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ABSTRACT

Spectral transmittancy values at room temperatures approximating 25° C
were obtained for 1.25X 10-5 M metacresolsulfonphthalein in water and in 0.001-
to 8-M hydrochloric acid. In water the indicator exists in the yellow form (Y),
and hydrogen ions (H) from acids convert it into the red form (R). The molar
concentrations of each form of the indicator in various concentrations of hydro-
chloric acid were computed from the spectrophotometric data. The dissociation
constant (K) for the reaction of the indicator with hydrochloric acid is given by
the equation

Ky= MufaMvyfv/Mzfz,

in which M and f, with appropriate subseripts, represent the molarities and
activity coefficients, respectively. The value of Ky is 1.98X 102 and that of
—log Ky or pK,is 1.703 +0.005. The indicator is useful over the pH range 0 to 3.
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I. INTRODUCTION

Metacresolsulfonphthalein, commonly known as metacresolpurple,
is a useful indicator for colorimetric pH determinations. It under-
goes color changes from yellow (Y) to red (R) in acid solution and from
yellow to purple (P) in alkaline solution, as indicated by the struc-
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tural formulas in figure 1. The indicator is stable in both of its pH
ranges. The application of spectrophotometric methods for the pre-
cise determination of pH values with an indicator ! requires a knowl-
edge of the absorptive properties of its different chemical forms, the
nature of the transformation from one form to another, the states of
equilibrium between the different chemical forms, the thermodynamic
ionization constants, and the effects of electrolytes on the equilibrium
and ionization constants and spectral properties. In this paper these
properties are reported for the acid range of metacresolpurple; work
18 in progress on the alkaline range.
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F1aure 1.—Metacresolsulfonphthalein in acid, neutral, and alkaline solutions.

The dotted lines indicate resonance in the respective chromophores. The various colored forms, R, Y,
and P, are, for convenience, considered in terms of the two most probable extreme resonant structures, one
a pure quinone form and the other a dipolar benzenoid structure with a relatively large negative charge
[—ri on the oxygen of the quinone group and a corresponding positive charge [+] on the central carbon atom.
The symbols representing these various forms are:

R+ =d2folar resonant red form. .

Y- =yellow form with tyh)lcal quinone resonance and without [+] [—] charges.
Y- -+ =dipolar resonant yellow form with [+] [—] charges.

P-- =purple form with quinone phenolate resonance and without [+] [—] charges.
P- - ~+=dipolar resonant purple form with [+] [—] charges.

II. MATERIALS, EQUIPMENT, AND METHOD
1. MATERIALS

Metacresolsulfonphthalein, especially purified for this investigation,
was obtained from W. A. Taylor & Co., Baltimore, Md. Before
being weighed, the crystals were dried in an oven at 105° to 110° C
for 2 hours. Hydrocholric acid that conformed to specifications of
the American Chemical Society was used for making 2-M solutions
from which the lower concentrations were prepared by volumetric
procedures. The acidity was determined by titration with standard
sodium hydroxide with phenolphthalein as indicator. Potassium
chloride, barium chloride, and strontium chloride were each recrys-
tallized twice and dried in an oven for several hours at 110° to 120° C.

2. PREPARATION OF THE SOLUTIONS

All the solutions were prepared by volumetric methods and are
expressed as molar concentrations. A stock solution of meta-
cresolsulfonphthalein, 2.5X10™* M was made by dissolving 0.0956
g of the dried crystals in conductivity water and diluting to 1 liter.
A day or more was required for the crystals to dissolve, From this

1 See references [1 to 10] for literature on the theories of indicators, salt effects, and mass-law relations appli
cable in colorimtetric pH measurements.
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stock solution, 5 or 10 ml, as desired, was transferred by pipet to each
of the 100-ml volumetric flasks in which the mixtures to be studied
were prepared. These amounts resulted in indicator solutions
1.25%X107° M or 2.5X107° M, which concentrations were found
convenient for the spectrophotometric measurements in the 1-cm
absorption cells.

The stock solutions of hydrochloric acid and of salts were first
filtered through a sintered-glass filtering crucible to remove any
trace of dust or lint that might affect the absorption measurements.
The required amounts of the acid solutions or of the salt solutions
were added to the 100-ml volumetric flasks either by pipet or buret
and diluted to the mark with conductivity water.

Two solutions were necessary for each spectrophotometric curve.
The first contained the indicator in the desired medium—either
water, acid, or acid and salt—and the other contained the same
components of the solution without the indicator. For the amount
of stock indicator used in the first solution, an equal volume of water
was substituted in the solution without the indicator. All the
solutions were freshly prepared, usually the day before the spectro-
photometric determinations were made, but the indicator was added
on the morning the measurements were made. Special tests
showed that the indicator solutions were stable for several days.

3. SPECTROPHOTOMETRIC EQUIPMENT

The spectrophotometric measurements for the visible portion of the
spectrum were made in the Photometry and Colorimetry Section of
this Bureau, with a recording spectrophotometer of the Hardy type.
The calibration and operation of this imnstrument have been described
by Gibson and Keegan [11]>. All the measurements were made with
slits givingja spectral band approximately 4 mp wide. Absorption
cells for the solutions consisted of Pyrex cylindrical tubes with pol-
ished parallel ends fitted with removable round plates of polished
quartz or Pyrex glass. A pair of blackened brass holders were fitted
with sleeves to hold either 1-, 2-, or 5-cm absorption cells. In these
experiments the beam of light passed through a layer of solution of
1 £0.001 em. All the spectrophotometric measurements were made
at room temperatures, varying from 23° to 28° C. The measurements
for the ultraviolet portion of the spectrum were made by Geraldine W.
Haupt, of the Photometry and Colorimetry Section of this Bureau,
with a Hilger sectorphotometer and a Fuess quartz spectrograph, and
by P. A. Cole and M. Eicher, of the National Institute of Health,
Bethesda, Md., with a Spekker spectrophotometer.

4, SPECTROPHOTOMETRIC MEASUREMENTS IN THE VISIBLE
SPECTRUM

The transmittancy data recorded for a typical series of spectro-
photometric measurements are shown in figure 2. Each graph sheet
is calibrated for wavelength by recording the transmission curve of a
standardized didymium glass (Jena BG 11), the wavelengths of the
transmission minima being accurately known. The wavelength cor-

? Figures in brackets indicate the literature references at the end of this paper.
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rections are made as described by Gibson and Keegan. The curves
at the 100-percent transmission line are obtained with identical
absorption cells filled with water, or with acid-salt mixtures without
indicator, and placed one in each of the two licht beams of the instru-
ment. The zero transmission curves are obtained by blocking out the
light beam normally passing through the indicator solution. Such
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F1GURE 2.—Recorded spectrophotometric curves showing the transformation of

metacresolsulfonphthalern from yellow to red in hydrochloric acid.

calibration curves are usually made at the beginning and end of each
series of curves on one graph sheet. For each spectrophotometric
curve of the indicator, one absorption cell is filled with the indicator
solution and the other cell with its respective comparison solution.
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In this manner the absorption of light by the solvent system and the
reflections at the end plates of the cells are compensated, and only the
percentage transmittancy of light by the indicator itself in the par-
ticular solvent system is recorded. The result is the transmittancy
curve of the indicator over the spectral range 400 to 750 mu.

The transmittancy curves shown in figure 2 represent the trans-
formation [4, 5, 9] of metacresolsulfonphthalein from the yellow to
the red form by increased amounts of hydrochloric acid from 0.001
to 2 M. The data in this figure were obtained with an indicator
concentration of 1.25X 1075 M, and a cell depth of 1 em. Additional
spectrophotometric determinations were made with indicator con-
centrations of 0.625X107° and 2.5X107° M in the same cells to check
the validity of Beer’s law.

The transmittancy values, in percent, were read from the curves
at wavelength intervals of 2, 4, or 10 mu and were reduced to corres-
ponding molar absorption indices, k£, by the relation:

ik _logmt
k TdXM '’ 1)

in which ¢ is transmittancy, d is the cell depth, in centimeters, and M
is the molar concentration.

5. ELECTROMOTIVE FORCE MEASUREMENTS

Readings of pH at 25° C were made for each indicator solution
and its comparison solution without the indicator, using a hydrogen-
electrode assembly with saturated potassium chloride calomel half-
cell and liquid junction. The hydrogen-electrode assembly was
calibrated with 0.05 m potassium acid phthalate, pH 4.008, as described
in the Bureau certificate for Standard Sample 84a issued by the
National Bureau of Standards. The glass-electrode assembly for
the pH meter was also calibrated with this buffer. Potentiometric
readings were made first with the hydrogen-electrode assembly, then
with the glass electrode. Corrections for the error caused by the
liquid-junction potential were not applied. Measurements on some
of the most concentrated salt solutions were not made because the
salt solutions diffused through the saturated potassium chloride and
equilibrium for the potentiometric measurement could not be reached.
Since this work was done, it has been shown that these difficulties
can be avoided and very precise pH data obtained by use of hydrogen
and silver-silver—chloride electrodes in cells without liquid junctions
to hold the solutions of indicators and buffers [13].

III. EXPERIMENTAL DATA

1. SPECTRAL ABSORPTIVE PROPERTIES OF METACRESOLSULFON-
PHTHALEIN IN THE VISIBLE AND ULTRAVIOLET

The molar absorption index curves for the visible and ultraviolet
regions of the spectrum are given in figure 3 for the three colored forms
of metacresolsulfonphthalein that are in neutral, acid, and alkaline
solutions, respectively. The indices are plotted as a function of
reciprocal wavelength, or wave number, and corresponding wave-
lengths are shown at the top of the figure. For measurements in the
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visible region, 1.25X 1075 M solutions of metacresolsulfonphthalein
were made in water, in 2-M hydrochloric acid, and in 1.25X10~% M
sodium hydroxide. The strong bands in the visible spectrum show
maximum absorption for the neutral yellow form in water, curve Y,
at a wave number of 22,940 cm™ (wavelength 436 mu); for the acid
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F1GURE 3.—Molar absorption indices of the three forms of metacresolsulfonphthalein
in the visible and ultraviolet portions of the spectrum.
R, red form; Y, yellow form; P, purple form.

red form, curve R, at a wave number of 18,960 cm™ (wavelength
527.; mp); and for the alkaline purple form, curve P, at a wave number
of 17,360 cm™* (wavelength 576 mu).

For the ultraviolet ® measurements, 1.25X10~* M solutions of the
indicator were used in water, in 2-M hydrochloric acid, and 1.25X10~2
M sodium hydroxide. The spectrophotometric data given in this
paper are concerned mainly with the progressive shift of curves Y to
R 1n the visible spectrum for acid solutions.

2. TRANSFORMATION OF METACRESOLSULFONPHTHALEIN FROM
THE YELLOW TO THE RED FORM BY HYDROCHLORIC ACID

The transformation of metacresolsulfonphthalein from the yellow
to the red form is shown by the 19 curves in figure 4 and appears to
be approximately complete in 2-M hydrochloric acid. The effect of
1.5-, 2-, 4-, and 8-M acid has been studied separately and is shown

3 The sulfonphthaleins and many other indicators contain, in addition to the chromophore, other groups
(auxochromes) such as carboxylate and sulfonate radicals, which do not absorb visible light, and thus do not
affect the calculations presented in this article. Recent measurements on sulfonates, benzoates, and other
compounds of polar character show strong bands in the ultraviolet. Any computationson the Y, R, and P
bands (fig. 3) to correlate the absorption indices of the chromophore for both the ultraviolet and visible
regions must involve recognition of the resonance of the —S073 group and corrections for its own absorption
indices in the ultraviolet.
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by the additional absorption curves in figure 5. As the quantitative
relations between the acidity of the solutions and the optical properties
of the indicator, as expressed by the curves in figures 4 and 5, are the
basis of the determination of pH values and salt effects with meta-
cresolsulfonphthalein, these spectrophotometric curves will be con-
sidered in detail. Below 0.1-M acid, the increase in absorption index
at any wave number with rise in hydrogen-ion activity is close to the
values calculated by use of the mass-law equations discussed below.
Between 0.1- and 2-M hydrochloric acid, the percentage change in
index is slightly larger for the lower wave numbers of the absorption
band for the red form (from the peak toward the red) than for the
higher wave numbers of the band. The acid in concentrations from
0.5 to above 2 M begins noticeably to cause two compensating effects.
The first is the completion of the normal reaction of hydrogen ions
with the yellow form, which should slightly increase the index at wave
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Ficure 4.—Transformation of metacresolsulfonphthalein from the yellow to the red
form in hydrochloric acid.

(1) No acid (yellow form); (2) 0.001 M; (3) 0.002 M; (4) 0.004 M; (5) 0.006 M ; (6) 0.008 M; (7) 0.010 M;
(8) 0.015 M; (9) 0.020 M (10) 0.030 M (11)'0.040 M (12)0.050 M; (13) 0.060 M (14) 0.075 M; (15) 0.100 M:
(16) 0.200 M (17) 0.500 M (18) 1.000'A; (19) 2.000 M.

number 18,960 (527.; mu), and the second is the “abnormal’’ or specific,
effect [1, 8, 21, 22] of the increased electrolyte and surrounding elec-
trical field in decreasing the absorptive properties and index of the
indicator, together with the shift of the absorption bands for the red
and yellow forms toward the lower wave numbers. The net result is
that the acid in concentrations above 2 M causes little additional
change in the position and height of the main absorption band, except
a slight shift, until a concentration of over 4 M is reached. With
higher acid concentrations, as shown in curve 5, figure 5, there is a
decrease in the index at the maximum and an increase at the mini-
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mum, accompanied by a definite displacement of the isosbestic point.*

In order to determine whether these specific effects are due to acids
alone or is a general property of all concentrated solutions of elec-
trolytes, the effect of increasing amounts of salts on the absorptive
properties of both the yellow and the red forms of the indicator is
under investigation and details will be reported later. Neutral salts
of low concentration have no important effect upon the absorptive
properties of either form other than normal changes in transmittancy
arising from variations in ionic strengths, activity coefficients, and
ionization. Salts 2 M or higher in concentration, however, cause a
slight shift in the isosbestic point and in the positions of the maxima
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F1cure 5.—Effect of concentrated acid upon metacresolsulfonphthalein.
(1) Water; (2) 1.5 M HCI; (3) 2.0 M HCI; (4) 40 M HC; (5) 8.0 M HCL.

and minima of the absorption bands. These changes in the molar
absorption indices by salts are similar to the effect of hydrochloric
acid, illustrated in figure 5.

These specific effects may be caused in part by a change in the
polar and absorptive properties of the yellow and red forms of the
indicator in the altered electrical field, or it may denote the beginning
of a new type of ionization, hydration, or intramolecular transforma-
tion into a lactone. In considering the sources of a new type of ion,
a colored impurity is first suspected. In this case it is most likely
to be a colored 1osmer with one or both phenols attached in the
orthoposition instead of in the paraposition characteristic of the
sulfonphthaleins (fig. 1). Small quantities of such orthoisomers
might have absorption bands and low pH ranges which could account
for the observed shifts. This explanation does not seem valid in
view of the lack of such abnormalities in the spectrophotometric

4 An isosbestic point is found at that wavelength or wave number at which the transmittancies or indices
of the yellow and red forms are equal. The word ‘“‘isobestic,”” which has appeared in various publications,
should be spelled ‘‘isosbestic.” The word originates from the Greek prefix ioos} (isos, meaning equal)
and the Greek root oBesrés (sbestos, meaning quenched or put out). The word ‘‘asbestos” is derived

from the sameroot. Thus, “isosbestic point” means the point of equal extinction by the two colored forms
of the indicator. The authors in a previous publication used the term *‘isobestic.”
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curves obtained recently in another study on metacresolsulfonphtha-
lein in its high pH range, and particularly when a 500 to 1-M ratio
of alkali to indicator is used to neutralize any orthoisomer present
and probably having a pK value somewhat higher than that for
metacresolsulfonphthalein. Formation of a eolorless carbinol or lac-
tone or of a dioxonium salt of the indicator would probably reduce
the absorption index without a shift. The discussion below seems to
eliminate the possibility that repression of the ionization of the
sulfonate group accounts for these phenomena. As metacresolsul-
fonphthalein at pH 7.2 to 9 also shows such shifts of the absorption
bands in concentrated salt solutions, we can conclude that the specific
salt effect of the concentrated hydrochloric acid is due to the altera-
tion of the spectral properties of the indicator chiefly by the change
in the surrounding electrical field of the solutions [8].

TABLE 1.—Molar absorption indices for the yellow and red forms of metacresolsulfon-

phthalein
Molar absorption indices
Wave- Wave
length a number
Yellow form | Red form
mp cm~1X10-8 ky kr
399.4 25.04 13390 12580
409.3 24.43 15110 11190
419.3 23.85 16550 8660
429.9 23. 30 17570 5660
8436.2 22.93 17940 4270
439.y 22.77 17880 3920
449.; 22.27 17080 3570
459., 21.78 15660 4470
469.1 21.32 13670 6650
84795 20. 86 10930 10930
489.5 20. 44 8700 16860
499.4 20. 02 6490 24330
509.5 19. 63 4600 34540
520.1 19.23 3010 44230
85275 18.96 2190 47080
530.7 18.84 1890 46870
540.7 18.49 1130 39810
550.7 18.16 630 27210
560.7 17.83 380 15780
570.3 17. 54 210 8320
579.5 17.25 140 3740
589.3 16. 97 70 1440
599.4 16. 68 30 600
609.4 16. 41 00 140
619.5 16.14 00 000

s The transmittancy values were read at even wavelength intervals from the graph sheet and then cor
rected to their true wavelengths. In addition, the values for the isobestic point and the maximum absorb--
ancy for the red and yellow forms are given.

The specific salt effects are small and are neglected in the present
practical applications of the spectrophotometric data for metacresol-
sulfonphthalein in hydrochloric acid solutions. Since the absorption
index curve is nearly constant for acid contents between 2 and 4 M,
the 2-M curve is taken here as the practical limit for the transforma-
tion of the yellow to the red form.> The molar absorption indices for
various wavelengths and corresponding wave numbers representing
the characteristic absorptive properties of the yellow and red forms
of this indicator are given in table 1.

5 A more precise evaluation of the magnitude of the index for partial and complete transformation and the
quantitative formulation of the specific salt effects are under way.
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3. COMPUTATION OF THE PERCENTAGES OF THE RED AND
YELLOW FORMS OF THE INDICATOR FROM THE MOLAR AB-
SORPTION INDICES

If it be assumed that the corresponding curves for the partial
transformation of the indicator (see figs. 2 and 4) represent linear
combinations at each wavelength or wave number of different pro-
portions of only two limiting absorption indices (curves 1 and 19,
fig. 4), then the fraction (a) of the indicator changed from yellow to
red at a given acid concentration is given by

ka=akn+ (l_a)kY or a= (ka_kY)/(kR—kY)) (2)

where ky, kg, and k. are, respectively, the molar absorption indices
at a given wave number for the yellow, red, and mixed forms of the
indicator [1, 4, 5, 6]. The values of kv, kg, and %, for all the wave-
lengths and concentrations of indicator, hydrochloric acid, and salts
studied were computed from records like figure 2.

Calculations of « for different wavelengths near the maxima of
the absorption bands are given in table 2. If the linear variation of
k. with respect to « expressed by eq 2 is strictly correct at all wave-
lengths, the o values for each curve should all be the same, regardless
of wavelength. In general, however, there is a decrease in o with
increase in wavelength in each of the bands (420 to 460 mu and 518
to 540 mpu). The variation from constancy appears to be slightly
greater than the estimated accidental variation arising from the
experimental uncertainties in the recording and reading of the original
transmittancy curves. Since this consistent variation of « occurs in
the regions of the spectrum where the specific effects of high acid
concentrations clearly affect the calculated values of o (see figs. 4
and 5), it may be ascribed to the same cause. The variation of «
with respect to wavelength may be neglected in this paper. The
average values of o are close to those found at 527.; mu. Since the
experimental absorption indices are most accurately determined at
wavelength 527.; myp (wave number 18,960) at the maximum of the
absorption band for the red form, these indices alone, and the corre-
sponding values of a, are given in table 3 and used in the calculations
to be described.

From the approximate constancy of a across the spectrum, it is as-
sumed that as the indicator is changed from yellow to red the charac-
teristic absorption bands of the two chemical forms of the indicator
are not appreciably shifted, broadened, or otherwise distorted as a
result of changing the chemical and physical nature of the solvent
medium, or as a result of the presence of more than two chemical
forms or of association of the indicator.® These assumptions are fur-
ther borne out by the existence of a sharply defined isosbestic point
at wave number 20,860 (wavelength 479.; mu) and molar absorption
index 10,930. Since the absorption bands overlap, it follows that at
least one wave number will be found at which the molar absorption
indices of the yellow and red forms of the pure indicator, £y and kg,
will be equal for all values of @. Hence, as expressed linearly in eq 2,
if a mixture of these two forms alone determines the observed absorp-

6 If polar states (electronic tautomers or electromers) of each ion, indicated by [+] and [—] signs in figure 1,
are present in instantaneous equilibrium with the nonpolar forms, the absorption bands may still be used
at any given temperature to calculate the over-all values of @ and (1—«) for the red and yellow ions, including

their natural polar states or those “induced” by other ions [1, 4, 7, 8]. This point needsfurther study for
development of exact equations. SR
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tion curve in their overlapping regions of spectral absorption, the isos-
bestic point must remain unchanged with respect to both index and
wave number for all stages of the color transformation. This may
not be true when specific salt effects, association, or colored impurities
affect this part of the spectrum, as shown in.figure 5.

TABLE 2.—Variations in the values of « as derived from the series of absorption indices
at different acid concentrations and given wavelengths

&;‘K Molar concentration of hydrochloric acid

mp 0.002 | 0.006 | 0.01 0.02 | 0.03 | 0.04 | 0.05 | 0.075 | 0.20 | 0.50 1. 00

420 0.084 | 0.195 | 0.290 | 0.442 | 0.550 | 0.613 | 0.644 | 0.723 | 0.878 | 0.966 | 0.989
424 087 20 287 443 545 . 60 649 72! 882 95. 9956
428 076 200 285 443 534 . 606 640 717 875 952 989
432 081 206 292 442 538 . 605 645 720 875 958 990
436 082 202 292 442 534 . 697 644 723 868 956 988
440 082 203 294 439 533 . 596 641 720 865 952 983
444 081 198 288 437 530 . 593 638 715 865 950 983
448 077 200 286 438 527 . 590 639 712 864 946 982
452 083 202 288 438 531 . 590 638 713 864 946 982
456 073 194 288 432 523 . 586 631 711 858 940 975
460 082 203 288 440 532 589 633 712 863 943 975
518 085 207 295 444 532 . 508 647 730 871 947 988
520 086 206 293 442 529 . 695 646 721 869 942 982
522 085 206 294 442 526 .601 645 725 866 945 984
524 083 206 293 442 527 . 693 644 723 865 945 985
526 084 205 292 440 526 . 590 644 722 864 942 982
527 084 206 293 440 525 . 5689 645 723 862 942 984
528 084 204 292 440 525 . 589 645 723 862 942 084
530 082 204 292 441 522 . 587 641 720 858 938 978
532 083 204 291 441 516 . 584 640 714 859 936 977
534 082 203 289 439 519 . 582 640 714 856 934 977
536 082 203 289 436 516 . 580 636 710 851 926 974
538 082 203 305 440 517 . 582 640 714 858 932 972
540 081 204 292 438 518 579 637 712 857 935 989

IV. EQUATIONS FOR CALCULATION OF THE IONIZATION
CONSTANT K, AND pK,

On the basis of the preceding discussion, a simple reaction may
be assumed, in which the yellow (basic) form of the indicator combines,
or bonds, with a single hydrogen ion with accompanying change in
color from yellow to red (fig. 1). By the law of mass action the ap-
parent ionization constant, K, for this reaction [1, 4] is given by

Kb= (MHMY/MR) (foY/fR) =chHfY/fR; (3)

in which My, My, and My represent, respectively, the molar concen-
trations of the hydrogen ion, the yellow form, and the red form of
the indicator, and K, is equal to MyMy/My. The corresponding
activity coefficients are represented by f with appropriate subscripts.
Substituting (1 —a)/a for My/Mg, and writing eq 3 in the usual loga-
rithmic form, we have

pKy=—log[Mu(1—a)/a]—log| fafy/ frl=PK.—log| fa fx/fa] &)

In the above equation, « is determined from the spectrophotomet-
ric data by eq 2 and My is identical with the molarity of the acid
(assuming complete dissociation of hydrochloric acid and neglecting



TaBLE 3.—Calculation of thep K., activity coefficients and pH of metacresolsulfonphthalein in aqueous hydrochloric actd solutions

Activity coefficients Calculated pH
Molar Trans- Molas Fractional
concen- mittancy : ionization :
tration at abis&xig}t:mn =0 Ratio Y/R, Ko pK., Spectro- Potentio- | SPeCtro- | poteniio.
4 - A - Y
of HCI, 527.5 mp, indicator, rlx)llé(t):i% : metrie, gl;(t):& : metric,
[H] t k « (1—a)e | [HIX(—a)|e | —loguKe | fufc/fnt ~fafer pH pH!
0. 000 0.939 2.186 (V1 e el RSt o ) 0 AR SR ] (R [ S PR S e [ Tosh Y gt TR { ] [t SR
.001 . 888 4,146 .044 21. 907 0.02191 3.02 3.02
. 002 .842 5,954 .084 10.916 . 02183 2.71 2.72
.004 L7714 5 .150 5. 682 .02273 2.42 243 *
. 006 720 11,414 . 206 3. 866 .02319 2.26 2.26
.008 . 676 13, 578 . 254 2.941 . 02352 2.13 2.14
.010 .643 15, 343 .293 2.412 . 02412 2.04 2.04
.015 577 19, 106 .377 1. 654 . 02480 1.87 1.88
.020 .532 21, 960 . 440 1.271 . 02541 1.75 1.76
.030 477 25, 740 .525 0. 906 . 02718 1.59 1.59
. 040 .438 28, 666 . 590 . 696 . 02782 1.47 1.47
. 050 .408 31,156 .645 . 550 . 02749 1.37 1.38
. 060 .392 32, 581 .677 477 . 02862 1.30 1.31
.075 .370 34, 544 .721 .387 . 02906 1,21 1.22
. 100 . 347 36, 757 770 .300 03000 131 - 1.10
. 200 .307 40, 984 . 864 157 . 03144 0. 80 0.81
. 500 .278 44,489 . 942 . 061 . 03067 .40 .41
1. 000 . 263 46, 350 .984 .027 A1y 7y EEUE RO Y S S SRt ) S i Rl el S T S S
2.000 . 258 47,084 OO0 e e e e L e ] SRS e

1 Measured pH values obtained by using the hydrogen-electrode and glass-electrode assemblies agreed usually within 0.01 with the calculated pH value.

spunpuvyy fo noung uoyv A7 21 f0 youvasayr fo puwnop FEE
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the low concentration of hydrogen ions from the indicator); hence,
pK, is known from the experimental data. The values of K, and
pK, are given in table 3, and are shown in figure 6 as a function of
the ionic strength, u, computed on the molar basis. The activity
coefficients approach unity by definition as the ionic strength de-
creases to zero on dilution of the solution. Hence, by extrapolation

17
a=0
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F1GURE 6.—pK, values obtained from the spectrophotometric values for metacresol-
sulfonphthalein in hydrochloric acid at low ionic strengths.

[1, 5, 6, 8] of the pK, curve of figure 6 to zero ionic strength the value
of pK, will be obtained. As the slope of pK, near p=0 is large and
its extrapolation uncertain, this procedure may be greatly facilitated
by finding exact or even approximate values for the activity coeffi-
cients, such that the function pK,—log(fafy/fr) is approximately in-
dependent of u and its slope so small that the extrapolation can be
made with accuracy (see the other curves in fig. 6). This may be
done by use of the Debye-Hiickel formula or simplifications thereof
for the negatives of the logarithms of the ionic activity coefficients,
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when the dimensions of the yellow and red forms of the indicator
and proper values z for their electric charges are determined as
follows.

There is considerable evidence for the assumption that the sulfonic
acids may be regarded as almost completely dissociated in water
solution [23] and that the yellow form of metacresolsulfonphthalein
is a negative substituted sulfonate ion (see fig. 1), for which z equals 1.7
If the addition of acid to the solution were assumed to suppress
this state of ionization, the reaction could be written broadly

H* 4 Y ;5 Yo, H: (5)

If Ygo,H were assumed to be a nonionized quinone phenol sulfonic
acid and to be the red form as measured by «, the color changes would
apparently be explained quantitatively. But all quinone phenols
are yellow and become deep red on union, or bonding, with hydrogen
ions to form resonant compounds of the type

R in figure 1 [1, 4]. It is therefore very likely that the red color is
not controlled by eq 5 for the ionization of the sulfonic acid group of
metacresolsulfonphthalein in dilute acid solutions (or even up to
2 M), but that the addition, or bonding, of hydrogen ions [2, 7] takes
place principally at the basic oxygen of the quinone group, giving a
resonant ampholytic ion (R, fig. 1) for the red form of the indicator

asineq 6.
H+*4+Y-=Rt-, (6)

The spectrophotometric data suggest that two separate reactions
do not both take place simultaneously to any appreciable extent.
Assuming then that the yellow form is a univalent negative ion,
represented now as Y™, and, for the present, that the activity coefli-
cient of the resonant ampholytic ion, represented now by Rt~ is
approximately unity at low concentrations, the Debye-Hiickel theory
yields the relation

2A2%\/n

_lof-i.”(f‘z'tfsr-)==1_l_Ba1 5

St B, (7)

in which z is unity; A and B have the values 0.5098 and 0.3298 [12],
respectively, at 25° C; @, is an adjustable parameter used to represent
in angstroms the average distance of closest approach of ions; p is
defined as >2?m,/2 as usual; and 8 is an empirical correction factor.
By arbitrarily assigning different reasonable values to a;, a set of
curves is obtained for pK,—log(fa fy-/frt+-) with small slopes which
can be extrapolated accurately, as shown in figure 6. These curves
converge at just one pK, value, 1.703, because at zero concentration
and ionic strength of the electrolytes all of the activity coeflicients

7 This is the ionic charge; the contribution of the resonant polar charges ([+] and [—], fig. 1) is disregarded
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become unity, and the activity coefficient term of eq 4 becomes zero,
regardless of the value of @, used. K, is therefore 1.98 X 1072

It should be emphasized at this point that even though a limiting
dissociation constant, K, in this case, is known very precisely, it is
not possible to predict from a given « exactly (i. e., to 0.001) what the
pH value will be in any mixture of electrolytes. Knowledge of the
concentrations of the electrolytes and their valence types, the average
values of @, and B, the dielectric constant, and preferably an independ-
ent measure of the activities, are needed to calculate the pH value
with precision, and then only by a long series of approximations. This
applies particularly to unknown solutions. For a precision of 0.01 pH,
however, the computations can be simplified. If fg+-=1 holds approx-
imately in dilute solutions and the relation fz=fy- is assumed as usual,
eq 4 and 7 give (pK,—pK,)/2=—log fu=—log fy-. The correct
average a; gives a straight pK, plot through pK,, and if it is not hori-
zontal its slope is 8. With a4, 8, 1, «, and pK, substituted in eq 4 and
7, the value of pH or —log My fu can be calculated. An approximately
straight horizontal line results, and B may be neglected (see fig. 6)
when a; equals 6.25 A. Extrapolation to u=0 also gives a pK, value
of 1.703 with an estimated uncertainty of 0.005. With K, and @, thus
determined, it is possible to calculate the pH values of the solutions

from either spectrophotometric or electrometric data, as shown below.

.

V. COMPARISON OF THE ACTIVITY COEFFICIENTS OF
METACRESOLSULFONPHTHALEIN AND HYDRO-
CHLORIC ACID

By rearrangement of terms in eq 3 and substitution of fy- for fy
and fr+- for ng,

Jafy=/fat-=Kpa/(1—a) Mg. ®)

The hydrogen-ion concentration (My) is that of the hydrochloric acid
and the rest of the right-hand side of the equation is determined en-
tirely from the spectrophotometric measurements, which give the
values of K, and «. From eq 4 is obtained

pKy—pK.=—log[fufv=/fa+-1=—2 log v/ fufx-/fu+-. ©)

If fa+- is taken as approximately unity because Rt~ is considered a
resonant dipolar form of a nondissociated molecule and fg is assumed
as usual to be equal to fy- in the application of the Debye-Hiickel
equation,

(PEo—PK.)/2=—logyfufv-/fat-C—log fu-—log fy-,  (10)

gives an approximate value of fu or fy- listed in column 8, table 3.
As the known concentrations of hydrochloric acid are assumed to be
equal to My, the values of —log My fx or pH, of all of the solutions
of hydrochloric acid and the indicator can be calculated from the
spectrophotometric data alone and compared with electrometric

557611—43——4
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measurements of the pH values. The spectrophotometric pH values
are listed in column 10, table 3.

It is important to compare these approximate spectrophotometric
activity coefficients and pH values with corresponding ones calculated
from the emf data obtained with silver-silver—chloride and hydrogen
electrodes in hydrochloric acid solutions by Harned and Ehlers [16].
Their data were computed from eq 11.

(2%—62%’01)354_ log mu+ log mei=—2 logv/fufor (11)

After reducing their published emf values to activity coefficients on a
molarity basis, a curve was drawn for +/ fufc: as a function of /g,

from which values of -/ fufor were read which corresponded to the
concentrations of hydrochloric acid used in the spectrophotometric
work, as shown in column 9, table 3. The right side of eq 11 is ob-
tained from the electrometric methods and is analogous to the right
side of eq 9 for the spectrophotometric work. Since fg is the same
in both cases, it follows that fc1 is to be compared with fy-/fg+-.

If fu=fc1=+/fufc as usually assumed, then the products of the

vV fufc1 and the corresponding My (columns 1 and 9) are the hydro-
gen-ion activities (Myfu) whose negatives of their common loga-
rithms are the electrometric pH values (column 11). The spectropho--
tometric activity coefficients (fy-/f&r+-) and electrometric activity
coefficients (fc;) agree well up to 0.05 M hydrocholoric acid and

even better if the listed experimental values of /fyfy—/fr+- are
plotted to obtain a smooth curve from which values may be read for
comparison with the smooth curve data listed for /f5fc,. Above

0.05 M hydrochloric acid, however, the +/fufy-/fr+- data gradually

rise above those for +/fufc1, and probably for the same reasons that

cause a similar rise in mixtures of indicator, hydrochloric acid, and
salts discussed below; namely, a decrease of fz+- below unity.

VI. ACTIVITY COEFFICIENTS OF METACRESOLSULFON-
PHTHALEIN AND 0.01-M HYDROCHLORIC ACID IN THE
PRESENCE OF SALTS

It has long been known that addition of pure neutral salts to solu-
tions of indicators in dilute acid or alkali causes a normal change in
activity coefficients and hence in pH and color. There may be also a
specific or abnormal [1, 8| salt effect characterized by a definite change .
in hue arising from a shift in the absorption band with respect to wave
number and accompanied by changes in absorption index. Spectral
transmittancy curves were therefore obtained for 1.25X10~% M meta-
cresolsulfonphthalein mixed with 0.01 M hydrochloric acid and the
molar concentrations of potassium chloride, strontium chloride, and
barium chloride shown in column 1 of table 4. The transmittancy of
each mixture at 527.;u is given in column 2. The calculation of the
spectrophotometric and electrometric activity coefficients and pH
values are made by use of eq 4, 9, and 11; 1.703 for pKy; and values of
a obtained from the transmittancy data in column 2, table 4, The
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spelctrophotomet-ric activity coefficients are given in column 3,
table 4.

TaBLE 4.—Effects of salts upon the transformation of metacresolsulfonphthalein
(1.25X 1078 M) in 0.01 M hydrochloric acid

o 5 Activity coefficient » Calculated pH Measured pH
Concentra- | T80SmIb:
tion of salt t&lmcy Oft S h 2
in 0.01 AL | SO ution a pectrop 0- Potenplo- Spectro- Poténtio-
HC1 527.5 muy, tometric, metrie, photo- ietHe Hydrogen Glass
t JT S 11(11(;ttr[;c date electrode | electrode
POTASSIUM CHLORIDE
0.01 0. 659 0.870 0.873 2.06 2.06 2.06 2.05
02 666 . 852 851 2.07 2.07 2.06 2.05
05 674 . 832 816 2.08 2.09 2.07 2.06
10 686 . 802 787 2.10 2.10 2.07 2.08
50 695 . 780 715 2.10 2.15 2.07 2.07
72 685 . 805 720 2.10 2.14 2.05 2.05
1.27 663 . 861 762 2.06 2.12 2.00 1. 99
1.71 647 . 902 802 2.04 2.10 1.95 1. 96
2.01 621 974 835 2.01 2.08 1.93 1.92
3.42 530 1. 268 1.035 1.90 1.99 1.70 1. 69
BARIUM CHLORIDE
0.01 0. 668 0. 848 0. 840 2.07 2.08 2.056 2.07
04 687 . 795 772 2.10 2.11 2.05 2.06
06 697 775 752 2.11 2.12 2. 06 2.06
10 701 . 763 730 2.11 2.14 2.05 2.04
20 706 .754 706 2.12 2.15 2.03 2.01
25 701 . 760 703 2.11 2.15 2.01 2.00
36 696 .781 710 2.11 2.15 1.97 1.96
50 679 . 820 729 2.09 2.14 1.92 1.90
80 648 . 901 795 2.05 2.10 1. 80 1.78
1. 00 631 .975 853 2.04 2.07 1.74 1.72
112 602 1.027 902 1.99 2.06 (b) 1.66
STRONTIUM CHLORIDE
0.01 0. 665 0. 854 0.835 2.07 2.08 2.08 2.06
05 686 . 802 . 761 2.10 2.12 2.08 1. 96
10 696 L7778 .729 2.11 2.14 2.08 1.82
30 696 779 .713 2.11 2.15 1.99 1.88
50 678 .815 . 738 2.09 2.13 1.90 1.87
70 656 . 877 . 799 2.06 2.09 1.82 1.79
80 644 . 910 .838 2.04 2.08 1.78 1.73
2.00 468 1. 538 1.633 1.81 1.79 Q] 1. 00
2.36 413 1.885 ©2.016 1.72 1.70 (b) .88

» These activity coefficients were obtained from the data of Harned and Hamer [14] for KCI, Harned and
(S}eatf'y {l5]tfo:é BaCl; and Vance [16] for SrCla. Their data were corrected from a molal to a molar basis.

ee footnote 8.

b Measurements could not be made with the hydrogen-electrode assembly owing to diffusion of the salt
andEa%iid sothg;ions through the saturated KXCl solution.

¢ Estimated.

At 0.2 to 0.5 M salt concentrations these transmittancies go through
maxima, and the corresponding absorption indices and activity coeffi-
cients therefore go through minima. Harned, Hamer, Geary, Vance,
and Ehlers [14, 15, 16, 17] showed by the use of emf methods that
the mean electrometric activity coefficients, +/fufci, of 0.01 M hydro-
chloric acid go through minima when mixed with approximately
the same concentrations of the three salts used in this work. After
expressing the molality of each salt in terms of its corresponding
molarity,® the emf data were used to calculate the activity coefficients

8 To obtain the molarities (M) from the molalities (m), the following equations were used (Hamer, un-
published):

KCl:  M=0.99707m—0.028100m2+0.0001412m%; BaCly: M=0.99707m—0.026042m?—0.003452m3;  SrCla:
M=0.99707m —0.019773m3—0.0027680m?; then fax=0.99707mfm/M.
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on the molar basis. The mean activity coefficients (molar basis)
were then plotted as a function of the molar concentrations of the
salts. The values of +/fgfc; which corresponded to the molar con-
centrations of the salts used in the spectrophotometric work were
then read from the curves and are given in column 4, table 4.

A comparison of columns 3 and 4 of table 4 shows that the mean
spectrophotometric activity coefficients, v/ fufy-/fr+-, are in general
larger than the coefficients calculated from the electrometric data
for +/fx fci. Since fg is the same in both methods for the given con-
centration of salt, it follows that fy-/fs+- must be larger than f¢,.
The difficulty in ascribing definite values to fy- and fr+- arises from
the unknown contribution of their resonant dipolar states ([-+] and
[—] in fig. 1) to the values of z and the activity coefficients. The
yellow form will be assigned tentatively z=1 for the following rea-
sons: (1) The work on the dipole moments of benzeins [7], whose
quinone-phenol chromophores are identical with those of Y, shows
that the concentration of the resonant dipolar form is only a few
percent of that of the ionic form (e. g., Y~ without [-+] and [—] charges).
(2) The resonant dipole structure of R*~ does not make fzr+- fall
much below unity (see columns 4, 8, 12, 16 in table 5). Hence a few
percent of the dipolar form of Y~ (e. g., Y=*-, fig. 1) would produce
only a minor effect on the over-all —log f(Y-+Y~*"). In any event,
the effects of the dipole contributions are somewhat compensated in
the ratio fy~/fa+-.

If use is now made provisionally of the hypothesis of Lewis and
Randall [18] that the activity coefficient of any univalent ion in
dilute aqueous solution depends only upon the ionic strength of the
solution, a hypothesis that is also inherent in the Debye-Hiickel
theory of dilute mixed electrolytes, the activity coefficients of the
chloride and single-charged indicator ions would be approximately
the same. Hence if we place fc, equal to fy-, we must get fr+- and
Vfr+ values appreciably less than unity, as shown in columns 4,
8, 12, 16, table 5. An expression developed by Kirkwood [19] for
the activity coefficient of a fixed dipole (ampholyte) also gives values
less than unity, which is in harmony with the present experimental
evidence that the resonant dipolar red salt should not be treated as
an uncharged molecule in hydrochloric acid or its mixtures with
salts. Furthermore, the specific salt effects characterized by the
shifts of the absorption bands (fig. 5), discussed above, are also being
taken into account in the final corrections of « required for correct
application of eq 4 to determine the pK, and pH values for these
acid-salt-indicator mixtures.

A definite departure from unity of the activity coefficients for the
red form of the indicator may be taken as further evidence, supported
by organic structural relations discussed on page 324, for the assump-
tion that the reaction is expressed by eq 6 for a resonant ampholyte,
rather than by eq 5, in which the red form would be an uncharged
molecule and have an activity coefficient probably more nearly unity.

As this article is limited to comparisons of the approximate pH
values obtained by the spectrophotometric and electrometric methods,
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the data of table 4 may be treated as follows: The very small effect of
—log frt— will be disregarded and the approximate pH values,
—log (Mxufs), of 0.01 M hydrochloric acid in the presence of salts
obtained by adding to 2 (i.e.,—log 0.01) the values of —log+/fafy-/fa+-
(computed from column 3, table 4) and those of —log+/fafo: (com-
puted from column 4, table 4) to get the ‘‘spectrophotometric’” and
“potentiometric’’ pH data, respectively. These pH values are
given in columns 5 and 6, table 4. The agreement is within approxi-
mately 0.05 pH unit in all cases, even including the most concen-
trated solutions. For the 30 solutions listed, however, the average
spectrophotometric pH values are about 0.03 less than the electro-
metric pH values of the acid-salt solutions.

Since the pH determined by spectrophotometric measurements is
lower than that obtained by electrometric measurements, and fy- /fz+-
values are larger than fc; for all the solutions studied, the next step
is to attempt adjustments of fq, fy-, and fr+- to give the same
spectrophotometric and electrometric pH values. If fo,=fy- and
pH= — log (mu+/fu for) = —log (mu+/fufy-) then the practical use of
pH= —log (mu+/ fufy/fa+-) = —log(ma/fafr-) -iogwl frt- will give
spectrophotometric pH values too low by log +/fz+-. The values for
vfat- are obtained by dividing v/fafo: by Vfafy-/fat- at the same
ionic strength and are given in columns 4, 8, 12, and 16 of table 5.
The first result is that the deviation of iy/fg+— from unity is small in
comparison with the corresponding differences between unity and
VFafy-/fa+— and +/fufei, and that the contributions of the —log+/fr+-
values (columns 5, 9, 13, 17 of table 5) to the pH for the four solutions,
even though differing somewhat among themselves, are small in com-
parison with —logy/fafor (and hence —logy/fafy-). For the 30
solutions listed in table 4, the average spectrophotometric pH values
are about 0.03 less than the electrometric pH values. The average
correction for the —log+/fg+- for the same solutions is +0.03 pH,
which therefore makes the average spectrophotometric pH values
practically the same as the electrometric pH values. Similar correc-
tions for the —log+/fr+- for the hydrochloric acid solutions in table 3
make the average pH values of column 10 practically the same as those
of column 11. The second result is therefore that there is still some
doubt whether fo; and fy- are absolutely equal, in view of the polar
nature of the latter, and whether either or both may have slightly
different values in the solutions of different electrolytes of equal ionic
strength. This question also applies to buffers. The uncertainties
from the above cause, in the pH values are less than 0.05 pH in
solutions up to unit ionic strength.

The pH values of these solutions were also measured with saturated
calomel half-cells and hydrogen and glass electrodes, in a room con-
trolled at 25° C, to determine the pH errors which may be encountered
with routine apparatus. The value 0.24503 volt was assigned to the
saturated calomel electrode with the liquid-junction potential by
calibration with potassuim acid phthalate. For the 27 values listed
in column 7, table 4, the average results obtained with the glass
electrode are 0.027 pH lower than those with the hydrogen electrode.
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TasLe 5.—Comparison of the activity coefficients of metacresolsulfonphthalein in
in 0.01 M hydrochloric acid

Hydrochlorie acid Potassium chloride in 0.01 M hydrochloric acid
Activity coefficients Activity coefficients
Tonic
strength
(molar) |Spectropho-|Potentio- Spectropho- | Potentio-
tometric | metric tometric metric
| j—— fafol —| ) ——— — Jfajc1 e
=/fR*| ] —l0, t] ¢~/fRt= Theeatt | =1b At
Vi Tiw| fafel S g VIRt Viafx 7R+ | Vfafol Tafs e g VI

0.01 0. 906 0. 906 1.000 0.000 0. 906 0. 906 1. 000 0. 000
.02 .878 .878 1.000 . 000 . 873 . 873 1. 000 . 000
.03 . 863 . 857 .993 .003 . 856 . 851 . 994 .003
.04 . 852 . 844 991 . 004 .845 . 836 . 989 . 005
.05 . 842 .832 . 988 . 005 . 835 . 825 . 988 .005
.06 . 835 .824 . 987 . 006 . 828 .816 . 986 . 006
.08 . 823 .809 . 983 . 007 . 816 . 802 . 983 . 007
.10 . 815 .799 . 980 . 009 . 807 .791 . 980 .008
.20 . 796 .770 . 967 .015 . 787 . 754 . 958 .019
.50 . 806 776 . 963 .016 781 V715 . 915 .038
1.00 . 860 . 825 . 959 . 018 . 820 .730 . 890 . 050
VAT RAISRIR LY Lo | | YENCas T SO WO i 5 MR G . 946 . 837 . 885 . 053
8400 |Lat SR IE A o AN YRR Ll 1.140 .970 . 851 .070

A comparison of the measured pH values (columns 7 and 8, table 4)
with the calculated pH values (columns 5 and 6, table 4) throws
some light on the errors likely to be encountered in routine pH measure-
ments of fairly concentrated solutions of salts and acids with cells
involving a liquid-junction potential of unknown value, for which no
correction is attempted. The values in column 6 do not involve a
liquid-junction potential, whereas those in columns 7 and 8 were
obtained with cells having a liquid-junction between the saturated
calomel half-cell and the salt-acid solution. For solutions of 0.01 M
hydrochloric acid and not over 0.05 M salt, the agreement is generally
of the order of 0.05 pH, but for the concentrated solutions, discrepan-
cies of 0.3 to 0.4 unit are observed, the results being somewhat erratic
because of the difficulty in establishing sharp liquid junctions. In an
article recently published [20] caution was recommended against
undue optimism in assigning pH values to within 0.05 pH in cases
such as the above when liquid junctions are formed between electro-
lytes of widelyidifferent valance types, concentrations,fandiionic mo-
bilities. When the pH values of acid or acid-salt solutions of the
types reported here are obtained by spectrophotometric and by
electrometric measurements without liquid junctions, the average
aglreement is within about 4-0.05 pH unit in even fairly concentrated
solutions.
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hydrochloric acid, and in potassium chloride, barium chloride and strontium chloride
at the same 1onic strengths

Barium chloride in 0.01 M hydrochloric acid Strontium chloride in 0.01 M hydrochloric acid
Activity coefficients Activity coefficients
Spectropho- | Potentio- Spectropho- | Potentio-
tometric metric tometric metric
e e Vinfci | ) P Vfufol
T —m—| —log+/fr* fy/fat fi —log+//r*=
Vil Iim Vfafor Jrafe e g/ | Viafyifr ~fufor Jafelfae gV/r
0. 906 0. 906 1. 000 0.000 0. 906 0. 906 1.000 0. 000
878 876 . 998 001 . 883 . 881 . 998 . 001
861 855 993 003 . 866 861 994 003
848 839 989 005 . 8564 847 992 003
837 827 988 0056 846 834 986 006
829 817 986 006 .839 825 983 007
815 800 982 008 .828 807 975 011
804 788 980 009 . 820 794 968 014
776 749 965 015 .793 754 951 022
756 709 939 027 . 769 714 928 032
770 . 706 L9017 .038 .783 .719 .918 .037
. 860 .761 . 885 .053 { . 864 .788 .912 . 040
. 970 . 858 .884 L0563 . 980 .912 .931 .031
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MATHEMATICAL TABLES

Attention is invited to a series of publications prepared by the Project for the
Computation of Mathematical Tables conducted by the Federal Works Agency,
Work Projects Administration for the City of New York, under the sponsorship
of the National Bureau of Standards. The tables which have been made avail-
able through the National Bureau of Standards are listed below.

There is included in this list a publication on the hypergeometric and Legendre
functions (MT15), prepared by the Bureau.

MT1. Tasie or THE First Ten Powers or THE INTEGERs FrROM 1 TO 1000:
(1938) VIII--80 pages; heavy paper cover. Out of print.
MT?2. Tasres or THe ExronenTIAL FuNcTION €%:

The ranges and intervals of the argument and the number of decimal places in the entries
are given below:

Range of x Internal of x ~ Decimals given
—2.5000 to 1.0000 0. 0001 18
1. 0000 to 2. 5000 . 0001 15
2.500 to 5.000 . 001 15
5.00 to 10.00 .01 12

(1939) XV--535 pages; bound in buckram, $2.C0.

MT3. Tasres or CircuLarR AND Hypersoric Sines AND CosiNes FOR RADIAN ARGUMENTS:

Contains 9 decimal place values of sin x, cos x, sinh x and cosh x for x (in radians) ranging from
0 to 2 at intervals of 0.0001.
(1939) XVII+-405 pages; bound in buckram, $2.00.

MT4. Tastes or Sines AND CosiNes FOR RADIAN ARGUMENTS:

Contains 8 decimal place values of sines and cosines for radian arguments ranging from 0 to 25
at intervals of 0.001.
(1940) XXIX 275 pages; bound in buckram, $2.00.

MTS5. Tabres or SINe, CosiNe, AND ExpoNENTIAL INTEGRALS, VOLUME I:

Values of these functions to 9 places of decimals from 0 to 2 at intervals of 0.0001.
(1940) XX V1444 pages; bound in buckram, $2.00.

MTS6. TabLes oF SiNE, CosiNE, AND ExPONENTIAL INTEGRALS, VoOLUME II:

Values of these functions to 9, 10, or 11 significant figures from 0 to 10 at intervals of 0.001
with auxiliary tables
(1940) XXXVII+ 225 pages; bound in buckram, $2.00.

MT?7. TasLe or NaTuraL LocariTams, VoruMme [:

Logarithms of the integers from 1 to 50,000 to 16 places of decimals.
(1941) XVIII4-501 pages; bound in buckram, $2.00.

MT8. Tasres or ProsasiLity Funcrions, Vorume 1:

Values of these functions to 15 places of decimals from O to 1 at intervals of 0.0001 and from
1 to 5.6 at intervals of 0.001.
(1941) XXVIII+302 pages; bound in buckram, $2.00.

MTO. TasLe or NATURAL LocAriTrMs, VoruMme I1:
Logarithms of the integers from 50,000 to 100.000 to 16 places of decimals.
(1941) XVIII+- 501 pages; bound in buckram, $2.00.
MT10. TasLe or Naturar Locarirams, Vorume I11:
Logarithms of the decimal numbers from 0.0001 to 5.0000, to 16 places of decimals.
(1941) XVIII+4-501 pages; bound in buckram, $2.00.
MT11. Tasires or THE MoMmENTS OF INERTIA AND SEcTiOoN MopuLt oF OrpINARY ANGLES, CHAN-
NeLs, AND BuLs AncLes WitH CerTamN PLaTe COMBINATIONS:
(1941) XIII+-197 pages; bound in green cloth, $2.00.
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MT12. Tasie or NATURAL LocAriTaMS, VoLume IV

Logarithms of the decimal numbers from 5.0000 to 10.0000, to 16 places of decimals.
(1941) XXII+506 pages; bound in buckram, $2.00.

MT13. Taste or Sine aAND CosiNe INTEGRALS FOR ARGUMENTS FrROM 10 TO 100:
(1942) XXXII+ 185 pages; bound in buckram, $2.00.

MT14. Tasies or Prosasiiry Funcrions, Vorume I1:
Values of these functions to 15 places of decimals from O to 1 at intervals of 0.0001 and from
1 to 7.8 at intervals of 0.001.
(1942) XXI+ 344 pages; bound in buckram, $2.00.

MT15. The hypergeometric and Legendre functions with applications to integral equations of
potential theory. By Chester Snow, National Bureau of Standards. Reproduced from original
handwritten manuscript.

(1942) VII+319 pages; bound in heavy paper cover, $2.00.

MT16. TasLe or Arc Tan X:
Table of inverse tangents for positive values of the angle in radians. Second central differences
are included for all entries.

x={0(.001)7(.01)50(.1)300(1)2,000(10)10,000;12D}
(1942) XXV 169 pages; bound in buckram, $2.00.

MT17. Miscellaneous Physical Tables:
Planck’s radiation functions (Originally published in the Journal of the Optical Society of
America, February 1940); and
Electronic functions.
(1941) VII+-58 pages; bound in buckram, $1.50.

MTI8. Table of the Zeros of the Legendre Polynomials of Order 1-16 and the Weight Coefficients
for Gauss" Mechanical Quadrature Formula:
(Reprinted from Bul. Amer. Mathematical Society, October 1942.)
5 pages with cover. 25 cents.
MT19. On the Function H (m, a, x)=exp(—ix) F (m+1—ia, 2m+2; ix); with table of the
confluent hypergeometric function and its first derivative.
(Reprinted from Journal of Mathematics and Physics, December 1042.) 20 pages, with
cover. 25 cents.

MT20. Table of Integrals J;X Jo(e)dt and f S0

Values of the two integrals are given for x=0(.01)10 to 10 decimal places. (Reprinted from
Journal of Mathematics and Physics, May 1943.) 12 pages, with cover, 25 cents.

MT21. Table of Jil(x)= - .B'_EQ

Table I: Jiy(x) to 10 decimal places and F(x)= Jii(x)+log.1/2x to 12 decimal places for x=0(.1)3
with even central differences of F(x).

Table I1: Jio(x) to 10 decimal places, for x=3(.1)10(1)22 with even central differences up to
x=100.

Table I1I: "Reduced" derivatives of F(x) for x=10(1)21 and n=0(1)13. to 12 decimal places.

(Reprinted from Journal of Mathematics and Physics, June 1943.) 7 pages, with cover, 25
cents.

MT?22. Table of Coefficients in Numerical Integration Formulae:

The values of B™, (1)/n!and B™ ,/n! where B, (1) denotes the nth Bernoulli polynomial of
the nth order for x=1 and B, denotes the nts Bernoulli number of the nt order, were com-
puted for n=1, 2,. . . 20. The quantities B™, (1)/n! are required in the Laplace formula of
numerical integration employing forward differences, as well as in the Gregory formula. The
quantities B ,/n! are used in the Laplace formula employing backward diflerences.

(Reprinted from Journal of Mathematics and Physics, June 1943.) 2 pages, with cover, 25
cents.

Payment is required in advance. Make remittance payable to the ““National
Bureau of Standards,” and send with order, using the blank form facing page

3 of the cover.
A mailing list is maintained for those who desire to receive announcements

regarding new tables as they become available.
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