca'ca" ( b )( b)+ ] (3) 
y= Q.a 1 Qoa' I-ca' Qva'Q.a" I-ca' I-co" .•. 

Assuming that ca' =co"=ca''' = .. . and that Q.a'=Q.o"=Q.a'''= 
., and substituting k for co' /Q.o', there is obtained 

y= Vsca[I+k( b ,)+p( b ,)2+ ... ]= vsca[ -~J 
Q.a ... ~>... 1 Ca 1 ca Q.a 1 I-ca' 

Vsca[ I-ca' ] ,. = -- , • 
• ' Q.a I-ca -kb (4) 

In determrning values to be used for k and b, it is desirable to consider 
separately the case of solutions with greater than 20-percent aromatic 
content from the case of those with less, for the r easons indicated 
below. 

With pentane as the displacing liquid and with the natural rate of 
flow obtained, using well-packed silica gel of 28 to 200 mesh, the 
aromatic content of the displacing liquid is usually less than about 
15 volume percent for all concentrations of the original solution above 
about 20 volume percent. To be safe, however, ca' may be taken 
as 0.20 and the corresponding value 0.18 taken for Q.a', so that 
k=ca' /Q.a' becomes about 1.1. In addition to the simple volume 
displacement of the original solution, the displacing liquid must also 
desorb and substitute itself for any of the original paraffins and 
naphthenes which have been adsorbed. The quantity of displacing 
liquid required for this purpose depends on the equilibrium between 
the displacing liquid and the original paraffin and naphthene, and on 
how closely this equilibrium is approached in the desorption process. 
This in turn depends on the rate of filtration. With pentane as the 
displacing liquid, and with the natural rate of flow obtained with 
well-packed silica gel of 28 to 200 mesh, an allowance of 0.35 to 
0.40 ml of pentane per gram of silica gel usually suffices to remove 
the original paraffins and naphthenes and to carry them into the 
filtrate (see section VIII-I). That is to say, b may be taken as equal 
to 0.35 ml/g. Substituting the values for k, b, and ca' in equation 
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5 for all solutions with an aromatic content greater than about 20 
volume percent, the quantity of silica gel required becomes 

2V•Ca y= -Q • 
• a 

(5) 

For original solutions containing less than about 20 volume percent 
of aromatic hydrocarbon, the difference between the concentration of 
aromatics in the original solution and in the displacing liquid (n­
pentane) is much less than for solutions containing more than 
about 20 percen t by volume of aromatic hydrocarbon, and in the 
absence of any better method for estimating the concentration of 
aromatic hydrocarbon in the displacing liquid, c' a may be taken as 
equal to Ca, and Q',a may be taken as equal to Q.(}. . Thus for solutions 
containing less than about 20 volume percent of aromatic hydrocar­
bons, the required quantity of silica gel is 

V.ca[ l-ca ] 
Y= Qva l -ca-kb . (6) 

It should be emphasized that equations 5 and 6 will give approx­
imately the quantity of silica gel required only for silica gel of 28 t o 
200 mesh, in well-packed columns of comparatively narrow diameter 
(2.5 to 5 cm). With columns of wide diameter the rates Qf flow at 
various distances from the periphery are likely to differ appreciably . 
Thus the boundaries of the zones will not be substantially normal to 
the walls of the column but may be concave, convex, or irregular in 
shape. A greater quantity of adsorbent will therefore be required. 
For silica gel of larger particle size, with which the rate of flow (when 
not controlled) is rapid, a greater volume of displacing liquid will be 
required, and the concentration of aromatic hydrocarbons in the dis­
placing liquid may be considerably below the values given in this 
section. 

VI. APPARATUS AND MATERIAL 

1. THE ADSORPTION TUBE 

The only apparatus specifically req uired for the adsorption method 
is a cylindrical tube of a volume sufficient to hold the quantity of 
adsorbent required for the given separation . The ratios of length 
to diameter of the tubes prepared in this laboratory are generally 
not less than 30 to 1. The adsorption column may be made out of 
any material that will not react with the hydrocarbons or the dis­
placing or desorbing liquids. Some arrangement for retaining the 
adsorbent within the column must also be provided. In the case of 
the Pyrex glass columns used in this laboratory, the adsorbent is re­
t ained with a small plug of glass wool fitted into the bottom of the 
adsorption column, which is drawn down and sealed to a tube of smaller 
dimensions. It is desirable to include a stopcock in the small tube 
at the bottom of the column, so that the flow of filtrate may be inter­
rupted when it is desired to change the receiver. In the filtration 
process, there is a rise in temperature due to the heat of adsorption, 
and it is desirable to prevent loss by evaporation by refrigerating the 
receiver . Precautions should also be taken to prevent loss by evapo-
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ration at the top of the column, as by venting through a capillary 
tube if the operation is performed at atmospheric pressure. 
, If it is desired to reactivate the adsorbent in the column used for 
the adsorption, the column should preferably be constructed of 
some metal such as stainless steel. In this case, additional equip­
ment for maintaining the column at the desired temperature, for 
introducing steam and air or an inert gas and for condensing the excess 
desorbing liquid must be provided. 

2. THE ADSORBENT 

Any solid adsorbent which selectively adsorbs aromatic hydrocdr­
bons may be used. Practically, however, it is desirable that the 
adsorbent have as large an adsorptive capacity per unit volume as 
possible, in order that the size of the adsorption column may be kept 
at a minimum. For this particular work, silica gel appears to be better 
than the other adsorbents tested (section IV -5). The 28- to 200- and 
the 28- to 42-mesh sizes of silica gel have substantially the same 
adsorptive capacity (section IV-5), but the rate of filtration (unless 
auxiliary control is provided) is many times greater with the silica 
gel of larger particle size. As already mentioned, the more rapid the 
rate of filtration the greater the volume of pentane required, and the 
greater the tendency to produce irregularly shaped zones. For these 
reasons, the 28 to 200 mesh appears preferable for laboratory work, 
whereas for large-scale operation, where time is a major consideration, 
a larger size may be more desiI:able. 

3. THE DISPLACING LIQUID 

Any paraffin or naphthene hydrocarbon in the liquid phase with a 
boiling point well removed from that of the material under investiga­
tion may be used to displace the original paraffins and naphthenes. 
With hydrocarbons of the gasoline fraction. n-pentane, n-outane, or 
n-propane may be used. When the method is used on a laboratory 
scale, n-pentane is the most convenient displacing liquid. 

4. THE DESORBING LIQUID 

Almost any polar liquid which does not react with the hydrocar­
bons, the adsorbent, or the material of the adsorption tube may be 
used to desorb the aromatic hydrocarbons. For work on a laboratory 
scale, it is desirable that the desorbing liquid dissolve and carry the 
aromatic hydrocarbons in solution into the filtrate. It is also desir­
able that the desorbing liquid be completely soluble in water and prefer­
entially less soluble in the hydrocarbon, in order that its removal 
from the hydrocarbon may be readily effected by extraction with 
water. Methanol, acetone, and water have been used as desorbing 
liquids in this laboratory. 

Water readily effects the desorption of aromatic hydrocarbons, 
but they remain entrapped within the macroscopic interstices of the 
adsorbent. In this case, if the aromatics are not too high-boiling, 
they can be removed by the passage of steam. While this procedure 
may have some merit for large scale operation, it is inconvenient for 
laboratory work. Acetone also desorbs aromatic hydrocarbons, but 
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a number of washings with water are required to remove completely 
the acetone from the hydrocarbon portion. 

Methanol is more satisfactory than water or acetone, since it dis­
solves the aromatic hydrocarbons and since a single extraction with 
water removes it almost completely from the hydrocarbon portion. 

VII. PROCEDURE 

The fra.tion by volume of aromatic hydrocarbon, Cu, and the volume 
of aromatic hydrocarbon, Qoa adsorbed per gram of ad!llorbent are 
determined for the petroleum fraction or mixture of hydrocarbons to 
be separated. The quantity of adsorbent required for the separation 
of a given volume of solution is then estimated (section 5), and this is 
charged into an adsorption column of the proper size. The mixture 
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FIGURE 3.-Results on the quantitative separation of the aromatic hydrocarbons in 
a known mixture of 17 pure hydrocarbons. 

The scale of ordinates gives the refractive indices of the fractions of filtrate, and the scale of abscissas gives 
the total volume of filtrate. 

of hydrocarbons is allowed to filter through the adsorbent, and, as 
soon as the last of this material has entered the top layer of adsorbent, 
n-pentane is added and allowed to filter. It is desirable to use a 
substantial excess of pentane over that quantity which was estimated 
as sufficient to remove all the paraffins and naphthenes and which 
was used to estimate the quantity of silica gel required. As soon as 
the requisite amount of pentane has passed through the top layer 9f 
adsorbent, methanol is added to the column and allowed to filter. 
Fractions of filtrate are collected and their refractive indices deter­
mined. In figure 3 the refractive indices of the fractions resulting 
from a typical experiment are plotted with respect to the total volume 
of filtrate. This figure shows the decrease in refractive index from 
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that of the original naphthene-paraffin portion to that of pentane, 
then the increase as aromatic hydrocarbons appear in the filtrate, 
and finally, when all the aromatic hydrocarbons have been removed, 
the decrease nearly to the refractive index of methanol (see section 
VIII-3). 

If a definite portion with the refractive index of n-pentane is not 
obtained, the operation is a failure and should be repeated with more 
pentane, or more silica gel, or both. 

The naphthene-paraffin portion is distilled to remove the n-pentane. 
The aromatic portion is extracted once with water to remove the 
methanol and then distilled to remove n-pentane. If a small amount 
of methanol remains after the extraction, it will be removed as an 
azeotropic distillate with the n-pentaneY 

At the end of an operation, the adsorbent contains only methanol 
and is readily reactivated. This can be done by sweeping out the 
methanol with steam, and following this with a stream of air at 1800 

to 200 0 C. Or an inert gas may be used to sweep out the methanol, 
and the temperature finally raised to 1800 to 200 0 C while still passing 
the inert gas. 

VIII. EXPERIMENTAL STUDY 

1. DETERMINATION OF THE AMOUNT OF PENTANE REQUIRED TO 
REMOVE METHYLCYCLOHEXANE FROM SILICA GEL 

A series of experiments was performed to determine the amount of 
pentane required to remove completely methylcyclohexane from 
columns of silica gel of various dimensions. In these experiments a 
measured volume of methylcyclohexane was poured onto a column 
of silica gel. As soon as all the methylcyclohexane had passed into 
the top layer of the adsorbent, pentane was added. Small fractions 
of filtrate were collected and their volumes and refractive indices 
measured. The total volume of filtrate which passed before the refrac­
tive index of the filtrate fell to the value of n-pentane was determined, 
and the volume of pentane which passed into the filtrates up to this 
point was computed. The results of this series of experiments are 
shown in table 1. In the first five experiments, which were performed 
with silica gel of 28- to 200-mesh size in columns in which the diam­
eter varied between 4.27 and 1.03 em and the ratio of length to 
diameter between 11.7 and 70.2, substantially the same ratio of pen­
tane to silica gel, namely 0.28 to 0.33 ml per gram, was required. In 
experiments 6 and 7, silica gel of 28- to 42-mesh size was employed and 
a much higher ratio of pentane to silica gel was required, namely 0.60 
to 0.76 ml per · gram. The larger quantity required in this case is 
associated with more rapid filtration. In experiments 8 and 9, a stop­
cock at the bottom of the column was used to reduce the speed of 
filtration to a small fraction of the free rate. In this case the amount 
of pentane was reduced, and the values 0.35 and 0.48 per ml per gram 
were obtained. Unless the adsorption column has been provided with 
equipment to control the rate of filtration and unless the influence of 
this factor has been evaluated for the apparatus in question, adsorbent 
of 28- to 200-mesh size should be used for laboratory work. 

11 It is interesting to note that methanol displaces a small amount of water from the silica gel in the column, 
Bnd this causes the appearance of two phases in certain of the filtrate fractions . The fractions indicated with 
asterisks in figure 3 contained two phases. (See also section VIII-3.) 
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TABLE I.-Amount of pentane required to remove methylcyclohexanea from silica gel 

Dimensions of the column Ratio: vol· 
Experiment Particle Mass of Volume umeof 

size of silica of pentane to number silica gel gel pentane length mass o( Length Diameter Ratio: diameter silica gel 
---

Mes/j g ml em em ml/gm 
L ................ 28 to 200 31.0S 9.00 50 1.03 .8. 5 0.29 ±0.03 
2 ........•........ 28 to 200 65.10 18. 7 50 1. 52 32.9 .29± .03 
3 .............•... 28 to 200 170.4 56 50 2.43 20. 6 .33±.03 
4 ...............•. 28 to 200 485.0 154 50 4.27 11.7 .32± .03 
6 ..........•...... 28 to 200 108.4 30.5 99 1. 41 70.2 .28± . 03 
6 . ................ 28 to 42 29. 9 IS 50 1.03 48. 6 .60±. 06 
7 ..............•.. 28 to 42 62.9 S.3 50 1. 52 32.9 .76± .05 
8b •••••••••••••••• 28 to 42 63.0 22 50 1. 52 32.9 .35± .03 
9b •• ••••••••.••••• 28 to 42 158.8 76 50 2. 43 20.6 .48± .03 

• A sutllcient amount o( methylcyclohexane was used in each experiment, so that the first portion o( the 
filtrate contained only metbylcyclohexane. 

b In experiments 8 and 9, tbe rate oC filtration was reduced below that offree filtration by means o( a stop­
cock at the bottom of tbe adsorption column. 

2. RECOVERY OF METHYLCYCLOHEXANE·HEPT ANE MIXTURE 
FROM SILICA GEL 

A mixture of 365.3 g (505.9 ml), consisting of 47.33 percent by weight 
of n-heptane and 52.67 percent by weight of methylcyclohexane, 
was added to a column containing 2,000 g of silica gel,I2 This column 
of silica gel was 120 cm long and 5 cm in diameter. Pentane was 
added after all the heptane-methycyclohexane mixture had passed 
into the top layer of the adsorbent. After 1,125 ml of filtrate had 
been collected, the refrac tive index of the filtrate had fallen to that 
of n-pentane. (This corresponds to 619 ml of pentane in the filtrate, 
or 0.31 ml of pentane per gram of silica geL) The pentane was 
separated from the heptane-methylcyclohexane mixture by distil­
lation in an appropriate column, and the heptane-methylcyclohexane 
mixture siphoned from the still pot into a cold bottle. The still was 
washed with methanol and the heptane-methylcyclohexane recovered 
from the washings by removal of the methanol by extraction with 
water. The total mass of heptane-methylcyclohexane recovered 
was 362.9 g. The loss was 2.4 g, which corresponds to 0.7 percent 
of the original mass. 

3. DETERMINATION OF THE AMOUNT OF METHANOL REQUIRED 
TO REMOVE TOLUENE AND "DIETHYLBENZENE" FROM SILICA 
GEL 

Three filtration experiments were performed with 200 g of silica 
gel 13 in a 60-cm column 2.3 cm in diameter. In the first and second 
experiments, 15 ml of "diethylbenzene" and 15 ml of toluene, respec­
tively, were added and allowed to percolate into the gel, and then 
methanol was added. In the third experiment, methanol alone was 
allowed to filter through the adsorbent. The results of these experi­
ments are shown in figure 4, in which curves I, II, and III refer, 
respectively, to experiments 1, 2, and 3, and in which the refractive 

"No. 859528-2000, see (ootnote 5. 
I! No. 859528-2000, see Cootnote 5. 
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indices of the individual filtrate fractions are plotted with respect to 
the volume of filtrate. 

Curves I and II show that after a volume of filtrate of about 30 
ml was obtained the refractive index of the filt.rate fell nearly to the 
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FIGURE 4.-Results of experiments on the recovery of toluene and 
"diethylbenzene" from silica gel. 
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The scale of ordinates gives the ref(active indices of the frations of filtrate and the scale of abscissas gives 
the total volume of filtrate. Curves I and II refer to experiments in which "diethylbenzene" and toluene, 
respectively, were added to the adsorbent column and then methanol was added. Ourve III refers to an 
experiment in which only methanol was added. 

refractive index of methanol. The fractions representing that portion 
of the filtrate beyond 30 ml were free from hydrocarbon. The failure 
to reach the refractive index of methanol immediately after the re-
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moval of the hydrocarbon was found to be due to the continued dis­
placement of small amounts of water from the silica gel. The presence 
of water was evident in the second fractions from the first two experi­
ments, in which two phases were observed. In experiment 3, in which 
methanol alone was filtered, the refractive index (nD25 ) of the first 
fraction was 1.3319, which may be compared with the values 1.3266 
and 1.?325 for methanol and water, respectively. In general, fractions 
with refractive indices below about 1.329 are unlikely to contain 
hydrocarbon, but should in any case be tested by extraction with 
water. . 

4. RECOVERY OF TOLUENE FROM SILICA GEL 
I 

A weighed amount of toluene (approximately 15 ml) was added 
to a column containing 200 g of silica gelY After all the toluene had 
passed into the top layer of silica gel, methanol was added. The 
filtrate was allowed to run into a weighed 125-ml separatory funnel 
containing 30 ml of water. After 30 ml of filtrate had collected, the 
total volume of water in the separatory funnel was brought to 85 rol, 
the separatory funnel was shaken and placed in a cen trifuge, and 
the mixture centrifuged. The bulk of the aqueous solution was 
drawn off, the mixture again centrifuged, and the remainder of the 
aqueous solution drawn off. In this manner a sharp separation be­
tween the phases was obtained, and the walls of the separatory funnel 
were entirely free from water globules. The recovered toluene was 
weighed. The results of three such experiments, together with those 
of three blank experiments in which the same volumes of toluene, 
methanol, and water were shaken together in a separatory funnel and 
the toluene recovered and weighed, gave the following results: Loss 
of toluene in both adsorption and recovery, mean of three experiments, 
0.35±0.05 percent by weight; loss of toluene in the blank experiments, 
mean of three experiments, 0.14±0.02 percent by weight; loss of 
toluene in the adsorption process alone, mean 0.21±0.05 percent by 
weight. 

S. SEPARATION AND RECOVERY OF A KNOWN MIXTURE OF ARO­
MATIC HYDROCARBONS FROM A KNOWN MIXTURE OF NAPH­
THENES AND PARAFFINS 

A mixture of the 17 known hydrocarbons shown in table 2 was 
prepared quantitatively by weight. This mixture (about 2.3 liters 
in volume) was divided into four nearly equal portions, each of which 
was filtered through 4,200 g of silica gel,15 contained in a 250-cm 
column, 5 cm in diameter. This was followed by the addition of 1,800 
ml of n-pentane and then by the addition of methanol. The refractive 
indices of the fractions resulting from the filtration of one of these por­
tions are shown in figure 3. The naphthene-paraffin portions and the 
aromatic portions from the four experiments were combined to make 
one naphthene-paraffin portion and one aromatic portion. The pen­
tane and methanol were removed from each portion as described in 
section VII, and the remainder of each portion was distilled separately 
in a column of high separating efficiency. The values of boiling point 
and refractive index of the fractions of distillate as a function of the 

11 No. 859528-2000, see footnote 5. 
11 No. 859528-2000, see footnote 5. 
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volume and mass showed in each case excellent accord with the known 
composition of the material.I6 An indication of the completeness of 
the separation and of the material lost during the processes of adsorp­
tion and distillation is given in table 3. 

The percentages of the total product recovered constituted by the 
aromatic portion and by the naphthene-paraffin portion recovered are 
35.97 and 64.05, respectively, whflreas the corresponding percentages 
representing the composition of the original material are 35.69 and 
64.31. That is to say, the percentage by weight of the aromatics in 
the material recovered differs from that in the material charged by 
only 0.3 percent. 

TABLE 2.-Data on the 17 pure hydrocarbons used in making up the known "test" 
mixture 

Compound 

2-Methylpentane __ _ . _. __ •. _. __ _______ .••• _ •. _ . . 
n·Hexane ..... _._ ... ___ ..•.. _. __ .. ___ . ___ ._ ... __ 
Benzene ... . _. ___ .• ___ . __ .,, ____ . _____ . ____ . ___ _ 
Cyclohexane ... __ .... _,_.,., __ ... _. ___ . _. _. ___ _ 
n·Heptane . .... _ ............. _ ....... _._ .•. _ .. . 
Methylcyclohexane .. .............. __ ...... _ .. _ 
Toluene __ ...... _ ..... ..... _ ................... . 
n·Octane ______ . . _ ........... _ ................. . 
Etbylcylobexane __ •.•.. __ .. __ . __ ... __ .. _. _ .... _ 
Etbylben.ene_._ .... _ .. __ .... . .. _ .....•.. __ ._ .. 
p·Xylene __ ._ ..... _._ ........ ____ . ____ .. _._._ ... 
m·Xylene ...... _._. ___ • ____ . __________ .• _ .. ___ . 
o-Xylene ._._._ .. __ .... __ • ____ .. _. ___ ._. __ ...... 
n·N OORne .•• __ • _ ...... ______ •••.• _. ___ • _. _____ • 
Isopropylbemene .. ... ... ........ ........... __ _ 
n· Propylcyclobexane .......................... . 
n·Decane_ ............... _ ..................... . 

Boiling 
point 

°0 
60.3 
68.7 
80.1 
80. 7 
98.4 

100.9 
110.6 
125.7 
131.8 
136.2 
138. 4 
139.1 
144.4 
150.8 
152.4 
156 
174.0 

Paraffin 

g 
57.79 
97.39 

Mass 

Napbtbene Aromatic 

__ ______ .... _ ......... ______ 86. 46 
.. __ .... _ ... __ 158.90 •• _ .......... . 

132.97 _ ... ___ . ____ .. ___ ....... ___ • 
___ . .. _ ..• _.__ 141. 47 _ ........ __ ._. 
____ .. ___ .......... ____ ..... 94.10 

105.64 ...... __ .. __ .. __ ,,_._._._.,. 
.... ____ ...... 62.17 """ ' ''_'' __ 
. •.• __ ...... __ ...... _ ..... __ 87.40 
.. _____________ ..... ___ ... _. 89.44 
.... __ ...... __ .. __ . __ ....... 88.94 
. ..• ____ _ . __ _ ...... __ ..... _. 73.80 

110. 46 _ ..•• __ ._ ......... __ ... _ .. _. 
_. __ .. _ ••• _ .•. _ ......... __ .. 104.77 
_ ••.•.• _. ___ .. 115.19 __ .. __ ._._~_ •• 

144.03 

TotaL ......... _._ •.•.•••.• _ •• __ .•••• ____ ....... __ .... . 648.28 477. 73 624.91 

TABLE 3.-Results on the quantitative separation and recovery of the aromatic hydro­
carbons in a known mixture of 17 pU1'e hydrocaTbons 

Charged Recovered Loss 
MRterlal 

Mass Percenta.ge Mass Percentage Mass Percentage 

g g U Aromatics _. _____ ._ ..... __ ... _ 624.91 35.69 617.71 35.28 7.20 
P8laffins+naphtbenes ...... _~ 1,126.01 64.31 1,099.66 62.80 26.55 

TotaL .... _ .. __ .. __ . _ ... 1,750.92 100.00 1,717.37 98.08 33.55 

IX. DISCUSSION OF THE SEPARATION OF HYDRO­
CARBONS BY ADSORPTION 

0.41 
1.51 

1.92 

The method of separating aromatic hydrocarbons from naphthenes 
and paraffins by adsorption has the following desirable features: (a) 
the simple type of the apparatus required; (b) the quantitative nature 
of the separation which can be obtained; and (c) the applicability of 
the method to material of very wide boiling range, such as the entire 
gasoline or kerosine fractions of petroleum. 

If A report on the analysis of the fractions from this distillation is given elsewbere [15]. 
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The separation of aromatic hydrocarbons from naphthenes and 
paraffins is only one of several separations which, by the choice of 
proper conditions, can be accomplished by the use of the adsorption 
method. Winterstein and coworkers [3, 5] have shown that various 
polynuclear aromatic hydrocarbons may be separated from each 
other. These authors have found that for aromatic hydrocarbons 
consisting of condensed rings arranged linearly those with the greater 
number of rings are the more strongly adsorbed, while for other aro­
matic hydrocarbons consisting of condensed rings, the arrangement 
of the rings influences the order of their adsorption. Thus they 
found that naphthacene, with four rings per molecule arranged 
linearly, is more strongly adsorbed than I,2-benzpyrene with five 
rings per molecule arranged nonlinearly. The presence of olefinic 
linkages also influences the order of adsorption; in general the greater 
the number of olefinic linkages, other things being equal, the more 
strongly the substance is adsorbed [3]. Observations made in this 
laboratory show that monoolefins are selectively adsorbed from naph­
thenes and paraffins of corresponding molecular weight [7, 11]. The 
results of these investigations may be summarized by the statement 
that, with certain limitations on the type and configuration of the 
aromatic rings, and with the restriction to compounds of approxi­
mately equal molecular weights, the arrangement of hydrocarbons in 
order of their decreasing adsorb ability is as follows: 4-, 3-, 2-, and 
I-ring aromatic hydrocarbons, diolefins, monoolefins, naphthenes, 
and paraffins. 
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NATIONAL BUREAU OF STANDARDS, WASHINGTON, D. C. 
Send me the Mathematical Tables marked X below. I enclose remittance 1 to cover the cost. 

Mark X • Title of publication 

MT2. Tables of the exponential function e" _______ ____ _______ __ _____________ _ 
MT3. Tables of circular and hyperbolic sines and cosines for radian arguments __ _ 
MT4. Tables of sines and cosines for radian arguments ______________________ _ 
MT5. Tables of sine, cosine, and exponential integrals, volume L _____________ _ 
MT6. Tables of sine, cosine, and exponential integrals, volume II~ __ __________ _ 
MT7. Table of natural logarithms, volume I (1 to 50,000) _________ _____ ______ _ 
MT8. Tables of probability functions, volume L _____ ___ ____________________ _ 
MT9. Table of natural logarithms, volume II (50,000 to 100,000) __________ ___ _ 
MT10. Table of natural logarithms, volume III (0.0001 to 5.0000) __ __ _______ _ _ 
MT11. Tables of moments of inertia and section modulL ___________ _________ _ 
MT12. Table of natural logarithms, volume IV (5.0000 to 10.0000) __ __________ _ 
MT13. Table of sine and cosine integrals for arguments from 10 to 100 _____ ___ _ 
MT14. T ables of probability fu nctions, volume IL _______________________ ___ c 

MT15. The hypergeometric and Legendre functions with applications to integral 
equations of potential theory ____________________________________ _ 

MT16. Table of arc tan x _____________ __ _________________________________ _ 
MT17. Miscellaneous physical tables-Planck's radiation functions; electronic functions _________ ___ __ ______ __________ ______________________ __ _ 

MT18. Table of the zeros of the Legendre polynomials of order 1-16 and the 
weight coefficients for Gauss' mechanical quadrature formula ________ _ 

MT19. On the function H (m,a,x) =exp(-ix)F(m+l-ia, 2m+2; ix) __ _________ _ 

MT20. Table of integraISfoxJo(t)dt and foXyo(t)dL _________________ __________ _ 

MT21. Table of Jio (x) = .L"'J O?)dt and related functions ____ ________________ _ 

MT22. Table of coefficients in numerical integration formulae ___________ __ __ _ 
MT23. Table of Fourier coefficients ________________ ___________ ____ ____ ___ _ _ 
MT24. Coefficients for numericaJ differentiation with central differences ___ __ ___ _ 
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MATHEMATICAL TABLES 
Attention is invited to a series of publications prepared by the Project for the 

Computation of Mathematical Tables conducted by the Federal Works Agency, 
Work Projects Administration for the City of New York, under the sponsor­
ship of the National Bureau of Standards. The tables which have been made 
available through the National Bureau of Standards are listed below. 

There is included in this list a publication on the hypergeometric and Legendre 
functions (MT15), prepared by the Bureau. 

MTl. TABLE OF THE FIRST TEN POWERS OF THE INTEGERS FROM 1 TO 1000: 
(1938) VIII + 80 pages; heavy paper cover. Out of print. 

MT2. TABLES OF THE EXPONENTIAL FUNCTION eX: 
The ranges and intervals of the argument and the number of decimal places in the entries are 

given below: 
Range of x Interval of x 

- 2. 5000 to 1. 0000 O. 0001 
1. 0000 to 2. 5000 . 0001 
2. 500 to 5. 000 .001 
5.00 to ]0.00 .01 

(1939) XV + 535 pages; bound in buckram, $2.00. 

Decimals given 
18 
15 
15 
12 

MT3. TABLES OF CIRCULAR AND HYPERBOLIC SINES AND COSINES FOR R ADIAN ARGUMENTS: 
Contains 9 decimal place values of sin x, cos x, sinh x and cosh x for x (in radians) ranging from 

o to 2 at intervals of 0.0001. 
(1939) XVII + 405 pages; bound in buckraam, $2.00. 

MT4. TABLIlS OF SINES AND COSINES FOR RADIAN ARGUMENTS: 
Contains 8 decimal place values of sines and cosines for radian arguments ranging from 0 to 25 

at intervals of O.OOl. 
(1940) XXIX+275 pages; bound in buckram, $2.00. 

MT5. T ABLES OF SINE, CoSINE, AND EXPONENTIAL INTEGRALS, VOLUME I: 
Values of these functions to 9 places of decimals from 0 to 2 at intervals of 0.000l. 
(1940) XXVI+444 pages; bound in buckram, $2.00. 

MT6. TABLES OF SINE, COSINE, AND EXPONENTIAL INTEGRALS, VOLUME II: 
Values of these functions to 9, 10, or 11 signilicant ligures from 0 to 10 at intervals of 0.001 

with auxiliary tables. 
(1940) XXXVII+225 pages; bound in buckram, $2.00. 

MT7. TABLE OF NATURAL LOGARITHMS, VOLUME I: 
Logaritbms of the integers from 1 to 50,000 to 16 places of decimals. 
(1941) XVlII+501 pages; bound in buckram, $2.00. 

MT8. TABLES OF PROBABILITY FUNCTIONS, VOLUME I: 
Values of these functions to 15 places of decimals from 0 to 1 at intervals of 0.0001 and from 

1 to 5.6 at intervals of 0.001. 
(1941) XXVIII+302 pages; bound in buckram, $2.00. 

MT9. TABLE OF N ATURAL LOGARITHMS, VOLUME II: 
Logarithms of the integers from 50,000 to 100,000 to 16 places of decimals. 
(1941) XVIII+501 pages; bound in buckram, $2.00. 

MTlO. TABLE OF NATURAL LOGARITHMS, VOLUME III: 
Logarithms of the decimal numbers fr m 0.0001 to 5.0000, to 16 places of decimals. 
(1941) XVIII+501 pages; bound in ckram, $2.00. 

MT11. TABLES OF THE MOMENTS OF INER 'IA AND SECTION MODULI OF ORDINARY ANGLES. CHAN' 
NELS, AND BULB ANGLES WITH CERTA LATE COMBINATIONS: 

(1941) XIII+ 197 pages; bound in gr,een cloth. $2.00. 
MT12. TABLE OF NATURAL LOGAP.:7rlMS, VOLUME IV: 

Logarithms of the decimal numbers from 5.0000 to 10.0000, to 16 places of decimals. 
(1941) XXII+506 pages; bound in buckram, $2.00. 

MT13. TABLI! OF SINE AND COSINE INTEGRALS FOR ARGUMENTS FROM 10 TO 100: 
(1942) XXXII + 185 pages; bound in buckram, $2.00. 

MT14. TABLES OF PROBABILITY FUNCTIONS, VOLUME II: 
Values of these functions to 15 places of decimals from 0 to 1 at intervals of 0.0001 and from 

1 to 7.8 at int~rvals of 0.001. 
(1942) XXI+344 pages; bound in buckram. $2.00. 
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MTI5. The hypcrgeometric and Legendre functions with applications to integral equations of 
potential theory. By Chester Snow, National Bureau of Standards. Reproduced from original 
hand written manuscript. 

(1942) VII+ 319 pages; bound in heavy paper cover. $2.00. 

MTI6. T ABLI! OP ARC TAN XI 
Table of inverse tangents for positive values of the angle in radians. Second central differences 

are included for all entries. 
x=[0(.001)7(.01)50(.1)300(1)2,OOO(10)1O,OOO;12DlI 

(1942) XXV+ 169 pages; bound in buckram, $2.00. 

MTI7. Miscellaneous Physical Tables: 
Planck's radiation functions (Originally published in the Journal of the Optical Society of 

America, February 1940); and 
Electronic functions. 
(1941) VII+ 58 pages; bound in buckram, $1.50. 

MTI8. T able of the Zeros of the Legendre Polynomials of Order 1-16 aqd the Weight Coefficient! 
for Gauss' M echanical Quadrature Formula: 

(Reprinted from Bul. Amer. Mathematical Society, October 1942.) 
5 pages with cover. 25 cents. 

MT19. On the Function H (m, a, x)=exp(-ix) F (m+ l-ia, 2m+2; ix); with table of the 
confluent hypergeometric function and its first derivative. 

(Reprinted from J. Math. Phys., December 1942.) 20 pages, with cover, 25 cents. 

MT20. Table of Integrals Sa" J oCt)dt and Sa" Yo(t)dt: 

Values of the two integrals are given for x=O(.OI)lO to 10 decimal places. (Reprinted from 
J. Math. and Phys., May 1943.) 12 pages, with cover, 25 cents. 

MT21. Table of Jio(x)= (<DJo(t) dt and Related Functions: Jx t 

T able I: Jio(x) to 10 decimal places and F(x) = Jio(x)+ log,l/2x to 12 decimal places for x=O(.1)3 
with even central differences of F(x) . 

T able II : Jio(x) to 10 decimal places, for x=3(.1)10(1)22 with even central differences up to 
x=100. 

Table III: "Reduced" derivatives of F(x) for x= 10(1)21 and n=O(I)13, to 12 decimal places. 
(Reprinted from J. M ath. Phys" June 1943.) 7 pages, with cover, 25 cents. 

MT22. Table of Coefficients in Numerical Integration Formulae: 
The values of B(n) n (1)ln! and B(n)nln! where B(n) . (1) denotes the ntb Bernoulli polynomial of 

the nth order for x= 1 and B(n) n denotes the nth Bernoulli number of the nth order, were com' 
puted for n= I, 2, . .. 20. The quantities B(n) n (l)ln! are required in the Laplace formula of 
numerical integration employing forward differences, as well as in the Gregory formula. The 
quantities B(n) .In! are lIsed in the Laplace formula employing backward di.lferences. 

(Reprinted from J. M ath. Phys., June 1943.) 2 pages, with cover, 25 cents. 

MT23. TABLE OP FOURIER COEPPICIENTS. 
Whenever </> (x) is a known polynomial whose degree does not exceed Hl. the present table 

of the functions 

S(~,n)= fal xk sin n.".x dx and C(~,n= Sal Xk cos n.".x dx to 10D(I:<~:<lO, l:<n:<I(0). will 

facilitate the evaluation of the first hundred Fourier Coefficients. 
(Reprinted from J. Math. Phys. Sept., 1943.) 11 pages. with cover, 25 cents. 

MT24. COEPPICENTS POR NUMERICAL DIPPERENTIATION WITH CENTRAL DIFFERENCES. 
Coefficients are given for derivatives as far as the 52d. For the first 30 derivatives, exact 

values are given for coefficients of the first 30 differences, and also exact values are given for some 
coefficients of differences beyond the 30th. For the other coefficients, values are given to 18 
significant figures. 

(Repnnted from J. Math. Phys., Sept. 1943) 21 pages, with cover, 25 cents. 

Payment is required in advance. M ake remittance payable to the "National 
Bureau of Standards," and send with order, using the blank form facing page 
3 of the cover. 

A mailing list is maintained for those who desire to receive announcements 
regarding new tables as they become available. 
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