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ABSTRACT

Reference is made to some of the more important contributions that have
been made to the subject of precise measurements of electrical resistance. The
sensitivity of bridges when used with the modern high-sensitivity moving-coil
galvanometer is discussed rather fully. Special consideration is given to the meth-
ods and apparatus used and to the procedures followed in the National Bureau
of Standards in those comparisons in which the precision desired is of the order of
1 part in a million.

The more important factors limiting the precision of the comparisons, such as
load coeflicients, terminals, and contacts, thermoelectromotive forces, insulation,
and the optical system of the galvanometer, are discussed rather fully. A meth-
od of analysis of networks containing both linear and nonlinear four-terminal con-
ductors is given, and the theoretical basis for the experimental procedure used in
determining the effect of slight defects in the insulation is pointed out. This is
followed by a brief discussion of Ohm’s law from the standpoint of precise resist-
ance measurements and by a brief discussion of units of resistance. Finally,
reference is made to more than 100 publications having a more or less direct bear-
ing on the subject of resistance comparisons.
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1. INTRODUCTION

Over a period of many years information pertinent to the compari-
sons of the resistances of precision standard resistors has been accu-
mulating in this Bureau. This paper presents in a connected form the
more important parts of this information not adequately explained in
previous publications.

The paper is intended to present:

1. For those having a general interest in electrical measurements, a
somewhat comprehensive discussion of the Wheatstone bridge method
and of the Thomson bridge method, and a brief description of the
apparatus used and procedures followed in this Bureau in making
resistance comparisons to a premsmn of 1 part in 1 million.

2. For those making precise resistance comparisons, a discussion of
various factors having a bearing on the precision of such comparisons.

To serve this twofold purpose the work of others previous to 1910
is reviewed briefly, and in this review it is pointed out that the con-
clusions reached by Heaviside, Maxwell, and others were based on
assumptions which do not conform to present conditions. Funda-
mentals are considered in the earlier parts of the paper, and these are
explained rather fully, while highly technical discussions are, for the
most part, placed in appendices. The manner of presentation makes
it possible for those whose interest is only general to familiarize them-
selves with some of the fundamentals of precision resistance compari-
sons without reading more than approximately the first third of the
paper, and for those who may be interested only in some particular
phase of the problem, such as thermoelectromotive forces or the
analyses of networks, to find readily (by referring to the index at the
end of the paper) what is given on the subject.
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II. REVIEW OF EARLIER WORK

The first measurements, by a null method, of what later was
recognized as a definite property of a conductor, called the resistance,
were made by Becquerel [3].) Using a differential galvanometer, he
obtained the first definite proof of the relation between the resistance,
length, and cross section of wires. His results were published in 1826.
It was in the same year that Ohm [66] published his most important
paper, though it has hitherto been generally considered that Ohm’s
law is of a somewhat later origin. In 1833 Christie [12], who was not
familiar with the work of Ohm, described an arrangement of wires
which later became known as the Wheatstone bridge. With this
connection he verified the results obtained by Becquerel and also
determined the relative conductivities of a number of metals. As the
significance of Ohm’s work was not understood until later, Christie
was in the position of having devised one of the best methods of
measuring resistance before the concept of resistance had become
definitely established.

In 1843 Wheatstone [117, 118] presented a paper before the Royal
Society of London, in which he defined resistance and referred to
“standard of resistance’”” and “resistance coils.”

In 1862 Thomson [94] published a paper in which he described what
he called a “New Electrodynamic Balance for the resistances of short
bars and wires.” This later became known as the Thomson bridge,
the Thomson double bridge, the Kelvin bridge, and the Kelvin double
bridge. Thomson seems to have been the first to attempt measure-
ments of the highest precision attainable with the apparatus then
available and the first to have even an approximate understanding of
the factors limiting the precision of measurement.

Since then the sensitivity of bridges has been a subject of much dis-
cussion. Of the more important of the earlier contributions, mention
should be made of a paper by Schwendler [79] published in 1866, of a
paper by Heaviside [32] published in 1873, a paper by T. Gray [26]
published in 1881, and the second and third editions [58] of Maxwell’s
Electricity and Magnetism, 1892. The conclusions given in these
publications were based on an assumption that the battery used was
not capable of supplying all of the power desired. Obviously, this
assumption would seldom be valid at the present time. Furthermore,
no account was taken of the electromotive force developed by the
relative motion of the winding and magnet of the galvanometer.
This constitutes another reason why the conclusions given are not
applicable in case a modern high-sensitivity moving-coil galvanometer
is used. However, not all of the earlier writers on this subject were
of the opinion that the then available sources of electric power con-
stituted a limiting factor in the attainable sensitivity, since as early
as 1862 Thomson, in the paper to which reference has been made,
said “I shall conclude by remarking that the sensibility of the method
which has been explained, as well as of Wheatstone’s balance, is
limited solely by the heating effect of the current used for testing.”
In 1889 Paalzow and Rubens [68], in connection with a study of bolom-
eters, made a rather thorough investigation of the effects of heating
by the current in a Wheatstone bridge, but their conclusions are not

1 Figures in brackets indicate literature references at the end of this paper.
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directly applicable to resistance measurements. In 1892 Guye [28],
in a further study of bolometers, pointed out that the effect of heating
by the test current is proportional to the temperature coefficient of
the material from which a bridge arm is constructed, proportional to
the square of the current in it, and inversely proportional to its facili-
ties for dissipating heat. He also pointed out that by making all, or
pairs, of the bridge arms alike in all respects, the effects of heating by
the test current could be almost completely compensated, unless the
power dissipation in the bridge arms were unusually large.

In 1893 Glazebrook [23] gave the results of a series of measurements
of standard resistors, using different test currents. He found the
resistance of 10-ohm standard resistors increased perceptibly as the
test current was increased from 0.05 to 0.15 ampere, but he concluded
that since the increase in resistance was proportional to the square of
the ﬁest current, the effect of the smaller test current was extremely
small.

In 1895 this was again pointed out by Schuster [78], who evidently
was not familiar with the work of Thomson, though he was familiar
with that of Guye. Schuster’s conclusion was that “The highest
percentage accuracy with which a given resistance can be measured
1s directly proportional to the square root of the maximum electric
work which can be done on it without overheating.” In 1906 Jaeger
[40] and Smith [82, 83, 84], independently, and more recently Von
Steinwehr [86], discussed the subject from the same point of view.
Nevertheless, the conclusions of Heaviside, Gray, and Maxwell still
persist.

The effect of the electromotive force developed by the relative mo-
tion of the winding and magnet of the galvanometer is less obvious.
However, it has been taken into consideration by Jaeger [40] and by
Von Steinwehr [86], both of whom give a different formula for the
sensitivity of the Wheatstone bridge (also the Thomson bridge),
according to the use of a moving-magnet galvanometer or a suitably
damped moving-coil galvanometer.

III. SENSITIVITY OF BRIDGES
1. DAMPING OF GALVANOMETERS

In the modern high-sensitivity moving-coil galvanometer the electro-
motive force generated in the galvanometer during the time the de-
flection is changing at its maximum rate may be of the same order of
magnitude as the impressed electromotive force. Therefore, during
this time it has a marked effect on the current and consequently on the
motion of the coil. What is observed is a damping of the motion of the
coil, and, among other factors, this depends upon the resistance of the
complete galvanometer circuit, that is, the resistance to an electro-
motive force in the galvanometer branch of the bridge. If this re-
sistance is much less than that which results in critical damping, the
movement of the coil toward any new equilibrium position is very
sluggish. If, on the other hand, this resistance is considerably more
than that which results in critical damping, the coil continues for
some time to oscillate about any new equilibrium position. Neither
condition is conducive to rapid nor accurate measurements. To
obtain a satisfactory performance, either a magnetic shunt or an
auxiliary resistance is used for adjusting the damping. As the latter
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is more convenient and is more generally used, it only will be con-
sidered in deriving expressions for the sensitivity. However, it should
be pointed out that in general somewhat higher sensitivities may be
obtained by the use of an adjustable shunt on the magnet of the
galvanometer.

It is convenient to think of the resistance to an electromotive force
in the galvanometer branch as consisting of two parts, namely, the
resistance of the galvanometer and the resistance external to the gal-
vanometer. In case the resistance of the bridge between its galva-
nometer terminals, with the galvanometer branch open, is less than
the external resistance which gives a desired damping the auxiliary
resistance, U, is connected in series with the galvanometer, as shown
in figure 1, and adjusted so as to give the desired damping. In case
the resistance of the bridge be-
tween the galvanometer ter- b
minals is so high as to give in- oh
sufficient damping, the auxiliary +X
resistance is placed in parallel
with the bridge and galvano- q
meter, and so adjusted as to give
the desired damping. Some
prefer to have the damping
critical in all cases. However,
measurements can be made
somewhat more quickly when
the damping is approximately
?Wo-thn'ds critical, which results Firqure 1.—Circuit diagram of unbalanced
in an “overshoot’” of 6 percent. Wheatstone bridge.

Also in some cases the sensitiv- Here X, Y, A, and B represent values of the resis-
ity 1S higher with the damping lt):lixggsc :(g the four arms for which the bridge would be
less than critical, while in ;

others it is higher with critical damping. Consequently, it is not
desirable to use the same damping in all cases. However, to avoid
undue complications, it will be assumed, for the present, that the
auxiliary resistance will be so adjusted as to give the same damping
in all cases, and this will be referred to as the specified damping.

2. WHEATSTONE BRIDGE

In what follows, the arms of the Wheatstone bridge will be desig-
nated X, Y, A, and B. When the bridge is balanced, the resistances
of the arms will also be designated X, Y, A, and B. To indicate
that a reduction of the resistance of the X arm by an amount AX
would establish a balance of the bridge, the resistances of all arms of
the bridge will be designated as shown in figure 1.

Therefore,
X/Y=A/B. . 1)
With the galvanometer branch open, let

E =the potential drop from a to d,

E . =the potential drop from a to b,

E,=the potential drop from «a to ¢, and

E,=the difference between the potential of & and c.
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Obviously then

AR

E=xTaxt? )
E

E,,=Z+iB, aad (3)

i B(XpAX) | BA

E=Fyxyaxavtasp )

Since the direction of E, taken as positive is immaterial, to avoid
complications in what follows the F sign will be taken as positive,
and the + sign will be taken as negative. Then, since from eq 1
it follows that

A X
AE X7 (5)
eq 4 takes the form
_ EX[ 1+AX/X
€5 EETY (6 Ch g R ©

L X = AX AX
E,,——m[(l-{-AA/X)(l—X—H,J{-(m 2“0";0.)— 1]' (7)
If the bridge is nearly balanced, second- and higher-order terms may
be neglected, in which case eq 7 reduces to
E,=EYAX/(X+Y)% ®)

Letting dX represent the proportional decrease in the resistance
of the X arm, which would establish a balance of the bridge,

dX=AX/X. )

Consequently,
E,=EXYdX/(X+Y)2 (10)

Since the potential difference which would appear across a break
were a branch of a network opened, may be considered as an electro-
motive force acting in that branch, E, may be considered as an elec-
tromotive force in the galvanometer circuit.

Now let D be the change (in scale divisions) of the deflection of
the galvanometer resulting from unit change of the electromotive
force in the galvanometer circuit when the resistance V connected
in series with the galvanometer is that which gives the specified
damping. Hereafter D will be referred to as the sensitivity of the
galvanometer. Also let W be the resistance of the bridge between
its galvanometer terminals, b and ¢ of figure 1, with the galvanometer
branch open. The case in which W is less than V will be considered
first. Then U is placed in series with the galvanometer, as shown in
figure 1, and so adjusted that ~

U+W=V.

Consider that the zero of the galvanometer scale is at an end of the
scale, that @ is the scale reading with the battery branch of the
bridge open, that @, is the scale reading with the battery connected
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as shown in figure 1, that @, is the scale reading with the leads to
the battery interchanged, and that the galvanometer is so connected
that, with d.X positive, @, >@>@,. Then from eq 10 it follows that

. Q—Q=DEXYdX|(X+Y)’, (11)
an
@Q—Q=—DEXYdX/(X+Y) (12)
Subtracting eq 12 from eq 11 eliminates @ and gives
dQ=2DEXYdX[(X1Y)? (13)

where dQ(=Q ;—@ ;) is the change in the deflection of the galvanom-
eter following a reversal of the connections to the battery.

Now let S represent the combined sensitivity of the bridge and
galvanometer, that is, define S by the equation

S=d@/dX. (14)
Then it follows from eq 13 and 14 that
S=2DEXY[(X+Y). (15)
Since from eq 1 it follows that
XY[(X+Y)*=AB/(A+B)?, (16)
another expression for the sensitivity is
S=2 DEAB/(A+B)’. 17)

However, if the resistance W of the bridge between its galvanometer
terminals is greater than the resistance V, which gives the specified
damping of the galvanometer, the resistance U is placed in parallel
with the galvanometer and adjusted so that

UW[(U+W)=V. (18)

From eq 10 it follows that with breaks in both the U and galvanometer
branches the potential drop across each of the breaks

E,=EXYdX/(X+Y)". (19)

With the galvanometer branch only open, the current in the U branch
is K,,/(U+W), while the potential drop across the break in the
galvanometer branch, £,, is U times this current, or £, U/(U+W).
Therefore, since U/(U+W)=V|W.

E,=EXYdXV/W(X+Y) (19q)

That is, the effect of the resistance in parallel with the galvanometer
(in parallel with the bridge, if considered from the standpoint of the
electromotive force developed in the galvanometer coil as a result of
its motion), when of such value as to give the specified damping of
the galvanometer, is a reduction of the electromotive force in the
galvanometer circuit, and consequently of the combined sensitivity
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of the bridge and galvanometer by the ratio of V to W [101]. There-
fore, instead of the relations given by eq 15 and 17, !

XYV

S=2DE my (20a)
and
ABV
S=2DE ATFBW (200)

With reference to these equations it should be noted: (1) That
although they are first-order approximations, for the purpose at
hand they may be considered as exact, and it is immaterial whether
the potential drop across the bridge is measured with the galvanom-
eter branch (and its parallel branch) open or closed. (2) That if
they are to apply with the resistance used in adjusting the damping
of the galvanometer either in series or in parallel with the galvanom-
eter, in all cases in which the ratio of V' to W is greater than one
it is to be taken as one.

In what follows, the relative positions of the battery and galvanom-
eter shown in ﬁgure 1 (and fig. 2) will be considered as their normal
positions. With the position of the galvanometer and battery and
their respective rheostats interchanged,

AXV
S=2De my (2 1 a)
and
B
S=2De ﬁ/' (21 b)

Here e is the potential difference between branch points & and ¢,
which now are the battery terminals of the bridge.

Except for limitations imposed by the heat developed in the bridge
arms by the test current, eq 20 and 21 are in convenient form for use.
However, if E (or e) exceeds a certain magnitude, the heating in the
bridge will result in a change of the resistance of one or more of the
bridge arms by an amount in excess of that permissible or in excess of
that corresponding to the precision sought in the measurement.
There is, therefore, a fairly definite upper limit to the sensitivity
which may be used in any particular case. This will be referred to
as the permissible sensitivity. The permissible sensitivity depends
on the sensitivity of the galvanometer to an electromotive force in a
circuit giving the specified damping, the resistance external to the
galvanometer which gives the specified damping, the relative magni-
tudes of the bridge arms, the resistance of the bridge between its
galvanometer terminals (factors which have been considered above),
the precision sought in the measurement, and the load coefficients of
the bridge arms.

The load coefficient of a conductor will be defined as the ratio of
the proportional change in its resistance to the power dissipated in it.
It would be logical therefore to develop formulas for the sensitivity
of bridges based explicitly on the power dissipated in each bridge arm.
However, there is some advantage in using either the current [40] or
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the potential drop in each bridge arm, and here the potential drop
will be used. How these factors, especially the precision desired in
the measurement and the load coefficients, limit the permissible
sensitivity may be seen by considering the following example.
Assume that

D =10 millimeters per microvolt,

V=15 ohms,

X=10 ohms,

Y=5 ohms,

A=50 ohms, and

B=25 ohms.
Assume that the bridge is to be balanced to 1 part in a million
and that investigation of the load coefficients has shown that a change
of 1 part in a million occurs

in X when E, the potential drop in X, is 0.75 volt,

in Y when E,, the potential drop in Y, is 0.75 volt,

in A when E,, the potential drop in A, is 2 volts, and

in B when E,, the potential drop in B, is 1.5 volts.

Obviously, if the resistance of X is to be calculated from values
assigned to A, B, and Y, the potential drop in none of the four re-
sistances can be permitted to exceed the value just stated, and pref-
erably it should not exceed two-thirds this value. In the absence
of known compensating effects, it will be assumed that the maximum
permissible sensitivity is obtained when the potential drop in the
bridge is as high as possible, without that in any arm of the bridge
being higher than two-thirds that which results in a proportional
change in the resistance equal to the precision sought in the
measurement.

With the battery and galvanometer in their normal positions, it is
readily seen that W=20 ohms, also that as £'is increased E, is the first
to reach the maximum permissible value and that E,=EX/(X+7Y).
Therefore, eq 20a may be written

i e
S=21H (ml (22)
and taking E, =0.5 volt gives
6
S=2><10><10 X'5X5X15=2.5X10°. (220,)

15X 20

That is, the change in deflection of the galvanometer following a
reversal of the connections to the battery is 2.5 mm per part per million
lack of balance of the bridge.

With the positions of the battery and galvanometer interchanged,
it is readily seen that W is less than V; that, as ¢ is increased, E; is the
first to reach the maximum permissible value; and that E,=eB/(B+Y).
Therefore, eq 216 may be written

Yv
S=2DE, BFDOW. (23)
Taking E,=1 volt and V/W=1 gives
6
S=2X10X10 X1X5X1=3.3X10°, (23a)

30
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Obr' g deflection of 3.3 mm per part per million lack of balance of the
ridge.

It will thus be seen that either arrangement of battery and gal-
vanometer gives a permissible sensitivity more than ample for estab-
lishing balances of the bridge to 1 part per million, and that there is
not much choice between the two.

If the bridge were to be balanced to 1 part in 4 million, the per-
missible potential drop in each bridge arm, and consequently the
permissible sensitivity, would be only half as large, while the precision
sought is higher by a factor of 4. Consequently, the permissible
residual deflection of the galvanometer could be only one-eighth of
what it might equally well be in making a balance to 1 part in a million.
On the other hand, if the load coefficients were smaller by a factor
of 4, the permissible potential drops would be higher by a factor of 2,
and consequently the permissible sensitivity would be higher by a
factor of 2.

Returning now to a general consideration of the sensitivity of the
Wheatstone bridge, it should be noted that with the battery and
galvanometer in their normal positions,

E=E(X+Y)/X=E/(X+Y)|Y=E,(A+B)|A=E,(A+B)/B, (24)
and with the positions of the battery and galvanometer interchanged,
e=E,(A+X)/X=E,[B+Y)/Y=E,(A+X)/[A=E,(B+Y)/B,  (25)
Therefore, it follows from eq 20 and 24 that

8
= 2DEzm: (2622)
p. 4%
S=2DE1,(X‘_‘I_—Y'W’ (26?/)
BV
S 2DE¢W} (260,)
and et
S= QDE”WW’ (26b)
and from eq 21 and 25 that e
S= ZDE,mi (2727)
BV
XV
S— 2DEGW) (2 7(1)
and e
Se= QDE”(_B—{——Y)W' (27b)

Now, if it is understood that E,, E,, E,, and E, each represents the
maximum permissible potential drop in X, in ¥, in 4, and in B, each
of eq 26 and each of eq 27, in general, gives a different sensitivity.
However, that one of eq 26 which gives the lowest sensitivity gives
the maximum permissible sensitivity with the battery and galva-
nometer in their normal positions; while that one of eq 27 which gives
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the lowest sensitivity gives the maximum permissible sensitivity with
the positions of the battery and galvanometer interchanged. This
statement concerning the maximum permissible sensitivity is based
on the assumption that the resistance of one arm of the bridge is to
be calculated from known values of the resistances of the other arms.
Later it will be shown that measurements may be made in such a way
as to largely eliminate the effect of heating by the test current in one
or more of the bridge arms, and that the effect of heating in all bridge
arms, if not excessive, may be determined experimentally and an
appropriate correction applied. In either case, a somewhat higher
sensitivity may be permissible.

It will be noted that by keeping the galvanometer branch closed
and reversing the connections to the battery, the permissible sensitivity
is twice that which would be obtained by first closing the battery
branch and then the galvanometer branch. In addition this elimi-
nates the effects of thermoelectromotive forces and leakage from power
circuits, insofar as these remain constant over a time corresponding
to a few periods of the galvanometer. Furthermore, a few reversals
of connections to the battery, at intervals corresponding approximately
to the period of the galvanometer, with the galvanometer branch
closed eliminate the effect of gradual drifts and hysteresis in the
galvanometer deflections. This is of great importance, since usually
in measurements of the highest precision, adjustments must be carried
to a point at which the changes in the deflection of the galvanometer
resulting from a lack of perfect balance of the bridge are much less
than the changes in the deflection resulting from disturbing influences.

3. THOMSON BRIDGE

Referring to figure 2, a material simplification in the analysis may
be brought about by using Kennelly’s [48] A to Y transformation, that

Fiaure 2.—Circuit diagram of unbal- F1GURE 3.—Circuit diagram shown in
anced Thomson bridge. figure 2, with the delta connected resis-

Here X, Y, 4, B, «, and B represent resistances #inaes, o, fand L, replaced by the aquigs
, Y, 4, B, a, ' ; Desyrr
of the six arms for which the bridge would be alent s,t‘" connected resistances, X ’ 4 ’

balanced. and Z'.

is, by considering the three A connected conductors, L, «, and g, as
replaced by three Y connected conductors, X’, ¥’, and Z’, as is
shown in figure 3.
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This is the same as the Wheatstone bridge, except that there is a
resistance X’ in series with X, Y’ in series with Y, and Z’ in series
with the galvanometer.

The procedure followed in deriving eq 26 and 27 then leads to

i Y4+YHv
S=2D B (282)
X+XHV
S=2DE”(X+(‘X'—{—{: Y—)}— Y’)I’V’ (28y)
BV
S:2DEa(—14—+'_B)_W, (28(1/)
and i
y= 2DE°m’ (28b)

if the positions of the battery and galvanometers are as shown in
figure 2, and
AV

BV
» (X+-X)V
S=2DE gy (29a)
g VEY Y
- ( :
= 2DEbmW/’ (29b)

if the relative positions of the battery and galvanometer are inter-
changed.

With reference to the differences between eq 26 and 28 and eq 27
and 29, it should be pointed out that for the Y-connected conductors
to be equivalent to the A-connected conductors it is necessary that

X'=La/(L+a+p),
Y'=Lp/(L+a+8), (30)
Z'=ap/(L+a+6).

In all cases, X’ and Y’ are each less than L, and usually L is very
small in comparison with A4+ X and B+ Y. Consequently, there are
relatively few cases in which X’ and Y’ may not be omitted from
eq 292 and 29y, which then become identical with eq 27z and 27y.
In few if any cases is the permissible sensitivity determined by the
power dissipated in A or B. Therefore there is no need for drawing
conclusions from either eq 29e¢ or eq 2956. The Thomson bridge
method, with the positions of the battery and galvanometer inter-
changed, is not used in the comparison of precision standard resistors.
However, the Thomson bridge method may be used in resistance

and
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thermometry, and then there are advantages in interchanging the
positions of the galvanometer and battery.

With reference to eq 28z and 28y, which apply when the battery
and galvanometer are in their normal positions (see figs. 2 and 9), as
a balance is approached by the procedure to be described later,
(Y4+Y")/(X4+X'4+Y+Y’) approaches Y/(X+Y) and (X+X")/(X+
X'Y+Y’) approaches X/(X+7Y). Equations 28 may, therefore, be
considered to be the same as eq 26. However, with the battery and
galvanometer in their normal positions and with 4, B, X, and ¥ the
same in both the Thomson bridge and the Wheatstone bridge, W is
higher in the Thomson bridge than in the Wheatstone bridge. In
the comparisons of precision standard resistors made in this Bureau by
the Thomson bridge method, this is of no consequence, since W is
less than V. Under these conditions, the sensitivity of the Thomson
bridge is the same as that of the Wheatstone bridge.

It is improbable that a case might arise in which the power dissipated
in the a arm or the 8 arm of the bridge would limit the permissible
sensitivity, whether the positions of the battery and galvanometer are
normal or interchanged. Therefore, no equation containing the
potential drop in « or in 8 is given.

IV. LOAD COEFFICIENTS

Reference has already been made to load coefficients defined as the
ratio of the proportional increase in the resistance to the power dis-
sipated. This definition requires some amplification, since, in all cases,
time and the medium surrounding the resistor are involved. In the
following discussion it will be assumed that the resistors are immersed
in oil of low viscosity and that this oil is kept in fairly rapid circula-
tion. Fortunately, most precision resistors come to an approximate
temperature equilibrium with the oil in a fairly short time, usually
less than 1 minute. With resistors of the type developed in this
Bureau about 30 years ago [76], which are sealed in cases containing
oil, the change in resistance is rapid at the start of the measuring
current and later is very gradual. These resistors apparently have
two thermal-time constants, one of about 30 seconds and one of about
30 minutes. Stated in another way, the difference in temperature
between the resistance element and the oil in the sealed container
becomes nearly constant in a minute, while the difference in tempera-
ture between the oil in the container and the oil of the bath becomes
nearly constant in an hour. The load coefficients stated for standards
of this type apply when the current has been passing from 1 to 2
minutes, the time usually required for making a measurement.

From what has just been said it might be assumed that load co-
efficients are proportional to temperature coefficients and inversely
proportional to the facilities provided for dissipating heat. KExperi-
ence shows that, in general, this is so only if the design is such that
the heating by the test current results in no marked mechanical
strain. Consequently, in measuring load coefficients it may be
better, when possible, to use a procedure such that this assumption
is reduced from a first to a second or third order of importance.

As an illustration of this point consider that it is desired to deter-
mine the load coefficient of a 1-ohm standard. In that case the
procedure might be as follows:
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(1.) From among the available 0.1- and 0.01-ohm standards select
from each denomination one of the better from the standpoint of
facilities for dissipating heat and low temperature coefficient.

(2.) Inspect these two standards and make an estimate of their
relative facilities for dissipating heat.

(3.) From the estimate of their relative facilities for dissipating heat
and their known temperature coefficients make an estimate of the
ratio of the load coefficient of the 0.01-ohm standard to the load co-
efficient of the 0.1-ohm standard, and designate this ratio £.

(4) Place the 0.1-ohm standard in the X arm and the 0.01-ohm
standard in the ¥ arm of a bridge, and balance the bridge by ad-
justments of the A arm, first with 0.1-watt and then with 0.5-watt
power dissipation in the 0.1 ohm-standard. Assuming that the power
dissipated in the A and B arms of the bridge has no appreciable
effect on their resistances, the load coefficient of the 0.1-ohm standard
(that is, the change in the resistance of the 0.1-ohm standard result-
ing from the dissipation of 1 watt in it) is taken as 24 times the pro-
port}lconal increase in the resistance of the 4 arm divided by (1—
01 /);

(5) Place this 0.1-ohm standard in the ¥ arm of the bridge and a
1-ohm standard in the X arm, and balance the bridge first with one
and then another potential drop across the bridge. The load co-
efficient of the 1-ohm standard is taken as equal to the proportional
increase in the resistance of the A arm of the bridge divided by the
increase in power dissipation in the 1-ohm standard plus 0.1, the load
coefficient of the 0.1-ohm standard as determined in (4). It will be
noted that the result obtained involves the initial estimate of the
load coefficients of the 0.01-ohm standard relative to that of the
0.1-ohm standard to the extent of only 1 percent. The value thus
obtained for the load coefficient of the 1-ohm standards may, there-
fore, be presumed to be somewhat more precise than the value obtained
for the load coefficient of the 0.1-ohm standard.

Load coefficients of standards of higher nominal values may be
determined as outlined above, but for standards of the lowest nominal
value used a different procedure is required. If among these there
are two standards of such construction that it may be assumed that
the temperature rises for equal power dissipations are equal and that
the temperature inequalities cause little or no mechanical strain, and
if these two standards have markedly different resistance-temperature
coefficients, their load coefficients may be determined from their
resistance-temperature coefficients and the difference of their load
coefficients obtained by direct comparison.

Having determined the load coefficients of one or more standard
resistors, the load coefficients of others of the same nominal value
are readily determined by direct comparisons, whether or not their
performances are normal.

Investigation of wire standard resistors of the Physikalisch-Tech-
nische Reichsanstalt design having winding areas of approximately
40 cm? has shown that the proportional change in their resistance
resulting from the dissipation of 1 watt in their windings is about the
same as the proportional change in their resistance resulting from
increasing the temperature of the oil bath 1° C. It may be concluded
therefore that the temperature rise of the resistance material above
the temperature of the oil is about 1° C per watt power dissipation.
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On the same basis it has been concluded that for the sealed standard
resistors developed in this Bureau about 1907 and the double-walled
type constructed prior to 1930 [89] the temperature rise is also about
1° C per watt power dissipation. For standard resistors of lower
denominations in which the resistance material is in the form of sheets,
the temperature rise per watt dissipation is less. For those of the
Physikalisch-Technische Reichsanstalt design, of the smaller size, the
temperature rise is about 0.2° C for the 0.01 ohm, 0.4° C for the 0.001
ohm, and 0.3° C for the 0.0001 ohm per watt dissipation.

Since most of the temperature coefficients are less than 20 parts per
million, errors resulting from heating will, in general, be less than
1 Il)art in 2 million if the potential drops are limited to the following
values:

0.15 volt for 1-ohm,
.5 volt for 10-ohm,
1.5 volts for 100-ohm,
5. volts for 1,000-ohm,
15. volts for 10,000-ohm,
0.05 volt for 0.1-ohm,
.035 volt for 0.01-ohm,
.0075 volt for 0.001-ohm, and
.0025 volt for 0.0001-ohm standard resistors.

The temperature rises, and consequently the load coefficients,
depend on the viscosity and other factors affecting the circulation of
the oil, the design of the standards, and their temperature coeflicients,
so there must of necessity be large variations. However, the potential
drops stated above are about the maxima permissible in measurements
to 1 part per million, unless the load coefficients are known to be
abnormally low, or a procedure is followed for eliminating the error
which otherwise would result from the heating by the test current.

In routine testing the schedule of potential drops given above is
followed approximately in the comparisons of resistors having nominal
values of 1 ohm and less. In the comparisons of resistors having
nominal values of 10 ohms and more the potential drops used are
much less than those given in the schedule. In special cases the
criterion used for the maximum permissible potential drops, without
an application of a correction for the heating, is a very small but
definitely noticeable change in the balance of the bridge on increasing
the potential drop across the bridge by a factor of 2.

If there is occasion to use larger potential drops, if there is reason to
suspect one or more abnormally large load coefficients, or if the load
coefficient of one or more of the bridge arms is not known to the
accuracy necessary for obtaining the desired precision, a valid correc-
tion for the effect of the heating may be obtained by balancing the
bridge first with what is presumed to be a suitable potential drop
across the bridge and second with a somewhat larger potential drop
across the bridge. If the second potential drop is twice the first, the
effects of the temperature rise in each arm of the bridge will be 4 times
as large as with the first potential drop. Consequently, if the balances
are established by adjustments of the A arm (or A and « arms) of
the bridge and the value taken for A is four-thirds the first minus
one-third the second, a correction is applied for the effects of heating
by the test current in all arms of the bridge.

242883—40——8
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V. GALVANOMETER USED WITH NBS PRECISION
BRIDGE

The galvanometer which has been and still is being used in most of
the precision resistance measurements made in the National Bureau of
Standards was designed and constructed especially for the purpose
about 1914 [116]. It has an adjustable shunt on the magnet, all-
copper circuit, and taut suspensions with the center of gravity of the
moving system slichtly off the axis of rotation. This latter feature
makes 1t possible by tilting to adjust the period, 7, over a range from
about 5 to about 15 seconds. In cases in which really high sensitivity
is desired the performance seems to be most satisfactory with a period
of about 10 seconds. The shunt of the magnet is so adjusted that with
a period of 10 seconds the external resistance giving critical damping
is 35 ohms. This adjustment once made is seldom changed as the
shunt is not readily accessible. The galvanometer is used with a
scale distance of 1.5 m. With critical damping the operating con-
stants then are

7T'=10 seconds,
D=30 mm/uv,
V=35 ohms,

or with two-thirds critical damping, which results in a 6 percent
overshoot and gives about the maximum speed of operation with the
10 second period, the operating constants are

T=10 seconds,

D=20 mm/uv,

V=60 ohms.

It may be of interest to see what the permissible sensitivity is in
the comparison of 10-ohm standards when the A and B arms of the
bridge are each 25 ohms, the battery is in the normal position, and
the galvanometer is used critically damped. In this case the re-
sistance, W, of the bridge between galvanometer terminals is 1734
ohms. With E, or E,=0.5 volt, it follows from eq 26, or 26, that
S8=2%30%.5X10/20=15 mm per part per million lack of balance
of the bridge. This is not only much higher than is needed but is
higher than it is desirable to use. In some cases, however, the per-
missible sensitivity is none too high, and in a very few cases it is not
quite sufficient for the establishment of balances to 1 part per million.
In these the potential drop may be increased to the point at which
errors resulting from heating (calculated from a knowledge of the
load coefficients of the particular standards used) and from lack of
sensitivity are approximately equal, or even beyond this point, and
then a correction for the heating is determined and applied. In a
very few cases there would be an advantage in using a galvanometer
of higher sensitivity. However, for a considerable part of the measure-
ments the galvanometer is adjusted so as to have a period of from 6
to 8 seconds. Then both the sensitivity and the external resistance
giving a specified damping are less than with the 10-second period.

VI. NBS PRECISION BRIDGE

The bridge now in use in the comparisons of precision standard
resistors was designed and constructed in this Bureau in 1918. All
parts of the bridge arms and the adjustable resistor used in regulating
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the damping of the galvanometer are immersed in oil. The ammeter,
voltmeter, and rheostats used in regulating the test current and other
auxiliary equipment are conveniently located outside the oil bath.
The entire bridge circuit is shielded against leakage from direct-
current power circuits. The oil bath is thermostatically controlled
at a temperature of 25° C, and during the time the apparatus is in
use the oil is kept in vigorous circulation. During the summer the
normal dew point is oceasionally very nearly 25° C. To prevent the
condensation of moisture in the oil bath and to maintain good insula-
tion of the battery, galvanometer, and other parts of the circuit
outside the oil bath, the air of the laboratory is dried by refrigeration.
The more important resistance sections of the bridge are of the
double-walled sealed type developed jointly with others [98] of the
Bureau’s staff. The cases contain no
oil, since the use of oil in permanently
sealed resistors has long been con-
sidered inadvisable. To obtain low
load coefficients the cases were made
considerably larger than those first
described, and the resistance wire was
selected on the basis of low tempera-
ture coeflicient. The primary of a Xx|000  x00  xI0 %
well-insulated variable mutual induc- pigurm 4.—The part of the 4 arm of
tor is connected in series with one of  the NBS precision bridge which 1s
the battery leads, and its secondary  adjustable in steps of 0.0001 ohm
is connecfed in series with one of over the range from approzimately
the galvanometer leads. This in- §§§§§§ O;f,};?s A
ductor (not shown in fig. 5) serves to
balance the electromotive force induced in the galvanometer circuit
on reversing the test current.? The A-arm of the bridge is of the
adjustable direct-reading type, such as is discussed in a recent pub-
lication [63] of this Bureau. It consists of five resistance sections,
three of which are adjustable by means of dial switches. These
three sections are shown in figure 4. With each of the dial switches
set at its mid-position, the current in each shunt is one-tenth of that
in the section shunted, and the sum of the resistances of the three

20 20 15

2 The lack of an inductive balance manifests itself as ballistic deflection of the galvonometer, following a
reversal of the test current. If this ballistic deflection is large, it limits, sommewhat, the precision of the
resistive balance. However, there is a more important reason why the ballistic deflections should be kept
small. Most sensitive galvanometers when deflected alternately in one and then in the other direction,
by equal amounts, have their rest points shifted slightly in the direction of the last deflection. For the
galvanometer used with the NBS precision bridge, if the rest point is observed after a deflection in one
direction and again after an equal deflection in the opposite direction, the difference between the two
observed rest points is from 1 to 2 percent of the amplitude of the deflections. 1f, therefore, systematic
errors from this source are to be insignificant, inductive balances must be such that the ballistic
deflections are less than 50 times the change in deflection resulting from lack of resistive balances correspond-
ing to the precision sought in the comparisons.

In the comparisons of standard resistors of the usual construetion, having resistances in the range {rom
0.1 to 100 ohms, usually this condition is realized without a special device for making inductive halances
and without special precautions on the part of the observer. However, if the resistors in the X and ¥ arms
of the bridge have low resistances of different nominal values (such, for example, as 0.001 and 0.0901 ohm), and
if a high precision is desired, a means for compensating the effect of the difference between their time con-
stants and of mutual inductances between different parts of the bridge circuit is necessary. Likewise, if the
resistors in the X and Y arms of the bridge are of the usual bifilar construction and have high resistances of
different nominal values (such, for example, as 10,000 and 1,000 ohms), and if a high precision is desired,
provision should be made for compensating the effect of the distributed capacitances. The effects of self
and mutual inductances and of distributed capacitances may be compensated by a mutual inductor
having one of its windings connected in a galvanometer lead and the other winding connected in a battery
lead between the current-reversing switch and a current terminal of the bridge, provided the inductance
is adjustable over a suitable range of positive and negative values.
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Freure 5.—Diagram of essential features of the NBS precision bridge—connected
as a Thomson bridge.

In general, the notation here is the same as in figures 2, 9, and 16. Here 1 and 2 represent main terminal
blocks (shown in detail in fig. 11); 3 and 4, current-terminal blocks; 5 and 6, terminal blocks for the less fre-
quently used ratiosof A to B; 7 and 8, hinged terminal blocks to accommodate standard resistors with different
spacing of terminals; = 50, the three adjustable resistance sections shown in figure 4; Rp, compression carbon-
plate rheostat for adjusting large test currents; P, potential divider for adjusting small test currents; A M,
ammeter shunt; VM, voltmeter leads; ki, ks, and S, keys and switch for closing battery branch and reversing
connections to battery leads, ki and ks for small test currents, S for large test currents; @ and Q, copper
links and terminal blocks with amalgamated contacts for connecting two sections of the 4 arm and of the a
arm, either in series or in parallel. For the Wheatstone bridge method usually terminals 1 and 2 are used
instead of 3 and 4, 73 and ys are left disconnected, and the galvanometer circuit is closed by a connection
between M and g.
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sections with their shunts is 50 ohms. The resistance sections of the
shunts are so chosen that the steps of the dial switches change the
combined resistances of sections and shunts respectively by 0.0001,
0.001, 0.01, or by 0.1 ohm. The positions of each dial switch are
numbered from 0 to 10. When the three shunted sections desig-
nated 250 in figure 5, are connected in series, or in parallel, with the
50-ohm section of the A arm, and any section of the B arm of the
bridge used, differences in the readings of the dial switches correspond
to differences in the ratio of A to B in parts per million of the nominal
ratio of A to B. When the three shunted sections are connected in
series with the 50-ohm section and the 900-chm section, differences in
the readings of the dial switches correspond to differences in the ratio
of A to B in parts in 10 million of the nominal ratio of 4 to B. In
all cases the A arm has its nominal resistance when the reading of the
dial switches is approximately 5555.

The dial switches may be rotated indefinitely in either direction,
while the complete range of adjustment is covered by a rotation of
slightly less than 120°. The brushes, three in number for each
switch, are of the multiple-leaf type, such as are used by Otto Wolff.
They are mounted on what amounts to the feet of a rigid tripod,
and the contact pressure is supplied by three coiled steel springs.
This arrangement largely eliminates rocking of the brushes as the
switch is rotated and gives a nearly constant pressure of the switches
against the contact blocks. With the switch in any position, one of
the brushes rests on an insulated segment and the circuit is through the
other two brushes in series.

The dial switches are of good quality and operate under oil. Pre-
sumably, therefore, variation of the resistance of the contacts of each
dial switch never exceeds 0.001 ohm. Since the resistance of each
shunt is 10 times the resistance of the section shunted, a variation of
0.001 ohm in each of the four dial switches in the same direction
results in a variation of the combined resistance of sections and
shunts of 0.004/121 ohm. This is 1 part in 3 million in case A is
nominally either 25 or 100 ohms, and 1 part in 30 million in case A
is nominally 1,000 ohms. However, the probable effects of the
variations of the resistances of the dial switches are approximately
one order smaller than this.

The B arm (see fig. 5) has resistance sections of 16%, 25, 50, 100,
and 1,000 ohms, most of which may be used singly or in combinations.
Therefore, a number of values for the ratios of A to B may be had,
suchas1to1,2to1,4to1,10to 1,1 to 2, 1 to 4, and others seldom
used. Kach of these ratios may be varied by changing the readings
of the dial switches of the A arm, and for the most part the range of
variation is from 0.5 percent below to 0.5 percent above the nominal
ratio.

Adjustments are such that differences in the readings of the dial
switches, not in excess of 500, correspond to differences in the ratio of
A to B well within 1 part in a million of the nominal ratio providing
no one of the readings differs by more than 500 from that for which A
has its nominal value. In exceptional cases corrections must be ap-
plied to the readings to give differences accurate to 1 part in a million
of the ratio.

The @ and B arms (see fig. 5) are similar to the 4 and B arms, except
that the resistance of corresponding sections is half as large, the « arm
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does not have a 450-ohm section corresponding to the 900-ohm section
of the A arm, and the 8 arm does not have a 500-ohm section cor-
responding to the 1,000-ohm section of the B arm. The dial switches
of A and a arms are mechanically connected so as to always have the
same reading.

A general view of the bridge removed from the oil is shown in
figure 6. A general view of the bridge and oil bath is shown in
figure 7. Two features of the oil bath which should be mentioned are
the means employed for securing a reasonably uniform temperature
throughout the bath and of maintaining the desired temperature.
The oil bath has a false bottom supported about 3 cm above the true
bottom of the bath and extending to within about 1 ecm of the side
walls, which are of nickel-plated copper. Near the center of the false
bottom there is an opening about 8 em in diameter, and the circulat-
ing propeller is located beneath this opening and concentric with it.
The circulation of the oil in the central part of the bath is downward,
through this opening, outward between the false and true bottoms,
upward next to the side walls to near the surface of the oil, and inward on
and under the oil surface. The rate of the circulation is approximately
3 liters per second, so that the volume of oil passing through the cen-
tral opening in 1 minute is approximately the same as the volume of
oil contained in the bath. The heat for maintaining the temperature
is supplied by small carbon-filament lamps located sligchtly above and
near the opening in the false bottom. By means of radiation, a part
of the heat developed in the lamp filaments is distributed through the
oil almost instantly. That part of the radiation from the lamp fila-
ments absorbed in and near the lamp bulbs is carried quickly to the
side walls of the bath and surface of the oil, the parts from which heat
is being lost by radiation and air convection.

VII. BRIDGE EQUATIONS

In the usual discussion of the Wheatstone bridge it is assumed that
if X represents the unknown resistance, its magnitude is to be calcu-
lated from the equation

X=YA/B (32)

That is, it is assumed that magnitudes of Y, 4, and B are each known
to an accuracy at least as high as that expected for X, or that either
the magnitude of ¥ or A and the ratio of A to B or ¥ to B are known
to this accuracy. In measurements of the type under consideration
neither of these assumptions can, in general, be made. It is therefore
necessary to use some procedure which avoids the use of these as-
sumptions.
1. SUBSTITUTION METHOD

If a number of nominally equal resistances X;, X;, X, X, etc. are
to be measured and the resistances of two or more of these are known,
for example X, and X, usually a standard of the same nominal value
as those being measured is placed in the ¥ arm, and the B arm is made
nominally equal to the A arm. Then all of the X’s may be substi-
tuted one after the other in the X arm, and the bridge balanced in each
case by an adjustment of the Aarm. If a;, a5, as, a4, etc., are the read-
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Frcure 6.—General view of the NBS precision bridge (removed from oil bath).
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Fraure 7.—General view of the NBS precision bridge and oil bath.
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ings of the dial-switch settings, A4, is the nominal value of 4, and a, is
the reading of the dial-switch settings for which A=A4,,

Xi=Fdn(l+o—00)
X =T A1+ =)

z (33)
X3=FAn(1 +as—a,)

Xi=gAu(1+a,—a)

etc.

Letting N represent the nominal value of X and of YA,/B, and
x, ¥, and b represent the amounts in proportional parts by which
X f , and B exceed their nominal values, eq 33 may be written in
the form

N(1+2)=N(1+y)(1+a—a)/(1+b). (34)
Expanding eq 34 and neglecting 3d and higher-order terms gives
r=y+ (a—a,) —b+y(e—a,) —bla—a,)+b*—by. (35)

Letting z represent that part of eq 35 which, for the series of measure-
ments, is a constant, and, for the present, leaving out of consideration
the second-order term (y—b)(a—a,) gives

x1=a1+2
To=0y+2
T3=0a3}2

3:4:(14"‘2

(36)

ete.

Since X, and X, are known, z, and z; are known. Furthermore, all
a’s will be read from the bridge. Therefore, zmay be determined from
the second or fourth of eq 36, or what is better, from both of these
equations and the mean value used. Substituting the mean value of
z in each of eq 36 gives a value for each of the 2’s and consequently
for X, X;, X5, X,, ete. in terms of the unit in which values of X, and
X, are expressed.

To see to what extent the values thus found are in error as a result
of the approximations involved in eq 36, it is necessary to consider
the second-order term (y—b)(a—a,) of eq 35, the magnitudes of
T, T, T3, T4, etc. and what constitutes nominal values of each of the
bridge arms. It was intended that resistances of the sections of the
A arm be so proportioned that differences of readings of the dials
equal differences in resistance in parts per million of the resistance the
A arm has when the reading of the dials is 5555. This resistance
(instead of 25, 100, or 1,000 ohms, depending on what sections are
used and the way they are connected) should be taken as the nominal
value of A. The appropriate multiple of the unit used is taken as the
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nominal value of the X’s, and nominal values of B and Y are so
chosen that
B [Y=A,[2X,.

As a result of the way in which the eq 36 are used z includes all of
(y—b)(@a—a,) except the part equal to (y—b)[a— (as+as)/2], while
the nominal value chosen for 4 makes

y—b=>5555—a+t=z, approximately. 37)

Therefore (5555—a-+2) [a—(a:+as)/2] may be taken as the
error in or a correction term for any one of eq 36. From the data
obtained in a series of measurements it is therefore possible to deter-
mine, almost at a glance, the correction which, if significant, should be
applied to one or more of eq 36. The first factor in this correction
term is a constant for the series of measurements and depends upon the
relative departures of Y and B from their nominal values. By a
selection of the standard resistor to be used in the ¥ arm, usually 1t is
possible to make this factor less than 0.02 percent. If the first factor
1s less than 0.02 percent and the resistance of no one of the standard
resistors substituted one after the other in the X arm differs from the
mean of X, and X, by more than 0.05 percent, in no case will the error
or correction term exceed 1 part in 10 million.

Returning now to a further consideration of the sensitivity of bridges,
the substitution method not only obviates the requirement of an
accurate knowledge of the resistances of the 4, B, and Y arms of the
bridge, but, for the most part, eliminates the effects of heating by the
test current in these arms. Therefore, if the battery and galvanometer
are in their normal positions, it is permissible to use in the Y arm a
standard resistor having a higher nominal value than those being
substituted alternately in the X arm and thus realize a somewhat
higher permissible sensitivity, as may be seen by reference to eq 26x.
If, on the other hand, the positions of the battery and galvanometer
are interchanged, the use in the Y arm of a standard of lower nominal
value than those being substituted in the X arm gives a higher per-
missible sensitivity only in case W is larger than V| as may be seen by
reference to eq 272. Furthermore, it is not the load coefficients of the
resistors being compared, but their differences or spread which limits
the permissible potential drop in these resistors.

Equation 36, and others which follow under the heading “Bridge
Equations,”” are applicable if the Wheatstone bridge method is used.
They are also applicable if the Thomson bridge method is used, pro-
vided the adjustment is made in the manner which will be described
later (or its equivalent), and provided further that the resistance of
the potential lead which then constitutes a part of the A arm of the
bridge is not so large but that differences in readings of the dials may
be taken as differences in the ratio of A to B in parts per million of its
nominal value. If x; is the resistance of this lead, including the ad-
justable rheostat (see fig. 9), the effect of this resistance is taken into
account by the addition to the right-hand members of eq 36 the
second-order term (2,/A4,)[a— (a;+as)/2]. Usually z;/4, does not
exceed 0.05 percent, and a— (a;+@4)/2 does not exceed 0.05 percent,
S0 111181?&11}7 this second-order term amounts to less than 1 part in
1 million.



Wenner] Resistance Comparisons 251

A point which should be brought out here is that if a change in the
unit of resistance is made, no change will be required either in the
bridge or the procedure followed in the reduction of the observational
data. A change in the unit will change z in the correction term

[5555—a-+z)la— (a,+ay) /2],

but an approximately equal change in @, a,, and a; may be made by
the selection of a different standard resistor for use in the Y arm of
the bridge.

2. INTERCHANGE METHOD

If two nominally equal resistances, X; and X,, are to be compared,
the bridge may be balanced by an adjustment of the A arm, first with
X; in the X arm and X, in the ¥ arm and then with X, in the X arm
an(lic {fl in the ¥ arm. This gives two relations, which may be written
as follows:

Xl:XZ%(l +a,—a,). (38)

X=X g1+ a—an). (39)

From eq 38 and 39 it follows that

Xszn/l‘*—az—al‘]‘(“z“@n) (@n— 1)+ (@1—an)? (40)

If, therefore, conditions are such that the second-order terms under
the radical and terms of the order of (a;—a,)* may be neglected,

X=X [14(az—a,)/2]. (41)

If, in addition, X; has so nearly its nominal value that z,(a;—a,)/2
may be neglected,

=1+ (t2—a1)/2, (42)

where x, and x; are the departures of X; and X, from their nominal
values.
3. KNOWN RATIO METHOD

In the comparison of two resistances, X; and X;, whose nominal
values differ by a factor such as 2, 3, 5, or 10, different procedures may
be used, but most of these only in special cases. The following 1s
almost universally applicable and most frequently used in this Bureau.

The ratio of the bridge is set nominally equal to the ratio of the
resistances of the two standards, which are placed one in the X arm
and the other in the ¥ arm. Then, if X, is known and it is placed in
the ¥ arm of the bridge,

Xi=RX,(1+a,—a,), (43)

where R is the nominal ratio of X, to X3, @, is the reading of the dials
of the A arm of the bridge, and a, is the reading (as yet undetermined)
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of the dials of the A arm, for which the ratio of A to B has the nominal
ratio of X; to X,. From eq 43 it follows that

r,=2,-+a,—a,, approximately, (44)

where z; and z, are the departures of X; and X, from their nominal
values.
If, however, X, is known and it is placed in the X arm of the bridge

xlzxz—[—a,—aq. (45)

If A,/B differs from the nominal ratio of X, to X; (or X, to X;) by less
than 3 parts in 10,000, and X; and X, differ from their nominal valute
by less than 3 parts in 10,000, the approximations are not likely so
exceed 1 part in 10 million. The procedures followed in determining
a, will be considered in the next section.

VIII. ESTABLISHMENT OF KNOWN RATIOS

The principle underlying one of the procedures followed in finding
the reading of the A arm (that is, a, of eq 43) of the bridge for which
the ratio of A to Bis accurately an integer may be illustrated as follows.
If there are at hand 7 standards or coils having nearly equal values,
M, M,, M;, etc., and S is their resistance when connected in series,

S=M1+M2+M3+etc. (46)
Also, if P is their resistance when connected in parallel,

Sl 1 1

P=M+M+E+etc (47)

Now, let M be their mean resistance and m;, m,, m;, ete. be the depar-
tures of each in proportional parts from the mean of all. Then

S=M1+my+1+my+1+m;-+ete.) (48)

and
1 1 1

1
P=M(iTmy T MEmy T MaTmy ot

(49)

Assuming that the resistances of the standards or coils are so nearly
equal that the third and higher powers of m may be neglected, ex-
pansion by the binomial theorem of the terms 1/(1+4m;), 1/(1-4m,),
1/(1-+mg), ete. in eq 49 gives

l—.}=]‘i,_,(l—mx+m1’+1—mz+mz2+1~—m3+msz+et0-)- (50)

Since by definition m;-+my+m;-+-ete. equals zero,

S=nM, (51)
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= Aﬁ/[(l 48 %zﬂﬁ) (52)

where Em?=m,>+m,?-+ms*+ete. It follows, therefore, from eq 51
and 52 that
§_n2 1_}_1 2) (53)
e 7))

There is no difficulty in adjusting a group of standard resistors or
coils so that the resistance of no one differs from the mean of all by
more than a few, or even 1 part in 10,000, in which case Zm?/n would
be not more than 1 part in 10 million or 1 part in 100 million, so usually
Zm?/n may be neglected. However, the conductors used in making
the series and parallel connections will in general have resistances
which cannot be neglected.

Presumably Lord Rayleigh was the first to use the same coils con-
nected alternately in parallel and in series [72] in building up from
unit standards. Steps of 4, 9, 16, 25, ete. are readily obtained simply
by changing the connections of the appropriate numbers of coils of
approximately equal resistances from parallel to series. Unfortu-
nately, the square root of 10 is not an integer, so a step of 10, which is
most frequently needed, cannot be obtained directly in this way.

In this Bureau an auxiliary apparatus constructed in 1912 is used
for finding the reading of the dial switches of the A arm of the bridge
for which the ratio of A to B is accurately 10 to 1. The circuit of
this apparatus is shown in figure
8. Itwill be observed that there
are seven resistance sections, six
of 150 ohms each, and one of 50
ohms, all connected in series.
Two amalgamated copper links
not shown in the figure serve
to connect either group of three
of the 150-ohm sections in
parallel. Also other amalga-
mated copper links are provided Ficure 8.—Circuit diagram of the auziliary

for use in determining the rela- GPP}?N:;“SZ usedf;:T deierhmi%?g St'he reading
: 3 0 of the dial switches of the precision
:DII‘KG reSI'stances Off: t%:e ls.e(i{tmns' bridge, for which the ratio of the resistance
e resistances of the links are 456 A arm to the resistance of the B arm

relatively low and definite and 45 10 to 1.

the arrangement is such that the

resistance of each link, including two amalgamated contacts and the
appropriate portion of each of two terminal blocks may readily be
measured. In the appendix on terminals and contacts, it will be
shown that the effect of the resistances of parts of terminal blocks not
included as parts of links or as parts of resistance sections is negligibly
small. All other connectors are so arranged that the effect of their
resistance is eliminated in the procedure followed in the use of the
apparatus.

When this apparatus is placed in the bridge with a galvanometer
connection made at g, it constitutes the X and Y arms of the bridge.
With the three sections on the right connected in parallel and all
other sections in series, the ratio of the resistance of the series sections

and
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to the resistance of the parallel sections, that is, the ratio of X to Y, is
very nearly 10 to 1. With A set at a nominal value of 100 ohms,
B set at a nominal value of 10 ohms, and with no part of the auxiliary
apparatus in the A or B arms, the bridge is balanced by an adjust-
ment of the 4 arm and the reading of the dial switches recorded.
Then with the battery leads transferred to the points 7' and @, the
bridge is again balanced by an adjustment of the A arm and the
reading of the dial switches recorded.

In the first balance, the resistance of the connection between the
normal junction of the X and A arms and the point 7'is in the X arm,
while in the second balance this resistance is in the 4 arm. Likewise,
in the first balance the resistance between the normal junction of
Y and B and the point @ is in the ¥ arm, while in the second it is in
the B arm. Since the ratio of A to X and B to Y is 1 to 5, one-sixth
of the difference between the two readings [111] of the dial switches
applied to the first in the direction which moves it towards the second
corrects for the error which otherwise would result from the resistances
of the end connectors of the auxiliary apparatus. Now the auxiliary
apparatusis turned through 180°, the parallel connectors are transferred
to what is now the right side, and the galvanometer connection is
made at ¢/, so as to again place the 50-ohm section in the X arm of
the bridge. Then two additional balances of the bridge are estab-
lished and weighted as just described, giving a second reading of the
dial switches, corrected for the effect of the resistances of the end
connectors. Taking the mean of these two readings corrects for the
difference in the mean resistance of the three sections on the right
and the three sections on the left, as shown in figure 8. It is therefore
the reading of the dial switches for which the ratio of A to B is accu-
rately 10 to 1, excepting a correction to account for the lack of strictly
proper adjustment of the 50-ohm section and a further correction to
account for the resistances of the paralleling connectors. The first
of these is —0.1, the amount expressed in proportional parts by which
the resistance of the 50-ohm section exceeds the mean resistance of
the other six sections taken three at a time in parallel, and corrected
for the resistances of the paralleling connections, while the second
is +8/9 the mean resistance of the paralleling connections expressed
in proportional parts of 50 ohms. These corrections (which amount
to only a few parts in 1 million and are easily determined to 1 part
in 10 million) applied to the mean of the two readings, referred to
above, give the reading a, of eq 43, 44, and 45, corresponding to a
ratio of A to B equal to 10 to 1, with a probable error not in excess
of 1 part in 3 million. However, to obtain this precision requires
interpolation from galvanometer deflections, since the apparatus
reads directly only to 1 part in 1 million. The reading of the dial
switches of the A arm of the bridge for which the ratio of A to B is
10 to 1 must be known to a high accuracy, since (starting with 1-ohm
standards, which are used in maintaining the unit) any error in this
reading enters once in the evaluation of the 10-ohm standards, twice
in the evaluation of the 100-ohm standards, three times in the evalua-
tion of the 1,000-ohm standards, and four times in the evaluation of
the 10,000-ohm standards. It also enters once in the evaluation of
the 0.1-ohm standards, twice in the evaluation of the 0.01-ohm stand-
ards, three times in the evaluation of the 0.001-ohm standards, and
four times in the evaluation of the 0.0001-ohm standards.
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When it is desired to find the reading of the A arm for which the
ratio of 4 to B is 2 to 1, the procedure is as follows:

1. The A arm is connected so that its nominal resistance is 100
ohms, the B arm is connected so that its nominal resistance is 50
ohms, the X arm is arranged to receive two standard resistors con-
nected in series, and the Y arm is arranged to receive one standard
resistor.

2. Three standard resistors having the same nominal value (pref-
erably 100 ohms) are used.

3. The bridge is balanced by an adjustment of the A arm with
each of the three standard resistors placed one after the other in the
Y arm, the other two being in the X arm.

4. The mean of the three readings of the 4 arm, after a correction
is applied to account for the resistance of connectors, is taken as the
reading of the A arm for which the ratio of the resistance of the A4
arm to the resistance of the B arm is 2 to 1.

A similar procedure is followed in determining the reading of the
A arm for which the ratio of A to Bis 3 to 2, 3 to 1, 2 to 3, 1 to 3,
1 to 2, or involves other small integers.

IX. ADJUSTMENTS OF THOMSON BRIDGE

A simplified diagram of the bridge circuit when the Thomson bridge
method is used, is shown in figure 9. Here, z; represents one of the

to Ba

(s

¢ 0

0N
N/

Ficure 9.—Circuit diagram of the Thomson bridge arranged for explanation of the
procedure followed in establishing balances of the bridge in such a way as to make
Vi

v, ===

potential terminals of X, the potential lead, and a rheostat continu-
ously adjustable through a range of about 0.01 ohm; y, represents
one of the potential terminals of ¥, the potential lead, and a resist-
ance which for the purpose at hand may be considered as fixed,
though actually it is adjustable in steps; , is similar to z;; and ¥, is
similar to ;. L and O represent connectors of rather low resistance,
which may be opened or closed at will.

The adjustments are carried out as follows:

(1) With the connector L closed and the connector O open, the
direct-reading arms, A and « are so adjusted as to give a balance of
the bridge. This makes

Atz X

s o approximately. (54)
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(2) With the connectors L and O both closed, the bridge is balanced
by an adjustment of z;. These two adjustments make
ZI_X

T approximately. (55)
1

(3) With the connectors L and O both open, the bridge is balanced
by an adjustment of x, [74]. This makes

Xtzta_ Atz (55a)
Y+y.+8 B+

(4) With L closed and O open, the bridge is again balanced by an
adjustment of the direct-reading arms which, as stated above, are
mechanically connected so always read the same.

These four adjustments give

X A
?=§) (56)

usually to the precision desired or attainable. The process is really
one of successive approximations, but the observer soon learns to
judge from the magnitude of the change in the reading of the dials in
making the fourth adjustment and the known precision required in
the various adjustments, if the adjustments need be repeated. Equa-
tion 56 is the same as the Wheatstone bridge equation. Therefore,
in making a series of measurements, the data recorded and all calcu-
lations are the same as though the Wheatstone bridge method had
been used. That is, only the readings of the dials for each of the
final balances of the bridge are recorded, and these are substituted in
the appropriate equation 36, 42, 44, or 45 considered above.

Since 2;/A and /B seldom exceed 0.001, while in the final adjust-
ment x; is in series with A and 7, is in series with B, the precision
required in the second adjustment may be two or three orders lower
than that sought in the measurement. Furthermore, the precision
required in the third adjustment need not be high, and in many cases
this adjustment may be omitted. An important feature of the pro-
cedure is that the adjustments result in making X/Y=A/B, whether
or not the four-terminal conductors, X and Y, are linear.

The simplicity of the adjustments results more from having suitably
designed and well-constructed apparatus than from the procedure
followed, which differs only in a minor detail from that described by
Jaeger and Diesselhorst [45]. Procedures for determining the cor-
rection terms [P] of the Thomson bridge equation or for making these
terms negligibly small have been discussed by several of those who
have had occasion to use the Thomson bridge method.

X. PRECISION AND ACCURACY

The expected precision of the measurements may not be fully
realized on account of slightly faulty insulation in the bridge or in
one of the resistances being measured, static electrical effects, rapidly
varying thermoelectromotive forces, etc. Whether or not it is actually
obtained depends to a large extent on the temperament and skill of
the observer. To be properly qualified he should have a desire to do
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the job well, be neither easily fatigued nor perturbed, recognize slight
disturbances promptly and be able to locate their source and correct
the difficulty, and, above all else, be able to differentiate between that
which is essential and that which is not essential in each of eight
orders of magnitudes.

At present the resistance of no standard resistor can be presumed
to be known (either in international ohms ® or in absolute ohms) to an
accuracy within one order of the precision to which two or more
nominally equal resistances can be compared (if within the range con-
sidered here) or quite to the precision to which an 0.0001-ohm standard
may be compared with a 10,000-ohm standard (provided a sufficient
number of intermediate steps is used). It might seem, therefore,
that the precision considered here is unnecessarily hich. However,
the precision of the resistance measurements is a factor contributing
somewhat to the accuracy to which units of resistance may be realized
and is an important factor in selecting the particular standard resistors
used in maintaining a unit of resistance. Kor judging the relative
quality of standard resistors, a precision of 1 part in 1 million is really
needed, and it is a great convenience that for the most part this 1s
readily obtained. As an indication of a limited need for a somewhat
higher precision, it may be pointed out that the resistance of each of a
fairly large group of 1-ohm standard resistors (of the double-walled
type constructed by Thomas in 1933) is remaining so constant relative
to their mean resistance that only by making the comparisons to a
precision of about 1 part in 10 million can the changes occurring during
a few months be detected.

In the above discussions a stated precision represents twice the
probable error of a single measurement. The precision is estimated
from the extent of the agreement of results on repetitions of the
measurement under different conditions, or the consistency of results
obtained in case more than the minimum required number of measure-
ments is made.

For example, if five 1-ohm standards are to be intercompared,
they may be substituted one after another in the same arm of the
bridge. The five balances of the bridge thus obtained give data from
which the resistance of each standard may be calculated in terms of
the resistance of any one or the mean resistance of any two or more.
Repetitions of these measurements under conditions giving different
distributions of the systematic errors furnish data for determining the
probable error of a single measurement by the substitution method,
that is, the probable error of each of the five results obtained from five
balances of the bridge.

The same five standards may be compared by interchange between
the X and Y arms of the bridge in all possible combinations. The
data obtained from the 20 balances of the bridge then serve in calcu-
lating the resistance of each standard in terms of the resistance of any
one or the mean resistance of any two or more, the probable error in
the results and the probable error in a single measurement by the
interchange method. If all balances of the bridge were equally
reliable, the probable error in the results obtained from the 20 balances
of the bridge would be smaller than that obtained from five balances

3 Here by “international ohm’’ is meant a unit of resistance realized by the use of a column of mercury

under specified conditions, as distinguished from the unit of resistance of this country or the mean of the
units of resistance of several countries.
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of the bridge; also the probable error of a single measurement by the
interchange method would be smaller than by the substitution method.

In the course of time many sets of measurements are made and
repeated, so fairly definite estimates may be made of the precision
obtained in individual measurements under various conditions. In
repetitions of measurements after one or more days, the agreement
of results occasionally is not as good as would be expected from the
estimated precision of the measurements. In such cases, extending
the measurements over longer periods of time usually leads to the
conclusion that changes in the standard resistors are mainly responsi-
ble for the lack of agreement of results. Consequently, there is little
increase in the accuracy of the measurements other than the detection
of a possible error in recording a bridge reading, by making more than
the minimum required number of balances of the bridge. Therefore,
in comparing a number of standard resistors, usually this is done by
the substitution method, making the minimum required number of
balances of the bridge, and then repeating this series of measurements
one or more days later, under conditions giving different readings of
the A arm of the bridge. In case the results obtained from the two
series of measurements are as consistent as should have been expected,
means of the values thus obtained are taken as the results of the
measurements. In case of a lack of a reasonable agreement in the
results, further measurements are made to determine the cause and
to remedy the difficulty should it be found to be a defect in the meas-
uring apparatus instead of changes in the resistance of one or more of
the standard resistors used in the series of measurements. In cer-
tificates for standard resistors, usually the stated accuracy of the
values given is determined not by the precision of the measurements
but by the uncertainty of the values in international ohms of the
standard resistors used in maintaining units of resistance and the
estimated changes with time of the resistances of the standard resistors
being certified. More frequently than otherwise, the stated accu-
racy is 0.005 percent.

XI. APPENDICES

In the above discussion a number of important points have been
passed over with little or no consideration. Some of these will now
be considered somewhat in detail under the headings: Terminals and
Contacts; Thermoelectromotive Forces; Insulation; Optical System;
Methods of Analyses; Ohm’s Law; and Units of Resistance; while
othgrs will be found discussed in publications to which reference is
made.

APPENDIX 1. TERMINALS AND CONTACTS
(a) STANDARD RESISTORS

For the resistance of a conductor to be definite, one of several requirements is
that the current always enter and leave the conductor in such a way as to give
always the same or an equivalent distribution of the current density in that part
of the conductor between the particular equipotential surfaces which serve in
limiting or defining the resistance. In addition, the potential drop must always
be taken between the same two or equivalent equipotential surfaces. Each time
a standard resistor is removed from and replaced in a circuit in which there is an
electromotive force some change occurs in the current distribution over the sur-
faces through which the current enters and leaves the standard, and the potential
drop cannot always be taken between exactly the same two or equivalent equipo-
tential surfaces. It will therefore be of interest to see what conditions are neces-
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sary in order that the resistance be definite to 1 part in 1 million, considering only
the effects of contacts and current and potential distributions in terminals. But
first it will be necessary to state more precisely what is to be understood by the
resistance, or rather the resistances, of a conductor.

Since the more important resistances of a four-terminal conductor are more
definite than is the resistance of a two-terminal conductor, four-terminal con-
ductors will be considered first. Referring to figure 10, the heavy lines desig-
nated 1, 2, 3, and 4 will be considered as representing surfaces on which con-
nections to other conductors may be made, that is, they will represent terminals.
In case 1 and 4 are normally used as current terminals and 2 and 3 are normally
used as potential terminals, the resistance may be defined as the ratio of the
drop in potential from 2 to 3 to the current entering on 1 and leaving on 4.
This will be designated the resistance (1234). In case 2 and 4 are used as cur-
rent terminals and 1 and 3 as potential terminals, the resistance may be defined
as the ratio of a drop in potential from 1 to 3 to the current entering on 2 and
leaving on 4. This will be designated the resistance (2134).

It will thus be seen that a four-terminal conductor has as many four-terminal
resistances as there are permutations of four numbers. However, only two of

these resistances are independent of each other,

2 3 and the relations between all are rather simple.
Since there are so many resistances, it is a con-
venience to divide them into groups and to attach
distinctive names to these groups. The four
equal resistances (1234), (2143), (4321), and
(3412) will be called the direct resistance. The
four equal resistances (1432), (4123), (2341), and
(3214) will be called the cross resistance, and the
four equal resistances (1243), (2134), (3421), and

! 4 (4312) will be called the diagonal resistance.
Ficure 10.—Generalized When defined in this way, the direct resistance
Sfour-terminal conductor. minus the cross resistance equals the diagonal

resistance, as was pointed out in a previous paper
[101]. Furthermore, any one of the 12 remaining four-terminal resistances is
equal in magnitude but opposite in sign to either the direct, the cross, or the
diagonal resistance.

It is also a convenience to divide four-terminal conductors into groups in ac-
cordance with the relative magnitudes of the resistances and attach names to
these groups. Conductors for which the cross resistance is less than a millionth
part of the direct resistance will be called linear,* and all others will be called
nonlinear.

If variations in the current and potential distribution on terminals are to affect
the direct resistance by certainly less than 1 part in a million, the terminals must
be so designed that the sum of the following potential ratios will be less than
0.000 001. With 1 and 4 used as current terminals, (1) the potential difference
between any two points on 2 to the potential difference between 2 and 3; (2)
the potential difference between any two points on 3 to the potential difference
between 2 and 3, and with 2 and 3, used as current terminals; (3) the potential
difference between any two points on 1 to the potential difference between 1 and
4; and (4) the potential difference between any two points on 4 to the potential
difference between 1 and 4. This condition is generally realized in standard
resistors designed for precise measurements, but is seldom realized in standard
resistors designed for use with large currents. In many cases the resistance
depends upon the manner of connecting the current leads to the current terminals
to.the extent of 0.01 percent, and in exceptional cases to the extent of 1 percent.

The resistance of .a two-terminal resistor may be defined as the ratio of the po-
tential drop to the current, taken between two equipotential surfaces lying par-
tially in the terminals of the resistor and partially in the conductors through
which the current enters and leaves the resistor. From an experimental stand-
point, it is better to define the resistance of a two-terminal resistor as the differ-
ence in resistance of two four-terminal conductors which are the same in all re-
spects, except that one does and the other does not include the two-terminal
resistor.

4 It should be noted that the distinction made here between a linear and nonlinear conductor does not
involve a proportionality and lack of proportionality of the potential drop to the current.

242883—40——39
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To illustrate what is meant by this statement and to show that the resistance
so defined is not strictly a constant, let it be assumed that there is at hand a short
copper rod 1 em in diameter and having plane end surfaces which are amalga-
mated and that the resistance of this rod is to be measured. Also let it be assumed
that there are at hand two sets of eylindrical copper terminal blocks having plane
amalgamated end surfaces, the diameter ot one set of blocks being 1 em and the
diameter of the other set of blocks being 2 em. Each terminal block has a flexible
current lead and a flexible potential lead. If (1) the copper rod is placed between
the amalgamated surfaces of the terminal blocks having the smaller diameters
and the resistance of the four-terminal conductor thus constituted is measured;
if (2) the copper rod is removed, the amalgamated surfaces of terminal blocks are
placed in contact, and the resistance of the four-terminal conductor thus consti-
tuted is measured; and if (3) the latter measured value is subtracted from the
former measured value, a value is obtained for the resistance, as defined, of the
copper rod. This resistance will in general be slightly higher than that which
may be calculated from the known resistivity and dimensions of the copper rod.
Now, if this procedure is repeated, using the terminal blocks having the larger
diameter, a still higher value will be obtained for the resistance of the copper rod,
provided the contacts between the rod and terminals are equally good in the two
cases, and provided also that when terminal blocks are placed together, the con-
tact is such as to give a substantially uniform current density over the contact
area. In the first case, one amalgamated contact is included in the measured
resistance. In the second case, there is in addition a nonuniformity of current
density in the vicinity of the contacts, which in effect increases the measured
resistance.

Obviously, therefore, the resistance of a two-terminal standard resistor depends
to a greater or less extent on the manner in which it is connected into a circuit.
For example, when a two-terminal standard resistor is placed in an arm of a Wheat-
stone bridge, the bridge arm, which is a four-terminal conductor, consists of the
standard and the end connectors. If the terminals of the standard and of the end
connectors are amalgamated, the end connectors consist of two amalgamated sur-
faces or mercury cups and two terminal blocks of the bridge. With end connectors
of the usual type, that is, having deep mercury cups, the resistance of the bridge
arm may depend on the amount of the mercury in the cup and the position of the
terminals of the standard in the cup to the extent of a few microhms. This diffi-
culty is obviated to a considerable degree by the use of plane amalgamated
surfaces, instead of mercury cups.

What is of more importance than the form of the contact surfaces is the gradual
accumulation of copper amalgam in the solid phase on the terminals of standard
resistors and on end connectors or contact blocks. Cases have becn observed in
which the removal of the amalgam in the solid phase has resulted in a lowering
of the resistance by more than 10 microhms (though a definite reason for so large
a change has not been found). Even when the amalgamated surfaces of the
terminals of the standard resistor and of the terminal blocks with which it may
be used are apparently in good condition, the resistance may be expected to depend
on the resistances of the amalgamated contacts and the distribution of the current
density in their vicinity to the extent of a few microhms.

(b) TERMINAL BLOCKS OF BRIDGE

The more important terminal blocks of the NBS precision bridge and all ter-
minal blocks of the auxiliary apparatus used in establishing known resistance
ratios have four or more terminals.

A diagram of a main terminal block of the bridge which is used when the 4
arm is 25 or 100 ohms is shown in figure 11 (a). The block is constructed of copper,
and terminals 1, 2, 4, and 6 are copper wires soldered in holes drilled in the under
side of the block. Terminal 3 is a plane amalgamated surface (not a mercury cup),
and terminal 5 is a small mercury cup. Terminals 1 and 5 are so located with
respect to the other terminals that they may be considered as equivalent, unless
both are used at the same time. Terminal 6 is connected to the 900-ohm section
of the A arm. The main terminal block normally used with the B arm of the
bridge, when this arm has a resistance of 25 ohms or 10 ohms, is similar to that
shown in figure 11 (a) except that it has no terminal 6. When the Wheatstone
bridge method is used, terminals 1 (or 5), 3 and 4 are used as shown in figure
11 (b). When the Thomson bridge method is used, terminals 1, 2, and 4 are used
as shown in figure 11 (¢). Consequently, the current distributions in these blocks
are not the same in the two cases, and as a result the contributions of one terminal
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block to the resistance of the A arm and of the other terminal block to the re-
sistance of the B arm are not the same. When the Thomson bridge method is
used the resistance contributed to the 4 arm or to the B arm by its terminal block
is higher than when the Wheatstone bridge method is used, by the four-terminal
resistance (1234).

Since the reading of the A arm of the bridge for which the ratio of A to B is
10 to 1 is determined by the Wheatstone bridge method and this reading is used
with both the Wheatstone and the Thomson bridge methods, the effect of these
resistances should be known. Measurements of these recistances give values rang-
ing from —0.3 to 4 0.3 microhm, depending upon the point on the amalgamated
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Ficure 11.—A main terminal block of the NBS precision bridge.

a shows the six terminals of the terminal block, b shows the three terminals used with the Wheatstone
bridge method, and ¢ shows the three terminals used with the Thomson bridge method.

surface serving as terminal 3. However, as used, the connection is distributed
somewhat uniformly over the central portion of the surface, so probable values lie
in the range from —0.1 to 4-0.1 microhm. Therefore, since the lowest resistance
used in the A arm is 25 ohms and the lowest resistance used in the B arm is 10
ohms, changes in the current distribution resulting from a change from one bridge
method to another and from variations in contacts on the amalgamated surfaces
affect the ratio of A to B only a few parts in 100 million.

The contribution of these terminal blocks to the resistances z; and y; when the
Thomson bridge method is used is of no consequence, since adjustments make
(A+z)/(B+y1)=(4/B)=(X/Y). In addition to the resistance of an amal-
gamated surface, these terminal blocks contribute approximately 1 microhm to
the resistance of the X arm and Y arm of the bridge when the Wheatstone bridge
method is used. However, if & precision of 1 part in 1 million is expected, the
resistances of the X and Y arms must be 10 ohms or more, or the conductors must
be of the four-terminal type. When the conductors are of the four-terminal type,
all connecting conductors can be changed from one to another of two adjacent
arms of the bridge [111], and this makes it possible to apply a correction to account
for the resistances of connectors, including amalgamated contacts.

(c) TERMINAL BLOCKS OF AUXILIARY APPARATUS

In the previous discussion of the auxiliary apparatus, used in determining the
reading of the dial switches of the 4 arm of the bridge for which the ratio of 4 to
B is 10 to 1, very little was said concerning corrections to account for the effect
of the resistances of the terminal blocks. This matter will now be considered in
detail.

Each of these terminal blocks is a four-terminal conductor and consequently
has two independent four-terminal resistances. One of the end terminal blocks
is shown in elevation in figure 12 and in plan in figure 8. Here terminal 3 is an
amalgamated surface on which a copper link rests when the three resistance
sections adjacent to the terminal block are connected in parallel, terminal 4 is a
part of one of the 150-ohm resistance sections, terminal 2 is a small mercury cup
which is used as a potential (or current) terminal in measuring the resistance of
the paralleling connection, that is, of the copper link, the two amalgamated con-
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tacts and a portion of each of two terminal blocks. Terminal 2 is also used as a
current or potential terminal, both when the three 150-ohm resistance sections
adjacent to it are connected in series and when they are connected in parallel.
Terminal 1 serves in connecting the apparatus into the bridge. With the parallel
connection two-thirds of the current is through terminal 3, one-third of the cur-
rent is through terminal 4, and all of the current is through terminal 2 or terminal 1.
In measuring the resistance of the paralleling connection, all of the current is
through terminal 3 and all through terminal 1 or terminal 2. With the series
connection, all the current is through terminal 1 or terminal 2, and all through
terminal 4.

One of the terminal blocks to which two 150-ohm sections are connected is
shown in elevation in figure 13 and in plan in figure 8. Here terminal 3 is an
amalgamated surface on which a copper link rests when the resistance sections
terminating in the block are connected in parallel, and 2 is a small mercury cup
used as a terminal in measuring the resistance of the paralleling connection.
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FicurEe 13.—A terminal block of auxil-
F1GURE 12.—An end terminal block of tary apparatus to which two 150-ohm
auxiliary apparatus. resistance sections are connected.

Terminal blocks of this type are also used with three different current distributions.

Consequently, the effects of the four-terminal resistances of these terminal
blocks are more complicated than the effects of the four-terminal resistances of
the main terminal blocks of the bridge, in which it was necessary to consider only
two current distributions in each block.

In the use of the auxiliary apparatus, what is of most importance is the ratio
of the four-terminal resistances of each of the two groups of three 150-ohm re-
sistance sections when connected in series, R,, totheir four-terminal resistances
when connected in parallel, B,. The effect of slight inequalities in the resistances
of the 150-ohm sections of each group has already been discussed, and here it will
be assumed that this effect is too small to require consideration. Since the problem
is complicated, only the results which have been obtained will be given here,
while the analysis will be given in the appendix on methods of analyses. With
the notation shown in figure 14, the ratio

Ry/Rp=9{1—4[L1+ Lo+ (1234) , — (1432)4/2 — (1234) , + (57
(1432),— (1234) .+ (1432) .+ (1234) s — (1432) ,,/2]/450} )

Also the resistance of terminal 1 of terminal block a, that is, the potential drop
from 1 to 2 of a to the current entering on 1 of @ and leaving on 1 of d, and which
will be designated the resistance (1,1,2,14), is higher by two-thirds the resistance
(1432) 4, and the resistance of terminal 1 of terminal block d, (1414241,), is higher
by two-thirds the resistance (1432)q with the parallel connection than with the
series connection. The former is taken into account by the procedure followed
in the use of the apparatus. However, the latter represents the increase in resist-
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Figure 14.—Parallel connection of three 150-ohm resistance sections of the auxiliary
apparatus.

This connection involves the four terminal blocks, disignated a, b, ¢, and d, and two paralleling con-
nectors, designated L; and Ly. The series connection is made by removing the paralleling connectors.

ance of the 50-ohm section resulting from the change of the connection of three
150-ohm sections from series to parallel. In eq 57, L; represents the four-terminal
resistance of the paralleling connection between terminal blocks e and b, using
1 and 2 of terminal block a, and 1 and 2 of terminal block b, as the terminals (the
measurement being made with the other paralleling connection open). A similar
statement applies to L,, and (1234), represents the direct resistance of terminal
block a, (1432), the cross resistance of terminal block a, ete. A similar solution
applies to the other group of three 150-ohm
sections. To this point, three different cur-
rent distributions in each of the eight termi-
nal blocks of the auxiliary apparatus have
been considered.

However, the relative values of resistance
sections must be determined, and measure-
ments of these require additional current
distributions in at least some of the terminal
blocks. Of these additional current distri-
butions, the two in each of the central termi-
nal blocks, d and d’, which are of the type
shown in figure 15, are of most importance.
The additional current distributions in the
central terminal blocks are involved in a 150
determination of the ratio of the resistance 50
of the 50-ohm section to the resistance of Figury 15—A central terminal
the six 150-ohm sections connected in series.  plock of the auailiary apparatus.
The measurements used in this determination
consist in comparisons of the resistance of the 50-ohm section with the resistance
of orhe fmd then of the other of the groups of three 150-ohm sections connected in
parallel.

In the measurement of the resistance of one group of three 150-ohm sections
connected in parallel, 1 and 2 of terminal block @ and 5 and 2 of terminal block d
are used as the four terminals. In the measurement of the resistance of the other
group of three 150-ohm sections connected in parallel, 1 and 2 of terminal block
a’ and 5 and 2 of terminal block d’ are used as the four terminals. These resist-
ances will be referred to as the resistances (1,2,2454), and (14:24:24:54:) . The
resistance of the 50-ohm section is measured, using 5 and 2 of terminal block d
and 5 and 2 of terminal block d’ as the four terminals. This will be referred to
as the resistance (542424:54/). The addition of the resistance (2,541424), to the
resistance (1,2,2454) , gives the resistance (1,2,2414) 5, which, when multiplied by
the ratio given by eq 57, gives the resistance (1,2,2414)s, that is, the four-terminal
resistance of the three 150-ohm sections in series and with the normal distribution
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of current in each of the four-terminal blocks involved. The resistances of the
other group of three 150-ohm sections in series is obtained in the same way.
The addition of the resistances (244:5424/) and (2444:54.24) to the resistance
(542424/547), the measured resistance of the 50-ohm section, gives the resistance
(44242 44), that is, the resistance of the 50-ohm section with what may be con-
sidered as the normal distribution of current in the its terminal blocks, d and d’.
The result of these measurements may be expressed in the form

80 =1 . 58
Riso+ Riso+ Riso+ Riso+ Riso+ Riso g e

Here a is the amount, expressed in proportional parts, by which the resistance of
the 50-ohm section exceeds the resistance of the six 150-ohm sections in series
divided by 18, with what may be considered as the normal current distribution
in all terminal blocks. As has previously been pointed out, —a/10 is a correction
which must be applied in the use of the apparatus.

In the design of these terminal blocks and in the selections of values for the
resistances of sections, an effort was made to make the effects of the different
current distributions in the terminal blocks negligibly small. The extent to
which this aim was realized may be seen from the relations stated above and the
fact that measurements of the four-terminal resistances of the terminal blocks
give values for each ranging from about —0.5 to +4-0.5 microhm, depending
mainly on the part of the amalgamated surface serving as terminal 3. However,
in use, each connection is distributed somewhat uniformly over the entire amal-
gamated surface, and under these conditions it is hardly probable that any of
the four-terminal resistances lie outside the range from —0.3 to 0.3 microhm.
Presumably, therefore, changes in current distribution in terminal blocks and
systematic errors in the determination of the resistances of paralleling connec-
tions of the auxiliary apparatus contribute not more than 1 part in 50 million
to the uncertainty of the reading of the A arm of the bridge, for which the ratio
of A to Bis 10 to 1.

Consequently, measurements of the relative values of the resistance sections
and of the parelleling connections of the auxiliary apparatus may be made with
any connection found convenient, provided only that each resistance section and
each paralleling connection is considered as a four-terminal conductor.

What is of more importance than the resistances of the terminal blocks is the
resistance of the amalgamated contacts included in the paralleling connections.
Each of these contacts has a surface on the terminal block and another surface
on the connecting link. The surfaces of the terminal blocks lie substantially in
the same plane, and each has an area of approximately 1.25 cm?. The under side
of each connecting link is a plane, and the dimensions are such that when two
terminal blocks are connected by a link, the entire contact areas of each of the
two terminal blocks are effective. A few weeks, at most, previous to the use of
the apparatus, the surfaces of terminal blocks and connecting links are polished
with fine emery paper backed by a piece of plate glass or other plane surface
having an area of not less than 300 cm? until the copper may be seen distinctly,
indicating the removal of practically all of the accumulated copper amalgam in
the solid phase. The surfaces are then reamalgamated, using the sodium-
amalgam process. In placing links on the terminal blocks, they are moved back
and forth parallel to the amalgamated surfaces until they slide freely indicating
the removal from between the surfaces of any loose solid copper-amalgam or
other solid material. With these precautions, a link may be removed and re-
placed by another of the same dimensions without changing the resistance of
the paralleling connection by more than a few tenths of a microhm. In addition,
the measured resistance of each parallel connector is in agreement with the value
estimated from the dimensions and the resistivity of copper. The liberal design
of these contacts, the possibility of removing the copper-amalgam in the solid
phase without impairing the mechanical fit, and the exceptional precautions taken
in their use result in a very much better performance than is realized with the
contacts between standard resistors and terminal blocks of the NBS precision
bridge.

Furthermore, if the average resistance of all contacts used in the paralleling
connections were 1 microhm higher, or lower, at the time of use than at the time
of measurement, this would result in an error in the determination of the reading
of the A arm of the bridge, for which the ratio of A to B is 10 to 1, of less than
1 in 25 million. Consequently, it is not necessary that the resistances of the
paralleling connectors be measured when and as used.
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(d) THOMSON ERIDGE

When the Thomson bridge method is used with the battery and galvanometer
in their normal positions there is current through each of the four terminals of
each of the two four-terminal conductors designated X and Y in figures 9 and 16.
There may therefore be some question as to which if any of the four-terminal
resistances of X and Y are compared.

If the bridge is balanced according to the procedure outlined above or any other
giving the same result, the connection through L may be opened or closed without
changing the balance of the bridge; also the connection through O may be opened
or closed without changing the balance of the bridge. That is, the balance of the
bridge is independent of the resistance of the branch L and independent of the
resistance of the branch 0. As will be shown in the appendix on methods of
analysis, a conductor having a resistance, R, and in which there is a current, I, may
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Fiaure 16 —Thomson bridge circuit so arranged that with a switable procedure in
establishing a balance, the ratio of the resistance of A to the resistance of B equals
the ratio of the direct resistance of X to the direct resistance of Y

It should be noted that when X and Y are nonlinear there are no definite branch points corresponding
to a and d of figure 9.

be replaced by a battery having an electromotive force E=—RI. Hence a bat-
tery may be placed in each of the branches L and 0O, as well as in the normal battery
branch of the bridge. Since the balance of the bridge is independent of the elec-
tromotive force in the battery branch, and the bridge is so adjusted that the
balance is independent of the resistances in the L and O branches, the balance is
independent of the electromotive force of each of the three batteries. It is con-
venient to consider that these three branches are closed alternately through a
battery. The stage is now set for the application of Kirchhoff’s reciprocal theorem
[49], from which it follows that in any balanced bridge the position of the battery
and galvanometer may be interchanged without disturbing the balance. There-
fore, if a battery is placed in the normal position of the galvanometer and the
galvanometer is connected alternately in the normal battery branch, the O branch
and in the L branch, a balance will be indicated in each case. Thisis the Matthies-
sen and Hockin bridge arrangement, and according to the Matthiessen and
Hockin bridge equation [114],

A_= QUWB), ota; 59
By (2143), nt B 69

Obviously, therefore, the procedure followed in adjusting the bridge establishes
a relation between the various resistances which is independent of the proportional
part of the current in each of the three branches of the bridge. Furthermore, in
this relation but one of the four-terminal resistances of X and but one of the four-
terminal resistances of Y appear explicitly. When all terminals of X and Y
normally used as potential terminals (or normally used as current terminals) are
connected to ratio arms of the bridge,

A __ the direct resistance of X
B~ the direct resistance of ¥

(60)
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If, for example, terminal 1 of X were connected to the A arm of the bridge,
terminal 2 were used as a connection to the battery, and other connections were
as shown in figure 16, the adjustment would establish the relation

A __the diagonal resistance of X 61
B~ the direct resistance of Y (61)

The conductors, X and Y, might be connected into the bridge in such a way that
the adjustment would make the ratio of 4 to B equal to any one of several ratios
of a four-terminal resistance of one, to a four-terminal resistance of the other.
Finally, it should be noted that whether the Thomson bridge method, the poten-
tiometer method, the Matthiessen and Hockin bridge method, or the Kohlrausch
differential galvanometer method is used the same value will be found for the
ratio of a four-terminal resistance of X to a four-terminal resistance of Y, provided
proper adjustments are made in each case and equaljprecisions are attained in
these adjustments.

APPENDIX 2. THERMOELECTROMOTIVE FORCES

In measurements to a precision of 1 part in 1 million, the potential drops in the
bridge arms resulting from the test current must be balanced in many cases to
0.01 microvolt and in exceptional cases to 0.001 microvolt. However, conditions
under which the measurements must be made are such that unless careful con-
sideration were given to the thermoelectromotive forces they would often amount
to a few or even several microvolts and change rather rapidly. As pointed out
above, keeping the galvanometer circuit closed and judging the balance of the
bridge from the changes in the deflection of the galvanometer following reversals
of the test current eliminate the effect of the thermoelectromotive forces insofar
as these remain constant during time intervals corresponding to a few periods of
the galvanometer. While it is very desirable that the thermoelectromotive forces
be kept constant, experience shows that a thermoelectromotive force which is
changing slowly and at a fairly uniform rate does not preclude accurate balances
of the bridge by a skillful observer. The principal means used for steadying the
thermoelectromotive forces, most of which also reduce their magnitudes, are
mentioned in the following numbered paragraphs:

1. Bridge arms, terminal blocks, the rheostat used in regulating the damping
of the galvanometer, and a part of the leads between the bridge and galvanom-
eter are placed under oil which is kept at very nearly a uniform temperature
throughout by vigorous circulation.

2. The galvanometer is mounted on an inside wall, where it is fairly free from
erratic changes in temperature.

3. A tight metal case completely surrounds the galvanometer, except that there
is a glass window of sufficient size to permit of a view of the coil and a reflection
of a light beam from the mirror.

4. The coil, coil terminals, suspensions, and terminals of the galvanometer, and
the leads between galvanometer and connections in the oil bath are of copper,
but the necessary connections between them are soldered.

5. That part of the galvanometer circuit outside the oil bath is thermoelectri-
cally balanced insofar as this is practicable.

6. Most of the soldered connections outside the oil bath are thermally shunted,
at least to some extent.

7. Thermal resistances are made high in parts of the circuit in which this is an
advantage.

8. All soldered connections are protected from direct exposure to the general
circulation of the air of the laboratory.

9. Soldered connections outside both the galvanometer case and the oil bath
are kept to a minimum number.

10. Soldered connections outside the oil bath are made with the copper parts as
nearly in direct contact as is practicable over areas equal to or larger than the
cross section of the conductors and with only a sufficient amount of solder to
produce & good thermal contact.

11. Abrupt changes in the thermal capacity per unit length of conductor in the
vicinity of possible sources of changing thermoelectromotive force are avoided to
as great an extent as is practicable.

12. Masses of material having relatively large thermal capacities are placed in
the vicinity of more probable sources of changing thermoelectromotive force for
the purpose of reducing the rate of change of the temperature.
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13. The dial switches serving to adjust balances of the bridge operate in the oil
bath, so are well lubricated, and this reduces the heat developed in the contacts
by the operation of the switches.

14. The resistances in series with the dial switches are high relative to the
resistances of the sections shunted. Consequently, variations of the thermo-
electromotive force, introduced into the A arm of the bridge by the dial switches,
are fully one order smaller than the variations of the thermoelectromotive forces
in the dial switches.

Since thermoelectric balances and thermal shunts are not generally used else-
where, an explanation of each may be in order.

(a) THERMOELECTRIC BALANCES

If a complete electric circuit is made up in part from one kind of metal and in
part from another kind of metal, there must be at least two and in any case an
even number of junctions between dissimilar metals. That is, the junctions occur
in pairs. When these junctions are at different temperatures usually there is a
thermoelectromotive forece in the circuit. However, it is not necessary that all
junctions be at the same temperature to avoid a thermoelectromotive force. The
thermoelectromotive force would be zero if the two junctions constituting one pair
were at one temperature, the two junctions constituting another pair were at
another temperature, etc. This is the end sought in making thermoelectric
balances. In the simplest case a thermoelectric balance consists in making the
two junctions of a pair of similar construction and of placing these two junctions
in such relative positions that both will be exposed to very nearly the same
ambient temperature. More generally, a thermoelectric balance consists of con-
structions and arrangements of parts such that some type of symmetry both
from the thermal and from the thermoelectric points of view is realized for two or
more of several junctions in an electric circuit. For a circuit to be thermoelectri-
cally balanced, each junction between dissimilar metals must be taken into
consideration.

For the purpose of illustrating a method of realizing a thermoelectric balance,
consider a soldered connection between two copper wires of the same size which
are exposed to air currents of varying temperature. The connection is made
similar in the two directions parallel to the circuit. The conductor is supported
from opposite walls of the laboratory, and the connection is placed at some dis-
tance from either support. Consequently, air currents heat and cool the wires
on opposite sides of the connection at very nearly the same rate, and keep them at
very nearly the same temperature. Therefore, the two junctions, solder to copper
and copper to solder, always assume very nearly the same temperature, so both
the magnitude and the rate of change of the thermoelectromotive force are very
small. In this case, one of the junctions is balanced against the other.

For the purpose of illustrating another method of realizing a thermoelectric
balance, consider two sections of a circuit in each of which there is a soldered
connection between a copper wire 1 mm in diameter, and a copper wire 0.5 mm
in diameter. The two soldered connections are made similar and so located
with respect to each other that in case of a changing temperature, the rate of
heat transfer from a larger to a smaller wire is the same through one as through
the other of the soldered connections. As a consequence, the difference in tem-
perature of two junctions, copper to solder and solder to copper, of one connec-
tion, is very nearly the same as that of the other connection. Therefore, the two
soldered connections, each constituting a thermocouple, develop very nearly the
same electromotive force. Further more the arrangement is made such that in
case of a current in the circuit, this current is from the larger to the smaller wire
through one of the soldered connections, and from the smaller to the larger wire
through the other connection. Therefore, the electromotive force developed in
one of the soldered connections is in opposition to that developed in the other.
In this case, one of the thermocouples is balanced against the other.

(b) THERMAL SHUNTS

A thermal shunt consists of an electrically insulated or insulating heat con-
ductor which serves to equalize the temperature of two sections of a circuit
between which there are possible sources of thermoelectromotive force. As an
illustration, consider a soldered connection between a relatively large and a rela-
tively small insulated copper wire that is exposed to air currents of varying tem-
perature. Only sufficient insulation is removed from the ends of the wires to
permit of soldering, after which the smaller wire is wrapped a few times around
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the larger wire, and this portion thoroughly impregnated with shellac. Then,
although air currents may heat and cool the smaller wire more rapidly than the
larger, the heat transfer between the two is mainly through the electrical insula-
tion. The result is a material reduction in the temperature difference and rate
of change of the temperature difference between the two junctions, copper to
solder and solder to copper, and consequently, a material reduction in the thermo-
electromotive force and its rate of change.

Thermoelectric balances and thermal shunts constitute two of the simpler
and more generally applicable of the effective means of reducing troubles from
thermoelectromotive forces. Furthermore, each may be made to supplement
the other and sundry means employed for this purpose, such as a thermal shield
the circulation of air in an enclosed space, the blocking of air currents, ete.

With the arrangement used and procedure followed in establishing balances
of the bridge, thermoelectromotive forces seldom constitute a limiting factor on
the precision of measurement, even when there is forced circulation of the air
from the general heating system at a temperature 10°C above the temperature
of the bridge and 15°C above the general temperature of the laboratory or from
the refrigerating system at a temperature 15°C below the temperature of the
bridge and laboratory. Only in exceptional cases is it necessary to place tem-
porarily an obstruction to the normal circulation of the air in the vicinity of the
galvanometer, the terminals of standard resistors, or the connectors extending
above the surface of the oil.

APPENDIX 3. INSULATION

The maintenance of sufficiently good insulation constitutes a troublesome factor,
especially in the measurement of higher resistances. Referring to figure 1, it will
be seen that the battery and galvanometer leads are at different potentials. Con-
sequently, at least a small part of the current supplied by the battery passes
through the insulation between them, and as a result each arm of the bridge is
shunted by a resistance of the order of the resistance of the insulation between a
battery lead and a galvanometer lead. In case the resistance of one arm of the
bridge is 10,000 ohms, the resistance of the insulation between the battery lead
and the galvanometer lead connected to it must be in excess of the 10!° ohms, or
be compensated in some way, such for example, as by the use of a substitution
method, if the error from this source is to be less than 1 part in a million. Resist-
ances of the insulation between the battery and galvanometer leads in excess of
101 ohms are not readily realized, and having been realized, it is not safe to assume
that they are being maintained unless certain precautions are taken, and then
only in case occasional checks justify the assumption. Usually it is assumed that
a Wagner branch [96, 97] if properly designed and properly used, constitutes an
effective means of avoiding errors which otherwise might result from slightly
defective insulation. Originally, the bridge was equipped with a Wagner branch,
but it was removed for reasons, the more important of which will be discussed
later under the heading ‘“Wagner branches.” Since the removal of the Wagner
branch, efforts have been made to maintain the resistance of the insulation be-
tween the battery branch and the galvanometer branch sufficiently high that the
leakages between these branches do not constitute a limiting factor in the
precision of measurement. However, if the insulation were to be sufficiently
good to obviate errors which might arise as a result of passage of leakage current
from direct current power circuits through the bridge, its resistances would have
to be two or possibly three orders higher. While errors from this source are
eliminated for the most part by the reversal of the connections to the battery used
with the bridge, and this is the regular practice followed in balancing the bridge,
a grounded metal guard is placed under all mechanical supports of the bridge, the
battery and its leads, and the galvanometer and its leads. This is a very effective
means of isolating the bridge from power circuits. This guard also serves in
testing the insulation of battery and galvanometer leads. Furthermore, the power
used in regulating the temperature and driving the stirring motor is supplied from
an alternating current circuit, one side of which is grounded.

The means employed for securing good insulation are as follows: (1) The air
of the laboratory is dried by refrigeration when this is necessary to keep the dew
point well below the temperature of the oil bath and laboratory, not only while
the measurements are being made but during a sufficient time in advance to
thoroughly dry all insulating material exposed to the air. Incidentally, drying
the air of the laboratory reduces the moisture content of the oil, and this helps
in the maintenance of its insulating property. (2) Care is taken never fo reduce
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the temperature of the oil below the dew point of the air of the laboratory, as this
would result in the condensation of water in the oil. (3) The oil is selected on
the basis of original freedom from acids and tendency to develop acids, is protected
from strong light, is kept covered when the apparatus is not in use, and is re-
newed at intervals of about 2 years. (4) Most of the insulating material is pro-
tected from strong light, especially when not in use. (5) Care is taken not to
permit the accumulation of excessive amounts of dust or hygroscopic sulfur com-
pounds on the surfaces of the insulators of the hard-rubber type. (6) The bridge
proper and the rheostat used in regulating the damping of the galvanometer are
kept under oil. (7) The galvanometer leads have but few supports and these are
of amber. (8) The galvanometer case is supported on amber posts, and the
galvanometer circuit is insulated from the case. (9) The battery is supported on
blocks of paraffin, and the battery leads are well insulated.

However, the resistance of the insulation of the battery and its leads, the
rheostats for regulating the test current, the ammeter-voltmeter, keys, ete., gen-
erally is from two to four orders lower than the resistance of the insulation of the
galvanometer and galvanometer leads. It should be noted that it is not neces-
sary that the insulation of both the battery branch and the galvanometer branch
be exceptionally good. Nevertheless, when the humidity is very low, the insula-
tion of the entire bridge circuit is so good that there may be trouble from electro-
static actions. To avoid electrostatic effects arising from the stirring of the oil,
the circulating propeller is electrically connected to the guard, and the belt driv-
ing the circulating propeller is located beneath the metal tank containing the oil
bath. The more serious of the remaining sources of electrostatic effects arise
from movements of the observer. In case these movements cause trouble, the
guard is temporarily extended under the observer so he becomes a part of it,
the observer is thoroughly insulated from the floor, or a galvanometer lead is
connected to the galvanometer case. Should slight defects in the insulation be
suspected, in any case, their presence or absence may be confirmed easily. If
present, but not very serious, usually it is a simple matter to carry out the measure-
ment in such manner as to avoid an error from this cause.

(a) THEORY IN CASE OF DEFECTIVE INSULATION

The correction for the effect of slightly defective insulation will be designated
as f. Then, following the notation used in the paper, the Wheatstone bridge
equation may be written

X=%An[1+a'—an+f]' (62)

In cases in which the resistances of the battery leads and galvanometer leads are
negligibly small in comparison with the resistances of the bridge arms, as is usually
assumed in discussions of this subject, figure 17 represents the bridge circuit with
sufficient exactness for the purpose at hand. Here q, b, ¢, and d represent branch
points of the bridge; e represents the guard extending under all mechanical
supports of the apparatus; and m, n, o, and p represent the resistances of the
insulation between leads, or branch points of the bridge and the guard. For this
somewhat ideal arrangement, if the bridge is balanced, the relation between
A,B, X, Y, m,n,o,and p is

XA+ Ymp/F) _AQ+Bmn/F)

YA+ Xop/F) B+ Ano/F)’ oy

where
F=mno--nop-+opm-pmn. (64)

Equation 63 is readily obtained by the use of Rosens [77] star-polygon transforma=
tion. If put in the form of eq 62, and if F is sufficiently large relative to Ypm,
Xop, Bnm, and Ano, that terms divided by the second and higher power of F
may be neglected,

Xz% all+a—a,+ (Xop+ Bmn— Ano— Ymp)/F]- (65)
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Therefore, to a first order approximation,

f= Xop+Bmn— Ano— Ymp
~ mno-+mnop+mop-+mnp

Equation 66 shows the effect of slight defects in the insulation and the relation
between these defects necessary for them to compensate each other. However,
it is of little use in the solution of the particular problem at hand, since, in general,
m, n, 0, and p will not be known. Furthermore, it is not sufficiently general to be
applicable in all cases.

Frequently a resistance is placed in one or both battery leads to reduce the
potential drop across the bridge to a value less than the electromotive force of the
battery and in one or both galvanometer leads or in parallel with the galvanometer

b,

(66)

FicurE 17.—Wheatstone bridge circuit arranged to show the effect of slightly defective
insulation of the battery leads and of the galvanometer leads.

to adjust the damping of the galvanometer. Also major parts of the leakage
through or over insulating material may be distributed near the battery and
galvanometer. When this is the case, resistances in the leads make slight defects
in the insulation more serious.

(b). PROCEDURE IN CASE OF DEFECTIVE INSULATION

For such a bridge circuit as shown in fig. 18 or the simpler one (shownin fig. 17), to
g first-order approximation, the correction term, f, of eq 62 may be considered to
be the product of two factors.® One of these, which will be designated J, com-
prises two or more resistance ratios involving only the resistances of bridge arms,
galvanometer leads, and leakage paths between galvanomeéter leads and the guard.
The other, which will be designated K, is the potential drop from the guard to the
branch point b (or branch point ¢) divided by the potential drop from a to d.

Following the notation used above and replacing f by the product of J and K,

X=Y42 [1+a—a,+JK]. ©®7)
With branch point @ connected to the guard
Ka=X/(X+ Y)r (68)
80
X= Y42 (14 0= an + TX/(X+ 1)) (69)
With branch point d connected to the guard,
Ky=—-Y/(X+7), (70)
80
X=YA2 (14 0, au— T ¥/(X+ D)) (71)

5 'I:i}!e téasis of the discussion given here will be explained in the appendix on methods of analysis, first
expedient.
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From eq 69 and 71 it follows that
J=aq—a,. (72)
From eq 69 and 72, or 71 and 72, it follows that

X= YA (14 (@Y +aX)/ (X + ¥) —a,) (73)

In like manner it may be shown that if balances of the bridge are made with
branch points b and ¢ alternately connected to the guard

X=¥42 (14 @A+aX)/(4+X) ~al. (74)

Referring to eq 73 or eq 74, it will be seen that by making two balances of
the bridge instead of the usual one, the effect of slight defects in the insu-
lation of battery and galvanometer
leads is taken into account. For eq oy
73 or 74 to give results accurate to 1
1 part in 1 million, a,—a, or ay—a, %
must lie in the range 0.001 to —0.001. b
However, these two equations are in-
dependent of each other, so usually
one or the other will be applicable.

It should be pointed out that the
situation is somewhat more compli-
cated than would appear from the
above discussion or an inspection of
figure 18. For reasons which are
stated on page 239, the balance of the
bridge is judged from changes in the
deflection of the galvanometer fol-
lowing reversals of connections to
the leads of the battery. These re-
versals are made at points at some
distances from the battery terminals.
As a consequence, the direction of
the potential gradient in the insula-
tion may be reversed in some and not
in others of the leakage paths, so the
correction term may be different in
the two cases. Consequently, when
eq 73 or 74 is used an appropriate FiGure 18.— Wheatstone bridge circuit with

I~
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procedure should be followed in es- leakage paths belween battery leads and the
tablishing the extra balances of the guard, and belween the galvanometer leads
bridge. and the guard.

(c) TEST OF INSULATION

However, what is desired is not an evaluation of a correction term but an
agsurance that it is so small that it may be neglected without reducing the precision
of the measurements. Xeeping in mind the relations given above, it is a simple
matter to more or less definitely locate defects in the insulation if these defects
are really serious, although it may or may not be a simple matter to remedy the
difficulty. Since the insulation of the galvanometer, galvanometer leads and rheo-
stats used in regulating the damping of the galvanometers is generally much better
than the insulation of the battery, battery leads, switches, and rheostats used in
adjusting the current through the bridge, the insulation may be tested by making
K of eq 67 have first a positive and then a negative value somewhat larger than
the value it can possibly have as the bridge is used, and noting the resulting
changes, if any, in the balances of the bridge. ;

The value K naturally assumes presumably will never lie outside the range from
plus to minus the electromotive force of the battery, supplying the test current,
divided by the potential drop from a to d. Usually, therefore, an appropriate
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change in K may be made by connecting an auxiliary battery (having an electro-
motive force of about one order higher than the electromotive force of the battery
supplying the test current) between the guard and branch point a (or d) and then
reversing connections to this auxiliary battery. This should be done with the
reversing switch in the battery branch of the bridge in one position and then
repeated with the reversing switch in the other position, the battery branch being
closed in both cases.

Of the locations not so far considered, at which slightly defective insulation
might introduce errors, the more probable is in the auxiliary apparatus used in
finding the reading of the dial switches of the A arm of the bridge for which the
ratio of A to Bis 10. At the time this apparatus was constructed the importance
of providing a means of testing the insulation was not appreciated. For example,
should the resistance of the insulation between one of the end terminal blocks and
one of the central terminal blocks be as low as 108 ohms, the reading obtained
would correspond to a ratio differing from 10 by about 2 parts in 1 million. How-
ever, checks by a number of standard resistors singly and then in series have not
indicated any significant error from this source.

It should be pointed out that when nominally equal resistances are being com-
pared, either by substitution one after another in the same arm of the bridge or
by interchange between arms, errors which otherwise would result from slightly
defective insulation are automatically eliminated to the extent that the shunting
effects remain constant during a series of measurements. Also, that as the appa-
ratus is used, leakages within the A and B arms of the bridge are automatically
taken into account to the extent that they remain constant during a series of
measurements.

In general, leakages within resistance standards have the effect of lowering
their resistances, rather than limiting the precision of the measurements. In
exceptional cases in which the conduction through the insulation is sufficient to
result in noticeable electrolytic polarization the usual precision of measurement
cannot be obtained.

It has been assumed that direct leakage from any part of the bridge circuit to
points within X or Y is negligible. Also that direct leakage between battery and
galvanometer leads is negligible. The bridge is kept under oil of good quality,
and the battery and galvanometer leads are brought out, so that there is little
possibility of a current from one to the other except through bridge arms or by
way of the guard. So presumably these assumptions are justifiable.

(d) WAGNER BRANCHES

It was mentioned that originally the bridge was equipped with a Wagner
branch. Usually when a Wagner branch is used with a Wheatstone or other
four-arm bridge, it is attached as shown in figure 19. Here W, and W, represent
the arms of the Wagner branch. The bridge and the Wagner branch are adjusted
by successive approximations. First, the bridge is adjusted with the key %, open,
so that there is no current in the galvanometer. Second, with the galvanometer
connected between branch point b (or ¢) and the guard or with the galvanometer
in its normal position, and the key, k., closed, the Wagner branch is so adjusted
that there is no current through the galvanometer. This second adjustment, if
it involves any marked changes in the ratio of W, to W, disturbs the first adjust-
ment to some extent. Therefore, the first adjustment is repeated and this dis-
turbs the second adjustment slightly, ete. However, successive adjustments re-
quire smaller and smaller changes, and after the changes become insignificant, the
galvanometer branch is at the potential of the guard. Then there is no leakage
current through the leakage path, ¢, or any arm of the bridge. Therefore, since
there is no current through the galvanometer, the Wheatstone bridge equation
gives the relation between X, Y, 4, and B.

If this adjustment were valid with the key k; against the + battery terminal
block and the key, ks, against the — battery terminal block, the relation between
the resistances would be as follows:

W.,(1+W, X, A
__(_%;:L/@=I_7=_B. (75)

However, with this adjustment the galvanometer branch will not be at the poten-
tial of the guard with both keys k; and k; against -+ battery terminal blocks, as
shown in figure 18, or with k; against a —, and %, against a + battery terminal
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block. More specifically, when a switch, such as is shown in figure 19, is used in
reversing the current through the bridge and this switch is located between the
bridge and a leakage path between a battery lead and the guard, no adjustment
can be made such that the galvanometer branch will be at the potential of the
guard for all permutations of the settings of the keys ki, ks, and k,. If then there
is a leakage path from a galvanometer lead to the guard, no adjustment can be
made such that there is no current through the galvanometer with the current
through the bridge alternately in one and then in the other direction, when the
key k. is open and also when the key k., is closed.

Notwithstanding this difficulty it is possible, in some cases only, to make an
adjustment such that the relation between X, Y, 4, and B is that given by the

Fiaure 19.—A Wagner branch connected in parallel with the battery branch of a
Whealtstone bridge.

W and Wy represent the arms of the Wagner branch, and p and ¢ represent leakage paths between
the bridge circuit and the guard.

Wheatstone bridge equation. Adjustments of the bridge and of the Wagner
branch are made by successive approximations, judging balances by changes in
the deflection of the galvanometer following reversals of the test current. In
adjusting the bridge, the key k, is left open, while in adjusting the Wagner
branch, it is kept closed. When proper adjustments have been realized there
may be a fairly large current through the galvanometer with the key k, open and
a different fairly large current through the galvanometer with the key k., closed.
However, the magnitudes and directions of these currents are independent of the
direction of the current through the bridge.

The situation is not nearly so complicated if the Wagner branch is attached to
branch points b and ¢ of the bridge, as is shown in figure 20. With this arrange-
ment adjustment by successive approximations leads to a condition such that
there is no current through the galvanometer with any possible combination of
the settings of the keys ki, ks, kw, and k,. While this adjustment does not
bring the galvanometer to the potential of the guard or prevent aleakage between
a galvanometer lead and the guard, it nevertheless leads to the relation between
X, Y, A, and B given by the Wheatstone bridge equation.

This discussion of the Wagner branch is by no means comprehensive. It
should however serve to show that an attachment of a Wagner branch to the
NBS precision bridge would not constitute a simple and convenient means of
obviating the need of good insulation.
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Fraure 20.—A Wagner branch connected in parallel with the galvanometer branch
of a Wheatstone bridge

Here the arrows indicate the direction of the leakage current in each branch of the network when the
potential of all bridge arms is higher than the potential of the guard.

APPENDIX 4. OPTICAL SYSTEMS OF GALVANOMETERS

While balances of the bridge are being established, the deflection of the gal-
vanometer is ever changing, so it requires the concentrated attention of the
observer. Watching the deflection and separating those componeuts of the
deflection resulting from a lack of balance of the bridge from those resulting from
other causes constitute the most fatiguing part of a series of measurements. As
fatigue is a factor affecting the precision of a series of measurements the optical
system should be as suitable for the purpose as can be obtained without excessive
refinements. What constitutes the best obtainable optical system depends on
the skill of the available optician, personal preference, and physiological factors.

(a) DESCRIPTION OF OPTICAL SYSTEM

In the system used in the precision measurements of resistance made in this
Bureau an image of a line source of light is focused on a ground-glass scale.
The scale is placed at a distance of about 1.5 m in front of the galvanometer
mirror and is adjustable in height so as to accommodate it to different observers
while standing. The graduations and ground surface are on the observer’s side
of the scale, which is a matter of very considerable importance, since it serves to
almost completely eliminate direct reflections from the scale.

The light source is a 35-w straight filament lamp with a cylindrical bulb.
However, it is operated far below normal intensity for reasons which will be ex-
plained presently. The lamp is enclosed in a cylindrical metal case with open-
ings at the top and bottom for ventilation and an opening on the side which can
be so adjusted as to exclude from the light beam reflected from the galvanometer
mirror, images resulting from reflections within the lamp bulb. The galvanom-
eter mirror is 1 ¢m in diameter and about 0.5 mm in thickness. The quality
of the mirror and galvanometer window is such that practically theoretical
resolving power is realized.

All direct illumination back of the ground-glass scale is avoided. Conse-
quently, the only marked contrasts arise from the graduations and the image of
the light source. The grinding is rather fine but not so fine but that both the
graduations and the image are seen distinctly when viewed at an angle of as
much as 20° with respect to the normal to the scale. This permits the use of
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both eyes and does not require that the observer keep his head in a very definitely
fixed position. The graduations are fine, distinct, black lines with 1-mm
spacing.

pThe lamp and scale are supported from a side wall and the ceiling, both of
which are masonry. Also the galvanometer is supported from a side wall. Con-
sequently, mechanical vibrations of the scale and image are seldom troublesome.

With the lamp operated at normal intensity, the image appears rather wide
and excessively bright. Therefore, the power supplied to the lamp is reduced
somewhat below the point at which, on dull days and with the window shades
open, the diffraction fringes do not contribute to the apparent width of the image
and a suitable contrast is obtained. As the outside illumination changes the
intensity of the light source is not changed but occasionally one or more of the
window shades are closed or the lights of the laboratory turned on. The general
illumination is so adjusted that the contrast between the graduations and ground
glass is approximately the same as the contrast between the ground glass and
image.

In cases in which the combined sensitivity of the bridge and galvanometer are
barely sufficient for obtaining the desired precision, repetitions of series of meas-
urements show that an exceptionally skillful observer can so nearly balance the
bridge that that component of the electromotive force resulting from the lack of
balance of the bridge does not exceed 0.001 microvolt. Since the sensitivity of
the galvanometer then would be 30 mm/microvolt, it follows that 0.001 micro-
volt corresponds to changes in the deflection of 0.06 mm, following reversals of
the direction of the test current. To associate a change in the deflection that is
only slightly larger than this with a change in the direction of the test current
(while the deflection is changing gradually as a result of one or more of several
causes, abruptly on reversals of the test current because of a lack of a perfect
inductive balance, and erratically as a result of one or more of several possible
causes); requires that the deflection be observed continuously while the test
current is reversed several times, at intervals corresponding approximately to
the period of the galvanometer. However, a balance of the bridge to 0.001
microvolt can be made only when the thermoelectromotive forces are remaining
reasonably constant, the inductances of the bridge are reasonably well balanced,
local and microseismic vibrations are not troublesome, electromotive forces
induced by changes of the magnetic field in the laboratory are not troublesome,
and conditions otherwise are favorable.

(b) QUALITY OF OPTICAL SYSTEMS AND SENSITIVITY OF BRIDGES

Since the optical system of the galvanometer is the last of the factors affecting
the sensitivity of bridges to be discussed at this time, it is in order to give an
illustration of how a consideration of most of these factors leads to a fairly definite
conclusion. For this purpose let the reader assume that he has the problem of
comparing a number of 10-ohm standard resistors, that he has at hand a bridge
suitable for the purpose, and that he has prepared a specification for a galvanom-
eter, but before purchasing a galvanometer wishes to know if the specification is
adequate and satisfactory for the realization of a precision of 1 part in 1 million
in the comparisons.

Let it be assumed that:

1. The period of the galvanometer is to be 7 seconds.

2. The galvanometer is to be critically damped with an external resistance of
60 ohms.

3. The sensitivity of the galvanometer is to be such that with 1 microvolt, in
the circuit giving critical damping, the deflection is five scale divisions, with the
distance between the mirror and scale that which is to be used.

4. The optical system of the galvanometer is to be of such quality that a change
of the deflection of 0.1 scale division is readily detectable. d

5. It is estimated that local disturbances will cause random change in the
apparent equilibrium position of the galvanometer of not more than 0.1 scale
division during time intervals of 7 seconds.

6. The resistance between the galvanometer terminals of the bridge is 60 ohms.

7. The comparisons are to be made by substituting the 10-ohm standard
resistors successively in the X arm of the bridge.

8. A 10-ohm standard resistor is to be placed in the Y arm of the bridge and is
not to be disturbed during the series of measurements.

9. Balances of the bridge are to be checked by a single observation of the change
in the deflection of the galvanometer following a reversal of the test current, with
no provision for establishing inductive balances.

242883—40——10
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10. The divergence of the load coefficients of the series of 10-ohm standard
resistors, to be compared, is 10 parts in 1 million per watt dissipation.

As previously pointed out (eq 262), the change in the deflection of the galvanom-
eter following a reversal of the test current is

2D E. Y/(X+Y),

provided, as according to 2 and 6, the specified damping is realized without the
use of a shunt. Here E,, the potential drop in the X arm, is not assumed to be
known but is to be determined from the data given above. Since the sensitivity
of the galvanometer, D, is five scale divisions per microvolt and X and Y are
equal, the change in the deflection of the galvanometer resulting from 1 part in
1 million lack of balance of the bridge is five E, scale divisions, provided E,
is expressed in volts.

From 1, 2, 4, 5, and 9 it follows that the bridge may be out of balance nearly by
an amount corresponding to a change of the deflection of the galvanometer of 0.2
scale division without being detected. Consequently, the minimum discernible
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Fraure 21.—Sensitivity of bridge and galvanometer (an tllustrative problem).

Curve A shows minimum discernible lack of balance of the bridge; curve B, effect of heating; and
curve C, sum of factors limiting the sensitivity.

lack of balance of the bridge may be taken as 1 in 25 million E,. Plotting the
minimum discernible lack of balance of the bridge as ordinates and E, as abscissas
gives curve A of figure 21.

From 7 and 10, since the resistance in the X arms is 10 ohms, it follows that for
the series of measurements the divergence of the effects of heating is E,2X 100,
Plotting E,? as ordinates and £ as abscissas gives curve B. Adding the ordinates
of curves A and B gives curve C, the sum of the various factors limiting the
sensitivity. It will be observed that the maximum of what may be called the
effective sensitivity is 2.2 in 10 million, or about 1 in 44 million, and that this
sensitivity is obtained with a potential drop of approximately 0.27 volt in the
X arm of the bridge. Obviously this sensitivity is somewhat more than that
required for a precision of 1 part in 1 million.

In this analysis it has been assumed that the combined effect of the various
factors limiting the effective sensitivity is obtained by the addition of their
individual effects, that is, the analysis is based on the worst, not the probable,
of the assumed conditions. It may be concluded, therefore, that a galvanometer
having the operating characteristics specified would be suitable for obtaining
the desired precision in the series of measurements, and inasmuch as there would
be no difficulty in obtaining a galvanometer having these operating constants,
it may be concluded that the specification is satisfactory.
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APPENDIX 5. METHODS OF ANALYSES (THREE EXPEDIENTS)

Instead of Kirchhoff’s laws or Maxwell’s “mesh currents” simpler expedients
have been used in this paper in the solution of network problems. For the most
part these are so obvious or so well known that no explanation need be given, or
reference is made to publications in which they are discussed. However, three
of the expedients used deserve special mention. The first of these consists in the
substitution of a battery in place of a resistance in which there is a current, the
second consists in the substitution of a very high resistance and battery of very
high electromotive force in place of a low (or zero) resistance and battery of low
electromotive force, while the third consists in a separation and synthesis of the
effects of the independent resistances of a nonlinear four-terminal conductor.
This is accomplished by the substitution of first four, then five, and finally another
five linear conductors in place of the nonlinear four-terminal conductor. These
substitutions present no experimental difficulties, since they are made not in an
actual circuit but in a diagram representing the circuit or merely in a mental
picture.

(a) CLASSICAL FORM OF SOLUTION OF UNBALANCED WHEATSTONE BRIDGE

Before considering any one of these three expedients a few of the many possible
expressions for the electromotive force or current in the galvanometer circuit of
an unbalanced Wheatstone bridge will be stated, for the purpose of comparison
with corresponding expressions, one of which will be derived by the use of the
first and another by the use of the second of these expedients.

The expression given by Maxwell and others, and which will be referred to as
the “‘classical solution,” is

EyBAX

lo=RGATBT X TAXTY) T R(ATXFAX) (BT Y) + (76)
+GA+B)(X+AX+Y)+XY(A+B)+ ABX+AX+Y)+AXY(A+B).

Here I, is the current in the galvanometer branch and @ is the resistance of the
galvanometer branch. The significance of the other characters are as explained
in connection with figure 1.

It has been shown in this paper (eq 6) that

R b9 1 AX/x _1]
C XNV (EBA X XET) :

from which it follows [30, 71, 88, 108] that

EXFaaiaxiEl
L=x1yiTax/X+ D) 1]/R°' (78)

where R, is the resistance to an electromotive force in the galvanometer branch,
that is, the resistance of the galvanometer branch plus the resistance of the
bridge between its galvanometer terminals with the galvanometer branch open
and the battery branch closed.

E

)

(b) FIRST EXPEDIENT (HYPOTHETICAL BATTERY OF ZERO RESISTANCE)

For a battery having no resistance to be equivalent to a resistance in which
there is a current, the electromotive force of the battery must be equal to minus
the product of the current and resistance. As simple illustrations of the applica-
tion of this expedient, consider the circuit shown in figure 1. Here the current
distribution in the bridge arms and galvanometer branch may be considered to
depend on the potential drop from @ to d, regardless of how this potential drop
is produced. We are therefore at liberty to consider that the potential drop is
produced in any way which suits our convenience. One of the ways in which the
potential drop might be produced would be by replacing the resistance, R, in
the battery branch in which there is a current, /, by a second battery having no
resistance and an electromotive force equal to —RI, or by replacing the entire
battery branch by a battery having no resistance and an electromotive force
E,=E,—RI. If this were done, the potential drop from a to d would not change
on opening the galvanometer branch. The potential drop across the break in
the galvanometer branch is given by eq 6, if E; is substituted for E. Another
simplification accomplished by this expedient is that from the standpoint of the
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resistance to an electromotive force in the galvanometer branch, branch points
a and d are connected by a conductor of zero resistance. Consequently, an
expression for the resistance to an electromotive force in the galvanometer branch
can be written from an inspection of figure 1, and is

(X+AX)Y
G+A+B+X+AX+Y

Consequently,

BX[ 14+AX/X (X+AX)Y
N T T A AT 1]/(G+A+B+X—|—AX+Y (79

This equation or its equivalent was communicated to me orally by Leo Behr,
without an analytical proof. However, his original analysis was the same as
that given here.

This expedient, in some cases, is helpful in the solution of complicated network
problems as well as simpler problems, such as that just considered. As an
ilustration, consider the bridge circuit
shown in ﬁgure 18 and consider that
the bridge is balanced. Hypotheti-
cally, the battery, battery leads, and
leakage paths between the guard and
battery, and guard and battery leads
may be replaced by two or more
batteries (each having the appropriate

I,=

i electromotive force) connected as
<G> shown in figure 22, or otherwise,
without changing the current or po-

= tential relative to the guard at any
= point in the bridge arms, galvanom-

eter leads, and leakage paths be-
tween the guard and galvanometer
leads.

Obviously, if B’=EX/(X+Y), no

AMAAAMAAAARAA

e 1 current is drawn from the battery

! whose electromotive force is E' and
—|'—H' 1 = the usual Wheatstone bridge equation
Ha gives the relation between X, Y, A4,

it and B. However, in general the re-

F1Gure 22.—The battery, battery leads, and lation between X, ¥, A, and B will
leakage paths (between battery leads and depart from the Wheatstone E)rldge
the guard only) shown in figure 18 replaced Telation proportionally to (E'/E)—
by two batteries. (X/(X +Y)), while the proportionality

factor depends upon the relative re-
sistances of the bridge arms, leakage paths from the galvanometer leads to the
guard, and sections of the galvanometer leads. By deliberately changing

(E'/E) — X/ X+ Y)) first to one and then to another known value and noting the

resultmg changes in the balance of the bridge, both the initial value of (E'/E)—

(X/(X+7)) and the proportionality factor may be found. This is the basis of

the discussion given in the appendix on insulation.

(c) SECOND EXPEDIENT (HYPOTHETICAL BATTERY OF HIGH ELECTROMOTIVE
FORCE AND HIGH RESISTANCE)

For a high resistance and battery of high electromotive force to be equivalent
to a low (or zero) resistance and battery of low electromotive force, it is neces-
sary that the high electromotive force minus the product of the high resistance
and current be equal to the low electromotive force minus the product of the low
resistance and current, and that the current be the same in the two cases. Asa
simple illustration of the application of this expedlent consider again the circuit
shown in figure 1. Here the current distribution in the bridge arms and galva-
nometer branch may be considered as dependent on the current in the battery
branch regardless of how this current is produced. We are therefore at liberty
to consider that the current is produced in any way which suits our convenience.

One of the ways in which the current 7 in the battery branch might be pro-
duced would be by increasing the resistance R indeﬁnitely and increasing the
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electromotive force FE, sufficiently to give this current. If this were done the
galvanometer branch could be opened without changing the current I in the
battery branch. Furthermore, from the standpoint of an electromotive force
in the galvanometer branch, the resistance of the battery branch would ke
infinite. Consequently, an expression for the resistance to an electromotive
force in the galvanometer branch could be written from an inspection of figure
1. With the galvanometer branch open it is readily seen that the current in
the X arm is 7 (A+B)/(X+AX+Y+ A+ B) and in the A arm is I(X+AX+Y)/
(X+AX+ Y+ A+ B). These currents multiplied by the resistances (X-+AX)
and A4 give the potential drop from a to b and from e to ¢, while the difference be-
tween these two potential drops is the electromotive force appearing in the galva-
nometer circuit when the galvanometer branch is closed. With the galvanometer
branch closed it is readily seen that the resistance to an electromotive force in the
galvanometer branch is G+ (X+AX+ A)(Y+B)/(X+AX+Y+ A+ B). Conse-
quently, the current in the galvanometer branch

_T(X+AX)(4+B)—AX+AX+V]/(X+AX+ Y+ A+B)

i GFXFAXFA(Y+B)/(X+AXFY+4+B) Yoy ABAY

which reduces to

_ IBAX _
* G(A+B+X+4X+Y)+(A+X+AX)(B+Y)

This is an equation given without proof by Jaeger [39].

Equations 76, 77, 78, 79, and 81, are exact, and two or more of them might
be applied to the same bridge at the same time. That is, each of thee equations
is a different form of the solution of the same problem. To reduce them to a
common form, eq 76 for example, would require a determination of ihe relation
between E, E|, I, and Ej, and of an expression for R, in terms of G, X-AX, Y,
A, B, and R. A comparison of the derivation of eq 76 either by the method
used by Heaviside or by the method used by Maxwell with that used in deriving
eq 79 and that used in deriving eq 81 would serve to show the relative sin plicity
of the methods used here.

I

(81)

(d) THIRD EXPEDIENT (SEPARATION AND SYNTHESIS OF THE EFFECTS OF THE
SIX INDEPENDENT RESISTANCES OF A FOUR-TERMINAL CONDUCTOR)

Before considering the separation and synthesis of the effects of the indepindent
resistances of a nonlinear four-terminal conductor, it is important to knpw the
number and nature of these resistances and the purpose of the separatipn and
synthesis. In the appendix on terminals and contacts it was pointed out that a
four-terminal conductor has but two independent four-terminal resiistances.
These are the direct resistance and the cross resistance, which here will ke desig-
nated D and C. The remaining independent resistances are the terminul resist-
ances. which are of the three-terminal type. These are

Ri=(1124) = (1142) = (4211) = (2411)

Ry=(2231) = (2213) = (1322) =(3122) (82)

R;=(3342) = (3324) = (2433) = (4233) and

Ry=(4431) = (4413) = (1344) = (3144).
(See appendix on terminals and contacts for notation)
The purpose of the separation and synthesis of the effects of these six resistances
is to obtain analytical solutions of complicated networks composed of linear con-
ductors and nonlinear four-terminal conductors. Normally, little or nothing
would be gained by separating the effect either individually or collectively of
the terminal resistances of the four-terminal conductors from the effect of the
resistances of the linear conductors connected to the terminals. Therefore the
only separations which will be considered are (a) of the effect of the direct resist-
ances from the combined effect of the cross resistances, the terminal resistances,
and the resistances of the linear conductors; and (b) of the effect of the cross
resistances from the combined effect of the direct resistances, the terminal resist-
ances, and the resistances of the linear conductors. Since the solution must
contain the combined effect of the terminal resistances and the resistances of
linear conductors, in general it is necessary to determine three effects. These
three effects may be determined by considering (1) that each nonlinear four-
terminal conductor, constituting a part of a network, has four linear resistances
arranged as shown in figure 23 (a), (2) that each nonlinear four-terminal conductor
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has five linear resistances arranged as shown in figure 23 (b), and (3) that each
nonlinear four-terminal conductor has five linear resistances arranged as shown
in figure 23 (c).

When in the analysis of a network problem any of the well-known procedures
is followed in the treatment of the linear conductors, the first consideration gives
a partial solution which is complete, except that it contains neither the effect of
the direct resistances nor the effect of the cross resistances of the nonlinear four-
terminal conductors. The second consideration gives a partial solution which is
complete, except that it does not contain the effect of the cross resistances of the
nonlinear four-terminal conductors. The third consideration gives a partial
solution which is complete, except that it does not contain the effect of the direct
resistances of the nonlinear four-terminal conductors. :

The second partial solution minus the first partial solution gives the effect of
the direct resistances, that is, the separation (a); while the third partial solution
minus the first partial solution gives the effect of the cross resistances, that is, the
separation (b). The addition of the effect of the direct resistances and the effect
of the cross resistances to the combined effect of the terminal resistances and
resistances of linear conductors constitutes a synthesis of these three effects, and
consequently gives a complete solution of the network problem. Obviously, the
complete solution may be obtained by the addition of the second and third, and

Ficure 23.—Hypothetical arrangements of linear resistances for separating the effect
of the direct resistance and the effect of the cross resistance from the effect of the
terminal resistances of a nonlinear four-terminal conductor.

a, four linear resistances equivalent to the four terminal resistances of a nonlinear four-terminal conductor;

b, five linear resistances equivalent to the direct resistance and the four terminal resistances of a nonlinear

four-terminal conductor; ¢, five linear resistances equivalent to the cross resistance and the four terminal
resistances of a nonlinear four-terminal conductor.

subtraction of the first of the partial solutions. If the second or third of these
partial solutions contains the effect of the direct resistances or of the cross resist-
ances as additive terms only, that is, if the separation (a) or the separation (b)
occurs more or less automatically, the transfer of the additive terms occurring
in one of these partial solutions to the other of these partial solutions gives the
complete solution, so the first partial solution is not required. In cases in which
the combined resistances of terminals of the nonlinear four-terminal conductors
and linear conductors connected to the terminals are sufficiently high relative to
the four-terminal resistances of the nonlinear four-terminal conductors that first
order approximations of the effects of the four-terminal resistances are sufficient,
the effect of the direct resistances can always be obtained as additive terms in
the second partial solution, and the effect of the cross resistances can always be
obtained as additive terms in the third partial solution.

To show how this method of analysis works out in practice, consider that three
linear conductors having resistances of 0.43, 1, and 1.37 ohms respectively, are
connected to a nonlinear four-terminal conductor, @, as shown in figure 24 (a),
that the six independent resistances of Q are

R;=.07 ohm,
R;=.13 ohm,
R3= .05 ohm,
R4=.03 ohm,
D =.08 ohm, and
C =.03 ohm,

and that the problem is to find first the potential drop from M to 3 with 1 ampere
in the circuit and second the resistance of that part of the circuit included between
M and N. To more definitely visualize these problems, it may be assumed that
Q consists of a circular piece of sheet metal to which terminal posts are soldered.
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The first partial solution is obtained from the arrangement of linear conductors
in figure 24 (b). For this arrangement the resistance between M and the junction
Ry, Ry, R;, and Ry (see fig. 23, a) is (.6X1.5)/2, or .3750 ohm. Therefore,
since the current is 1 ampere, the potential drop from M to 3, E;=.3750 volt.

The second partial solution is obtained from the arrangement of linear condue-
tors shown in figure 24 (¢). If E, represents the potential drop from M to 3 for

RYAR
d

Ficure 24.—A simple network containing one nonlinear four-terminal conductor.

a, a complete circuit in which Q represents the nonlinear four-terminal conductor; b, a circuit showing the
terminal resistances of Q as linear resistances; ¢, a circuit showing the terminal resistances and the direct
resistance of @ as linear resistances; and d, a circuit showing the terminal resistances and the cross resist-
ance of Q as linear resistances.

this arrangement, obviously, E, is then larger than E; by 0.08 volt, so E;=.4550
volt.

The third partial solution is obtained from the arrangement shown in figure
24 (d). If Ej; represents the potential drop from M to 3 for this arrangement,
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it is readily seen that the current in the upper branch is (.434-.07)/(.43+4-.07+4.03+
.18+1.37)=.2463 ampere. This current multiplied by 1.5, the resistance of
the upper branch between M, and junction of R,, C, and R3 (see fig. 23, ¢) gives
E;=.3695 volt. Therefore, the potential drop from M to 3 of the actual circuit,
= E2+ E3— E] =.4495 volt.

Since in the second partial solution the effect of the direct resistance of @ ap-
peared as an additive term, namely 0.08 volt, the first partial solution might have
been omitted and the complete?solution obtained by transferring this additive
term to the third partial solution. This would have given E=E; .08=.4495
volt.

Considering now the second problem and letting r, 7, and r; be the resistances
of that part of the circuit between M and N for the arrangements shown in figures
23 b, ¢, and d, it will be seen that the effect of the direct resistance, which is 0.08
ohm, will appear in the solution for r, as an additive term with a coefficient of
unity. Therefore, it is not necessary to solve for r; or ra.

Referring to figure 23 (d), it is readily seen that

_ (1.37+.13+4.03) (.43+.07)
~ 1.37+.13+.03+.43+.07

+.03+1=1.4069 chms.

73

Adding to this the resistance contributed by the direct resistance of @, namely
.08 ohm, gives for the resistance of that part of the actual circuit between M
and N of figure723 (a)

r=1.4069+.08=1.4869 ohms.

The values stated for the six independent resistances of the nonlinear four-

terminal conductor, , may be realized by the use of eight linear conductors

having the resistances and arrangement

40 shown in figure 25. If therefore these eight

linear conductors are substituted for the

nonlinear four-terminal conductor, the

problems just considered become problems

in linear networks, and the solutions given
may be checked by well-known methods.

on 0! .0 A somewhat more complicated problem

30 -3 N is a determination of the effects of the three

ol oln different current distributions in each of

E the four terminal blocks involved in chang-

ing three resistance coils from a series to a

parallel connection and in measuring the

\ 4 resistances of the paralleling connections.

A solution of this problem would serve to

2'n give a better idea as to how the method of

; analysis under consideration works out in

Fieure 25.—Eight linear conduclors practice, and at the same time give an

so arranged_and having such resist- answer to a question that frequently arises

ances as to be equivalent o the non- in connection with precise resistance com-
linear four-terminal conductor, Q, of parisons.

figure 24 (a). Referring to figure 14, the problem is

to find the ratio of the four-terminal
resistance of the three 150-ohm resistance sections with the paralleling connectors
L; and L, removed to their four-terminal resistance with these connectors as
shown, using in each case terminals 1 and 2 of terminal block a¢ and terminals 1
and 2 of terminal block d as the four terminals. The resistances of the paralleling
connections L; and L, are to be measured as four-terminal conductors. In
the measurement of L;, L, is removed and terminals 1 and 2 of terminal block
e and terminals 1 and 2 of terminal block b are used as the four terminals. In the
measurement of the resistance of L,, L; is removed and terminals 1 and 2 of
terminal block ¢ and terminals 1 and 2 of terminal block d are used as the four
terminals.

It will be assumed that all conductors are linear except the terminal blocks
a, b, ¢, and d; and that each of these is a nonlinear four-terminal conductor. Aside
from what is obvious, the problem resolves itself into a determination of the
effects of the direct and cross resistances of the terminal blocks a, b, ¢, and d.

With reference to the terminal resistances of the terminal blocks, it will be
seen by reference to figure 14 that R; of each terminal block is included in the
measurement of L, or L,, R; of terminal blocks a and d are outside the resistances
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under consideration, R; of terminal blocks ¢ and d may be considered as a part
of a 150-ohm resistance section, and in each case R4 may be considered as a part
of a 150-ohm resistance section. Consequently, none of the terminal resistances
of any of the terminal blocks need appear explicitly in the analyses of the problem.
Furthermore, the effects of the direct resistances and of the cross resistances of
the terminal blocks must be small relative to the effects of the 150-ohm resistance
sections, so there is no need of making the first partial solution.

Considering that the terminal blocks are replaced by linear conductors repre-
senting the direct resistances of the terminal blocks gives the arrangement shown
in figure 26 (a), and considering that the terminal blocks are replaced by linear
conductors representing the cross resistances gives the arrangement shown in
figure 26 (b). Therefore, the second partial solution may be obtained from a
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Ficure 26.—Two arrangements of linear resistances for determining the the effect
of three different current distributions in each of the four nonlinear four-terminal
blocks shown in figure 13.

consideration of the arrangement shown in figure 26(a), and the third partial
solution may be obtained from a consideration of the arrangement shown in
figure 26 (b). Here D,, D;, D, and D, represent the direct resistances and
C,, Cp, C,, and C; represent the cross resistances of the terminal blocks, a, b, ¢,
and
Let
[R:]:=the four-terminal resistance of the entire combination with the series
connection, excepting that part contributed by the cross resistances
C,, Cy, C,, and C, of the terminal blocks.
[R,];=the four-terminal resistance of the entire combination with the parallel
connection, excepting that part contributed by the cross resistances.
[X]: and [X:l,=the resistances of the paralleling connections, excepting that
part contributed by the cross resistances.
[R.]:=the four-terminal resistance of the entire combination with the series con-
nection, excepting that part contributed by the direct resistances,
Dz, Dy, Do, and Dy
[Ry];=the Four-terminal resistance of the entire combination with the parallel
connection, excepting that part contributed by the direct resistances.
[X1]; and [X.);=the resistances of the paralleling connections, excepting that
part contributed by the direct resistances.

L, and Ly=the four-terminal resistances of the paralleling connections.

R,=the four-terminal resistance of the entire combination with
the series connection, and

R,=the four-terminal resistance of the entire combination with
the parallel connection.
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Referring to figure 26(a), it is readily seen that

[Rs]:=450+ Do+ Dy+ D+ Dy, (83)

[Bp:=50+ (9Ds+4 [Xi]:+ Dy+ De+4 [Xs]2+9Da) /9, (84)

[X1}e=Li— Dy— Dy, and (85)

[X2le=L;— D.— Da. (86)
From eq 83 it follows that

[R]:=450 [1+ (Ds+ Dy + D.+ D) [450], (87)
and from eq 84, 85, and 86 it follows that

[Rp]:=50 [1+4 (4L;+4L,+5D,—3Dy— 3D+ 5Dg) /450]. (88)
Referring to figure 26 (b), it is easily seen that

[B]:=450, (89)

[Bp)i=50+ (4 [Xi];+4 [X,);—6Ca—6Ca)/9 (90)

[X1)s=Ly+ Ca+ Cs, and (91)

[Xol=Ls+ C.+ Ca. (92)
From eq 89, 90, 91, and 92 it follows that

[R,);=450, and 93)

[Rps=504 (4L +4L,—2C,+4Cy+4C,—2Cy) /9. (94)

Transferring the additive terms of eq 88 which contain the direct resistances to
eq 94 gives

R,=50 [1+ (4Ly+4L,+5D,—2C,— 3Dy +4C,—3D,+4C.+-
5 Dy—2Cy)/450]. (96)

Transferring the additive terms of eq 87 which contain the direct resistances to
eq 93 gives

R,=450 [1+ (Ds+ Ds+ D.+ Dg) [450]. (95)
From eq 95 and 96 it follows

R./Ry=9[1—4(Ly+ Ly+ Dg— Co/2— Dy+ Co— De+ Co 4 Da—
Caf2) 450}, 97)

which is eq 57 in the appendix on terminals and contacts.

It is readily seen that the resistance R;, of terminal block a is higher by 2C,/3
and the resistance R;, of terminal block d is higher by 2C,/3 with the parallel
connection than with the series connection. In fact, this is the reason why C,
and C, appear in eq 90.

Obviously the effects of the different current distributions in each of the four-
terminal terminal blocks depend on their four-terminal resistances. Further-
more, by design or adjustment, these four-terminal resistances may be made
exceedingly small. As an illustration of a design having exceedingly small four-
terminal resistances consider an equilateral tetrahedron, using the apices as the
terminals. Also, by design, it is possible to make the four-terminal resistances
definite to almost any extent desired. In cases in which the four-terminal resist-
ances are sufficiently small to be neglected, and are equally definite, a nonlinear
four-terminal conductor may be considered as equivalent to four linear con-
ductors connected in star.

In the solution of network problems, it is frequently possible to select for the
independent variable any one of two or more quantities which are dependent on
each other. Making different selections leads to different forms. Then, by
making approximations, still other forms are obtained of the solution. As an
illustration of exact expressions for the current in the galvanometer branch of an
unbalanced bridge consider eq 76, 78, 79, and 81. The second of these involves
the drop in potential across the bridge with the galvanometer branch open, the
third the drop in potential across the bridge with the galvanometer branch
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closed, the fourth the current through the bridge, while the first, that is the
usual classical solution, involves the electromotive force in the battery branch.
The second of these involves the resistance of the battery branch in a rather com-
plicated way, as does also the classical solution. Therefore, if only these four
were available it is conceivable that cases might arise in which it would be more
convenient to use either the third or the fourth rather than the second or the
classical form of gsolution. In many cases approximate solutions may be obtained
in forms much more convenient to use than any of the forms of exact solutions,
yet giving all the accuracy required.

APPENDIX 6. OHM’S LAW

The work of Ohm contributed materially to our concepts of current, electro-
motive force, and potential difference; originated our concepts of resistance and
resistivity; gave the generally used relation between current, electromotive
force, and resistance; and led to the formulas used in expressing the resistances of
combinations of conductors in terms of their individual resistances and to various
laws and theorems pertaining to the distribution of current in systems of con-
ductors. However, more than 50 years before Ohm published his more important
papers, Cavendish very probably had concepts of the quantities now called
potential difference, current, resistance, and of the property now called resistivity.
Furthermore, from experiments with electrolytic conductors he reached the con-
clusion that the current is proportional to the first power of the potential difference.

During 1825, 1826, and 1827, Ohm published a number of papers in which he
described measurements of the electric conductance of metal wires, drew some
general conclusions from his experimental data, and made an analysis of the
electric circuit. These papers led to those general ideas and relations which
taken collectively may be considered to be Ohm’s law. From the standpoint of
resistance comparisons, the most important of these general ideas is that the
resistance of a conductor is independent of the current in it, while the more
important of these relations are the equations used in expressing the resistances of
combinations of conductors in terms of the resistances of the individual conductors.

The various conclusions reached by Ohm were not accepted unless or until
verified by others. However, by 1843, when Wheatstone published an important
paper, they were more or less generally accepted. Yet the feeling persisted that
more accurate measurements would show Ohm’s law to be merely an approxima-
tion. In the early 1870’s it was thought that definite departures from the law
had been found. Accordingly, the British Association appointed a committee
to investigate and report on the matter. Maxwell was the chairman of this
committee, and presumably he devised the methods of test, but the measurements
were made by Chrystal. A conclusion reached from an analysis of the experi-
mental data obtained in the tests and reported by Maxwell in 1876 was that
“If a conductor of iron, platinum or German silver one square centimeter in cross
section has a resistance of one ohm for infinitely small currents its resistance when
acted upon by an electromotive force of one volt (provided the temperature is
kept the same) is not altered by so much as 1/102 part.”’ These tests have usually
been considered as proof that Ohm’s law is exact, at least to the extent likely to
be significant in electrical measurements. Nevertheless, the subject is deserving
of some discussion.

An expression for the potential drop between the terminals of a standard
resistor (in which there is a current) that presumably is more exact than that

generally used is
e=RI4+z+y+2, (98)
where

e=the potential drop between the potential leads of the standard resistor,

R=the direct resistance of the standard resistor,

I=the component of the current under the control of the operator and
which enters and leaves the standard resistor through the current
termmals,

2=Ri, where 7 is the current not under the control of the operator,

y=the component of the potential difference having its origin in the
standard resistor and potential leads and which is not caused by the
current 7, and

z=the component of the potential drop in the standard resistor and
potential leads caused by changes in the magnetic field.
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Letting E=that component of the potential drop caused by the current, Z,
it follows from eq 98 that

E=RI. (99)

Pertinent questions concerning the application of these and other equations,
based on Ohm’s law, to standard resistors and resistance coils under normal
conditions of use are:

1. To what extent’is R independent of 7?

2. To what extent is eq 99 reliable?

3. To what extent are the formulas used in expressing the resistance of com-
bi{ga{;}i{)r‘;s of conductors in terms of the resistances of the individual conductors
reliable?

4. To what extent can E be separated from e?

Question 1.—A precision method of determining the extent to which R is
independent of 7 consists in the use of a bridge (either Wheatstone or Thomson)
and observing the changes in balance with changes in the magnitude of the test
current and the changes in balance with the time following the establishment or
reversal of the test current. The procedure followed in establishing balances
must he such as to give a separation of F and e. Questions 2 and 3 are not
involved.

Obviously only relative effects of the test current upon the resistances of the
conductors constituting the arms of the bridge can be determined in this way.
Therefore, a quantitative conclusion as to the effect upon some particular standard
resistor can be reached only after a number of observations have been made, and
this conclusion must involve some assumption such as that the effect for a selected
group of standard resistors is, on the average, zero, except to the extent that
causes are found and the effects of these causes are taken into consideration.

In the normal use of standard resistors the test current causes the resistance
material to assume a temperature above that of the surrounding medium. This
results in what may be considered as the normal change in the resistance of the
conductor corresponding to the difference in temperature. In addition, the differ-
ence in temperature between the resistance material and its mechanical support
may cause strains in the conductor, and if so, these strains result in a further
change in the resistance. These changes in resistance are at least approximately
proportional to the square of the current and reach their full magnitude only
after the current has been maintained a sufficient time for the difference in tem-
perature to become substantially constant.® These will be referred to as the
primary effects of the current upon the resistance. A procedure for determining
and applying a correction for the primary effects of the test current has been
considered under the heading “Load Coefficients.”

In addition, the current affects the resistance, in some cases at any rate, in
other ways. When a number of standard resistors are substituted one after
another in the X arm of the bridge and balances are established by the procedure
outlined above, it not infrequently happens that the precision attainable for these
balances is less with some of the standards than with others, although all may have
low temperature coefficients and equal facilities for dissipating the heat developed
by the test current. In cases in which the precision attainable in establishing a
balance of the bridge is well below the average, it not infrequently happens that
the resistance of the resistor under investigation is low immediately following a
reversal of the test current and then increases more or less gradually attaining a
practically constant value in a time ranging from a few seconds to a minute or
more. It happens less frequently that the resistance changes in an irregular way
and does not come to a practically constant value.

A comparison of the performance characteristics with the details of construc-
tion, properties of the materials used in the construction, insulation resistance,
ete., frequently give a definite clue as to the cause of the changes in resistance.
In some cases it appears that following a change in the current the Peltier effect,
especially at junctions between copper and the resistance material, causes a local
increase and a local decrease in the temperature, which results in a thermoelectro-
motive force. This electromotive force, after it reaches a constant value, is pro-
portional to the current and reverses sign following a reversal of the direction of
the current. In other cases, it appears that an appreciable part of the current
passes through the insulation, and that this part decreases for a time (relative to

6 I't is conceivable (in cases in which the conductor is not rigidly supported) that the forces resulting from
electromagnetic action might produce strains of sufficient magnitude to cause perceptible changes in the
resista;t:loe. If so, these changes would appear almost instantly following a change in the magnitude of the
current.
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the total current) following the establishment or reversal of the test current. In
still other cases it appears that there is a gradual mechanical yielding of the
insulating material under the stresses caused by the temperature difference be-
tween the resistance material and its mechanical support. In such cases the
effect of the test current upon the resistance may be larger at the end of 15 seconds
than at the end of a longer time.

Changes in resistance resulting from the test current, whether or not the way
in which they are brought about is known, and provided they are not proportional
to the square of the current, will be referred to as the secondary effects of the
current upon the resistance. There are many possible causes of secondary effects,
so it is not possiblein all cases to obtain as complete information concerning them
as might be desired.

However, correlation of the secondary effects with details of construction of
many resistors makes it possible to predict with some degree of certainty their
magnitudes in others in which they are too small to be observed. For relatively
few resistance coils and standard resistors under normal conditions of use is it
probable that the secondary effects of the current upon the resistance amount to
less than 1 in 100 million. On the other hand, for relatively few standard resistors
having resistances in the range from 0.0001 to 10,000 ohms, if of the precision
type and of good quality, are the secondary effects of the normally used test
currents in excess of 1 in 100,000.

Question 2.—I1t appears that the first precise measurements having a direct
bearing on the relation between a change in current from one steady value to
another steady value and the resulting
change in potential drop were made by
F. A. Wolff of this Bureau. At a meet-
ing of the American Association for the
Advancement of Science in the summer
of 1899 he presented a paper entitled
‘“Experimental Test of the Accuracy of
Ohm’s Law.” Unfortunately, no further
record of this investigation has been
found either in the form of a published
paper or unpublished notes or data.
The circuit used was essentially that
shown in figure 27. Here 2, @3, 3, and
x,; represent the four arms of a balanced
Wheatstone bridge. This bridge consti-
tutes the X arm of a second Wheatstone
bridge, the other arms of which are Ficure 27.—Wolff’s circuit for testing
designated Y, 4, and B. This bridge is the accuracy of Ohm’s law.
also balanced. Dr. Wolff refers to the
bridge whose arms are designated xy, 2,, 25, and z, as the auxiliary bridge, the other
bridge as the main bridge, and the circuit as a bridge within a bridge.

This method was tried about 1920 [105], when it gave promise of reasonably
satisfactory results, though some difficulties were encountered. These difficulties
were, for the most part, obviated by replacing the battery of the auxiliary bridge
by a source of alternating current and omitting a provision for balancing the
auxiliary bridge. Standard resistors having nominal values of 10 ohms were used
as the ;, ,, 3, and 24 arms of the auxiliary bridge and the Y arm of the main
bridge. The direct current in the Y arm was adjusted to a value somewhat larger
than that regularly used in testing 10-ohm standard resistors and the alternating
current in the supply branch of the auxiliary bridge was adjusted to a root mean
square value equal to approximately twice the value of the direct current in the
Y arm of the main bridge.

Since z;, », z;, and x4 were approximately equal in resistance very little of the
alternating current passes through the A, B, and Y arms, or through the battery
or galvanometer branch of the main bridge. Presumably, therefore, the alternat-
ing current had no appreciable effect except in z;, x5, 3, and z;, the arms of the
auxiliary bridge. Following the usual procedure in balancing the main bridge,
the precision of the balances was about 1 part in 10 million. On opening the
connection to the source of the alternating current, the balance was changed by
an amount not perceptibly different from that corresponding to the change in
resistance of the series parallel combination of 2y, &», 3, and z4 resulting from the
reduced power dissipation.
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A conclusion to be drawn from this experiment, for standard resistors such as
were used and currents having values over a limited range, including values nor-
mally used in testing such standards, is that part of the potential drop caused by
the current is equal to the product of the resistance and current to an extent at
least somewhat beyond that to which the resistance may be considered as inde-
pendent of the current. It appears that if apparatus were designed especially
for the purpose and the most suitable resistance wire obtainable were used, the
method might be expected to yield a precision of a few parts in 100 million.

Question 3.—The test made by Chrystal, using ‘“the first method which occurred
to the Committee,” might have given directly an answer as to the reliability of
one of the formulas used in expressing the resistance of a combination of conduec-
tors in terms of the resistances of the individual conductors. In this method five
resistance coils of equal resistance are compared with each other, four in a 2-and-2
series-parallel combination. According to Ohm’s law, the resistance of each coil
is the same as the resistance of the other four in the series-parallel combination,
and on the average this would be true, even if there were slight differences in the
resistances of the five coils. However, the quality of the resistors used by Chrystal
was not sufficiently good to permit of measurements to what now would be con-
sidered a high accuracy.

An insignificant modification of the method consists in the comparison of the
resistances of four standard resistors (of nominally equal resistance) with each
other and with the four in the series-parallel combination, by alternate substitu-
tion in the same arm of a Wheatstone bridge. In a test made about 1920 [105],
using 10-ohm standard resistors of good quality, this method gave reasonably
satisfactory results, when corrections were applied to take into account the effects
of the resistances of terminals and contacts, but not sufficiently satisfactory to be
considered as a definite answer as to the reliability of one of the formulas used in
expressing the resistance of a combination of conductors in terms of their indi-
vidual resistances. However, there seems to be no direct or indirect experimental
evidence (such as that given in the answer to question 2) not in conformity with
the supposition that the resistances of combinations of conductors, as expressed
in terms of their individual resistances, are reliable to the extent that the resist-
ances of the individual conductors are definite. But to realize this accuracy it
may be necessary to take into aceount not only the resistances of connectors but
also the effects of the different current distributions in terminal blocks or the
different current distributions through or over the surface of the insulation.

Question 4.—The extent to which the potential drop E resulting from the cur-
rent I and the actual potential drop e can be separated may be judged by de-
liberately introducing into a bridge circuit a disturbing electromotive force and
noting the resulting change in the balance and precision of the balance. In cases
in which the disturbing electromotive force amounts to only a few microvolts
and is reasonably constant or is only two or three orders higher and alternating
at frequencies of power distribution systems (or higher) neither the balance nor
the precision of the balance is affected by amounts corresponding to as much as
0.01 microvolt. This question has been discussed more fully in appendix 2,
Thermoelectromotive Forces.

This brief discussion of Ohm’s law has been limited mainly to questions arising
in precision resistance comparisons. It represents an attempt to coordinate one
of several classes of information obtained more or less incidentally in the design,
construction, and testing of standard resistors, bridges, potentiometers, ete.

APPENDIX 7. UNITS OF RESISTANCE

A comprehensive discussion of units of resistance is not pertinent to the subject
of this paper. However, some reference should be made here to the unit now
known as the NBS International Ohm and the relations between this unit and
some of the other units now being used or whose use is contemplated.

The International Conference at London in 1908 established an International
Committee on Electrical Units and Standards to formulate a plan for and direct
such work as may be necessary in connection with maintenance of standards,
fixing of values—intercomparison of standards and to complete the work of the
conference. This International Committee met in Washington in the spring of
1910, and one of its decisions was ‘““to accept (for the present) as the International
ohm the mean of the units of the Physikalisch-Technische Reichsanstalt and the
National Physical Laboratory” which had been realized in these laboratories
from the so-called mercury ohm.
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Standard resistors from Germany, France, and England were compared with
standard resistors of the United States from time to time during a period of about
6 weeks. Values were then assigned to all the standard resistors used in the inter-
comparisons in terms of the new unit. In assigning the new values, it was as-
sumed that the mean value of one of the standard resistors from the National
Physical Laboratory during the time of the intercomparisons was the same as the
value previously assigned in the National Physical Laboratory, and that the
mean of the values of the resistances of the two standard resistors from the
Physikalisch-Technische Reichsanstalt during the time of the intercomparion was
the same as the mean of the values previously assigned in the Physikalisch-
Technische Reichsanstalt. Equal weights were given to the previously assigned
value in the National Physical Laboratory and the mean of the previously as-
signed values in the Physikalisch-Technische Reichsanstalt.

Following the assignment of new values to the standard resistors of this Bureau
used in the intercomparison, they were intercompared either directly or indi-
rectly with many other standard resistors of this Bureau. From time to time
since then, selected groups (usually of 20 or more) 1-ohm standard resistors have
been intercompared, and on the basis of relative changes and previous good per-
formances a group of 10 standards has been selected from the larger group. In
assigning new values to all the standard resistors of the larger group and to others,
it has been assumed that the mean resistance of the group of 10 had not changed
since the previous similar intercomparison. This in general is the procedure by
which the unit established in 1910 has been maintained in this Bureau.

From 1910 to 1929 only standard resistors of the sealed type developed by
Rosa [76] were included in the groups of 10. A total of 20 different standards
have been included in the groups of 10, while 3 of these 20 have been included
in every group of 10. From 1932 to 1938 only standards of the smaller double-
walled type [89] were included in the groups of 10. More recently, only standards
of the larger double-walled type constructed by Thomas in 1933 have been in-
cluded in the groups of 10.

The unit established in 1910 and maintained in this Bureau in the way described
above has been referred to by different names. The name now being used is the
NBS International Ohm.

Obviously, a unit of resistance maintained in this way changes with time to
the extent of the proportional decrease (or increase) of the resistances of the
standard resistors used in its maintenance. Therefore, it is not to be presumed
that the NBS International Ohm has remained constant during the time since
its establishment. To obtain information on this point various investigations
have been made in this Bureau. Most of those since 1927 have been made by
Thomas. In addition, groups of standard resistors have been sent abroad for
measurements of their resistances in other national laboratories, and standards of
other national laboratories have been measured in this Bureau. More recently
these international intercomparisons have been made at the International Bureau
of Weights and Measures. Comparisons of the values found for the resistances
of the same standard resistors in different national laboratories have given the
relations between the units of resistance of the different countries. From infor-
mation as to the manner in which the units of the different countries were estab-
lished and have been maintained, the results of the international intercomparisons
and the investigations made in this Bureau, it may be concluded that the probable
change in the NBS International Ohm during the 30 years since its establishment
has been less than 30 parts in 1 million. Since the standard resistors now being
used in this Bureau in the maintenance of the units are fully one order better
than those formerly used for this purpose, it is reasonable to presume that the
present rate of change of the N'Bg International Ohm is less than 1 part in 1
million per year.

The relation between the NBS International Ohm, the mean international ohm,
and the units of resistance of other countries is given in table 1, which contains
data taken from the 1933, 1935, and 1937 reports of the International Committee
of Weights and Measures (Comité International des Poids et Mesures, Procés-
Verbaux des Séances) and Comptes Rendus, page 24, volume 209, 1939.



290 Journal of Research of the National Bureau of Standards

[Vol. 25

TaBLE 1.—Units of resistance of various couniries, as determined from comparisons
of standards at the International Bureau of Weights and Measures !

[Expressed as departures in microhms from the Mean International Ohm]

Uni Third compari-| Fourth com- | Fifth compari- | Sixth compari-
nit of— son, November|parison, March|son, December | son, February
193 1935 1936 1939
L2757y 0T o R o Y S (e N I S -+10.6 +9.8 +6.6 -+0.1
Unitedstdtess. .. o1 0 LTE St —6.4 —5.5 —-3.7 —3.2
Fa e (o S AR M G 3 & ST (4 +7.3 -+69. 5
. 0.0 +0.9 +3.7
GreatiBritaln. .- o o sl se it a ol s —5.2 —3.6 —-3.9 —6.5
DRI o R e e ~8.3 —11.2 —10.0 —14.4
RUBIETE 20 L L U D e PN Ll sy +9.5 -+10.6
0.0 —0.4 -+0.8

011] In this table a plus sign signifies that the unit of the country was larger than the Mean International
m.

The Mean International Ohm was defined as the mean of the units of electrical
resistance, in 1935, of Germany, United States, Great Britian, Japan, and Russia.
After this mean was obtained, it was taken by France as the new French unit
and by Russia as the new Russian unit. The data given in the table are based
on the assumption that units of resistance are being maintained with equal
fidelity in each of the six countries.

The unit of the United States is the unit of resistance referred to above as the
NBS International Ohm. Therefore, in the early part of 1939,

1 NBS International Ohm=0.999 997 Mean International Ohm.

From measurements made in this Bureau by Wenner, Thomas, Cooter, and
Kotter, the results of which were reported to the International Bureau of Weights
and Measures in December 1938,

1 NBS International Ohm=1.000 485 absolute ohm.

From measurements made in this Bureau by Curtis, Moon, and Sparks, the
results of which were reported to the International Bureau of Weights and Meas-
ures in December 1938,

1 NBS International Ohm=1.000 484 absolute ohm. In each case the un-
certainties in the measurements were estimated to be 2 parts in 100,000.

In 1937 the International Committee on Weights and Measures adopted pro-
visionally the relation

1 Mean International Ohm=1.000 48 absolute ohm.

From this relation and the data given in table 1, it follows that provisionally

1 NBS International Ohm=1.000 477 absolute ohm

as of February 1939.
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