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DROP OF POTENTIAL IN THE METALLIC ELECTRODES
OF CERTAIN ELECTROLYTIC CELLS

By Chester Snow

ABSTRACT

In certain precise measurements of electrolytic resistance of solutions, the
platinum electrodes are necessarily very thin so that one cannot neglect the
drop of potential in them. Formulas are obtained for this drop in the case of
two types of cylindrical cells, one in which the current is axial, the other partly
axial and partly radial. The potential admits of accurate evaluation in the
first case and the results obtained confirm the method outlined for the treatment
of a general shape of cell.
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I. INTRODUCTION

In work during 1915-16 in connection with the examination of
various sources of error in the equipment and technique then in
use for measuring the conductivity of solutions and to develop pre-
cision methods and apparatus therefor, Taylor, Bennett, and Acree !
studied a number of important electrical and chemical factors. One
of these subjects was the proper design of the metal electrodes and
the glass containing vessels.

In connection with this last item the above authors noted small
deviations in the apparent resistance of solutions surrounding closely
spaced disk electrodes 0.1 mm thick and 5 em in diameter, depending
on whether the current entered the disk through a post welded at the
center or through this post and three others 120° apart at the edge of
the disk. Because of possible corresponding variations in the dis-
tribution of the current through the electrodes and solution, and
of the electrode phenomena and capacitance over the electrode surface,
the above authors desired equations set up for the resistance of typical
disk and cylindrical cup electrodes used in their work. With the
magnitude of this small factor known accurately for stated conditions
it is possible to determine separately the resistance of the solution

1J. Am. Chem. Soc. 38, 2396, 2403, 2415 (19186).
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and the effects of the series capacitance at the electrode surfaces.
With this object in view, the following treatment of the resistance
of the metal electrodes themselves is presented.

The total current I (t) sent through an electrolytic cell when an
emf K (f) is applied to it by means of electrodes is, in general, given
to a first approximation by assuming that the current distribution
throughout the electrodes and solution at every instant ¢ is that
which would be produced (ultimately) by a constant emf having this
instantaneous value £ (¢), that is, the quasi-stationary state. Let 1°
be the potential of this first approximation in the electrodes or solution.
The vector current density i°=—AyV° where the conductivity
M\ has the wvalue )\, in the electrodes and A\, in the solution. At the
contact surfaces S; and S; of electrodes with the solution this potential
Vs continuous and the normal component %,° of the current density
is continuous. The constant contact potential difference between
solution and metal is here ignored since it cancels out of the equations
connecting current and applied emf when the electrodes are both of
the same material and possess the same surface characteristics.
Since the current density is solenoidal, the potential V° satisfies
Laplace’s equation, and for given shape of the solution volume 7’ and
electrode volumes 7; and T3 is determined by the above boundary
conditions at the internal boundaries S; and S;, together with the
vanishing of the normal current at the external boundaries and the
assignment of V° or the normal current densities at the entrance
section Sy and exit section Sy, where the current is led into or out of
the electrodes by the lead-wires. This first approximation is never
sufficiently accurate to represent the results of experiments, but if the
applied emf is sufficiently small these may be generally very accurately
represented by assuming the existence of a polarization film of very
small thickness A near the contact surfaces S; and S,;. This elec-
trical double-layer which is equivalent to a capacitance per unit area
o= S A (e being the dielectric constant in the film), seems to be the
predominant electrostatic effect, so that any simple distribution of
charge on S; or S;, or on the external boundaries, is negligible com-
pared to it. This constitutes a condenser K, at S;, K; at S,, and the
two being in series amount to a condenser K where

ool s rand T AT
KI:kSl, KZ:]CSZ, and K—K-'_K_ k(sl-i_Sz)’ where k_4:7rA (1)

If ), is the conductivity of the film, the first condenser has an internal
resistance Ry which amounts to a shunt on it and the second Ry,
their resistance in series being E,, where

Avale sl
Ry= X5 S XN ROZ*)\Osz’ and Ro:Rol"‘Roz:”)\;(E‘i'S—vz) )

so that
4N N 1 1 1
I € kA RoK ROII{I R02K2 (3)
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The values of these electrolytic capacities, as evaluated by experi-
ments,? are so large as to indicate that the film thickness A is exceed-
ingly small compared to the thickness attainable in mica condensers
or air condensers, so that the capacity k& per unit area is enormous.
Even when there is very little evidence of the film, we may adhere to
this view that A is very small by assuming that the film conductivity
o practically short-circuits the condenser. This viewpoint then leads
to the second approximation, which is generally sufficient to fit the
most accurate measurements. It consists merely in viewing the cell
as a leaky ° condenser (i.e., K shunted by R,) in series with the resist-
ance R,—I—R,,-}-R,g of solution and electrodes to the whole of which
the emf £(¢) is applied. The current (¢) is then determined by the
equation (where @ is the total charge on K)

(Detgg)e=T (40)
E=g+ ®BAR), whero R=R+Ra (4b)

with the initial conditions £=I=0 when {<t;, so that Q=0 when
t=t1+0.

A justification, or rather formulation, of this assumption for the
general case is made in the following section. Later a case is treated
which is capable of a more accurate solution and this serves to con-
firm the assumption that the second approximation thus outlined is
generally sufficient. The elimination of ¢ between (4a) and (4b)

gives 7
Dz rerr )k I-(Prer)etE O
so that

& t _( t»—r
1 1 Ro R+Ro
I(t) :E’m E(t) —W[E(T)e dT] for t>t(15b)

In case the emf is simply periodic, E (f)=real part of Eye’’ 9~ d when
transients have died out, I is B, I,e*!, where the complex )nstant
1, is given by

E,

I0:
’+R‘+1—|—wKR

II. OUTLINE OF METHOD IN GENERAL

The vector current density % is given at all points by 1=—2AvVYV,

where A=\, in 7T} and 7, and A=\, in T} 3 2 A
Since 1 is everywhere solenoidal, V must, at every instant, satisfy
V2V=0 in T], Tg, and T (7)

3 Taylor, Bennett, and Acree J. Am. Chem. Soc. 38 2408, 2427 (1916).
i Taylor, Bennett, and Acree J. Am. Chem .Soc. 38 2408, 2415 (1916).
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The boundary conditions at the small plane entrance-section Sy
(fig. 1) and the small plane exit section Sy, may be taken as

V=%Q(uniform) over Sy (8a)
V=#(uniform) over Sy (8b)

In some cases, however, it is just as near the truth, and more con-
venient, to take instead of these, the boundary conditions

@'Onl:g{—l (uniform) over Sy and V=E at some point on outer edge

2
of S()l (88:’)
i(mz:Si (uniform) over Sy, and V=:2—E at some point on outer edge
02
of S'og (Sb,)

Fraure 1.—Electrolytic cell.
Volumes Ty and T} are electrodes and volume 7's, the solution.

The boundary conditions at the internal boundaries S; and S, are

in, is continuous at S (9a)
1n, 18 continuous at Sp (9b)
and
by 474,
D7) (Va—Va) =72 =i 0t (10a)
Doy Bl
D7) (Va—Va =7;=%z,.2 at S, (10b)

and finally,
1,=0 at all external boundaries of 7y, Ty, and T, (11)

The surface density of charge ¢; on the element dS; of the condenser
K, (at the point P; of fig. 1) is

0’1=IC(V31““ Vsl) (12&)
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where V,, is the potential at P in the electrode and Vy; at P§ in the
solution. The conservation of electricity is represented by the

equation 3
(Dit7) 61=11n, (13a)

From the two latter equations, the boundary condition (10a) is
derived. Equation 10b is similarly a consequence of

Uzzk(Vsz—Vez) (12b)
(D+7v)o2="1n, (13b)

The sense of the conditions (9) is that 4,, at Pi=i, at Pi=

normal current density in the solution beyond the film which, of
course, is considered to be of no thickness at all so far as we are con-
cerned with the determination of the potential distribution outside
it. If @, and @ are the total charges on condensers K, and K,, then

Gk f f ko f f oS,
Sx S2
f f 1,09, — f f b dS,=T

Let Vel——f f V..dS=average over S; of the electrode potential

and

and

1
and Vi, =the average over S; of the solution potential and similarly

let Vi and V.; denote averages over S;. Then by integration of (12)
and (13) over the respective surface S; and S; we obtain, by use of (1)

Q=K,(Va—Vu) (14a)
Di+v)@=1 (15a)
and
Q=K;(Vs,— V) (14D)
Di+7) Q=1 (15b)

From (15a) and (15b) we obtain (D, +7) (@—@:)=0. We assume
that £ (t) (and hence I (t), @, and @) 1s always finite, but that £
and hence also I may be discontinuous at certain instants and that
E=0 if— o <t<t, so that @=Q,=I=0 if {<#. But the last
equation gives @, — Q,=Ce™"" when ¢ >{,, while (15a) and (15b) show
that @ (t+0)=Q:(t:+0)=0 so that C=:0, and we obtain

Qi=Q, and S,(V,—V,) =8,(Vo—V,) at all times. (16)
Let =-~Q1=Q2. Then by (16) the two equations 15 are identical
and may be written (by use of 3)

(D,—i— I%K)Q=I (which is the equation 4a) (17)
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Also, by dividing (14a) by K, and (14b) by K; and adding, we find,
by use of (1)

%: Va—Va+Via—V., which may be written

E= 4 Vu= T +(5— V) +(Vat ) (18)

The first approximation V° for the potential distribution is deter-
mined by placing A=0 in the second members of the two boundary
conditions (10). The initial condition used in deriving (16) then
shows in similar fashion that the conditions (10), reducgomerely to

the requirement of continuity of V°at S, and S; so that T is a func-

tion of x, 9, 2z only throughout the compound conductor 7'+ T+ T,
which represents the potential distribution when it carries unit steady
current. When V?is found one may compute the total resistance R
of this compound conductor so that B will be a known function of
As; Ao and the linear dimensions entering into the description of this
compound conductor. In case R comes out as the sum of two func-
tions in one of which only the conductivity, A, appears, and only A,
in the other, the first could be called the solution resistance R,, the
second the resistance R, of the two electrodes. In general, A\, and A,
will be so involved in the expression for R that in order to resolve it
into R=R,+ R+ R, we must adopt some arbitrary definitions of
these resistances.

Since = is the potential at some chosen point on the edge of the

2
entrance surface Sy and :2£7 its value at some part on the edge of
Spe, we define arbitrarily
Vo _'Vo —‘l;]— I_/Oel Voez‘l‘zg
R,E 4  § 827 Rel = 7 » and RﬁE 7i (19&)
so that since Vo — V0 =V;—V°,=0
P RAR.+R,=E (19b)

When the first approximation V° for the potential has been found
the use of V° for V in computing the mean potential drops in the
second member of (18) gives

E={+ ®4R)I, whero B,—Ru+Ra, (20)
which is equation 4b, so that (17) and (20) give the second approxi-
mation to the current, which is generally sufficient.

The conclusions so far are based merely upon the smallness of A.
Butithe exact evaluation of the potential V° which is necessary to
determine R is in general difficult: There is, however, another con-
sideration equally important which results in a further simplification
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in the evaluation of V°. The metallic conductivity A, is so large in
comparison with that \; of the solution that the principal part of th

potential V9 in the solution (say V9’), may be obtained by assuming
that the contact surfaces S; and S, are equipotential surfaces. This
assumption determines the principal part of R, by (19a) (say R.)
and also the principal parts say 1.1, is of the normal components
of current 2°; and 7 7,,,2 at S;and S,. The principal part of ’che potential
in the electrodes is then determined by making 7,,=1%; at S, etc.,

together with the remaining boundary conditions. Then using (19)
the principal part of the electrode resistance R,, say R, is found’

Since R, is proportional to X- and R; to )\l it is evident that R

so small relatively that no further modification of it will be necessary.
Neither will it be necessary to go further with the evaluation of R;,

for any further terms would be of the order of )\—2 as will be seen in

section III.

///:51 : 82 v
7
Tlp)i === 7 Y
% ST : B
Ty . T2 s
x;_z_h x:-,e 1 ){=€§(=£*h
x=0

Fiagure 2.—Section of a cylindrical shell by an axial plane.

It should be noted that the electrode resistances thus defined are
quite different from what would be obtained by evaluating the
potential distribution in the electrodes on the assumption that S;
and S, are equipotential surfaces. Such a boundary condition,
while sufficient for the determination of the potential in the solution
and its resistance R, is not applicable for determining electrode
potentials. It is shown in section III that the electrode resistances
obtained in this way are not even approximately correct.

ITII. CYLINDRICAL CELL WITH THIN DISK ELECTRODES—
CURRENT IN AXIAL DIRECTION

Figure 2 represents a section by a plane through the z axis of a
cylindrical cell which has as electrodes circular plates of radius a.
The part —I<x<l is filled with an electrolyte. The plates of thick-
ness h, for —l—h<x<—I and [<x<l+h are circular disks of platinum
very thin, say h=0.02 cm. The current /(f) enters along a thin
lead-in wire of radius b coaxial with the = axis, so that the potential
V, either in the case of steady currents or variable with time, does
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not depend upon the cylindrical coordinate 6, but only on the cy-
lindrical coordinates  and 7 and the time ¢. As explained in equations
1to4

ey a’le  ea?
K,=K,=ma’k so that K_—”Tz.;z
(21)
=R, ———-A so that R,= _gé_
Ry 2= TN o oW

The boundary condition at the extreme left, where the current enters
through the wire of small radius & (of the same order as &), will be
taken

1(?)

~ wb?

=0 when 6<r<a

iz(—l—h, r, t) when 0=r<b (22a)

At the extreme right

SR t)=% when 0=r<b (22b)

=0 when 0<r<a
On all convex cylindrical boundaries there is the condition
1 (x, a, £)=0 for —I—h<lall+h (23)

The continuity of i, at the internal boundaries S; and S; gives the
conditions

’i,(—l-|—0, L) t) =7:z(_l_0: ) t)(Eiz('—l; 7y t)————0—2_7'<a' (24&)

140, r, ) =1,(1—0, r, ) (=10, 7, t) . . ____ 0=r<a (24b)
Finally there are the conditions (5) at these internal boundaries
D, +7y)ay=1,(—1, r, t), where oy (r, {) =k[V(—1—0)—V(—1+0)] (25a)
(D +7v)a=1,(, r, t), where o3(r, ) =k[V(—0)— V(+0)] (25b)

Since V will be an odd function of z, this brings about a simplifi-
cation in that o, becomes equal to ¢;, and when one of the pair of
equations 22, 24, or 25 is satisfied, the other will also be true.

For constructing the potential V' we have the following type of
particular solution of Laplace’s equation

V=<Asinh %+B cosh %)Jo(%‘), where J; is Bessel’s function,

the other solution of Bessel’s equation being ruled out by the require-
ment of finiteness on the z-axis, where r=0.

Since D, Jc(%r)= —%JIG;Z the boundary condition (20) requires

that a be a solution of the equation

Ji(a)=0 (26)
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In w}}at followg we use a, to denote the mth positive root of this
equation, of which there are an infinite number. We require the use
of Dini’s theorem for the development of a function of z, say f (z),

1
for the range 0 < 2=1, where f f(@)dx converges absolutely
0

f(x)=co+§cn o), @7)

where
3t ) 1
e ﬁ F@)ds and cr= L e ooe o)l Tor 12 =
When the function has a finite discontinuity at z=ux,, the sum of this
series is %[f(xo—l—o)—l—f(xo—O):l

As a special case of (27) we need the following development of the
discontinuous function of » occurring in (22)

= ayb
%? 1+2§‘2J‘<7)_ J %)IJ%) ______ if 0=r<b
% 'n=1anJ20(an) & a 5
) s if b<r=a
=0 itr= 28)

If E (t) is the difference of potential applied to the cell, i. e., between
the wire surfaces where they touch the electrodes, then

E@)y=V(—Il—h, b, t)—V(+h,bd, t) (29)

It is evident that the potential in the three regions 7}, T, and T%,
must then have the following form

l+h
Ve, r, ) =50 - 10| T

9 2 J1<o%b> l:cosh (g(';—h> Jo (a—’c‘:)>-—cosh ‘%‘(:c—i—l)Jo (%)] )

ik et sinh (21) T (a)

= I,(%) [cosh %’-‘(ﬂc-i-l'i‘h)']o (EZL_T)_JO (‘%ﬁ):l

A E
e apsinh (221)
a

n=1

when —Il—h<az<l—1
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e Eln(t) sinh (%”)Jo (=)
a

Ta?\; TAN, a, cosh /oyl
n=1 T

when —I<z<l

e Ith—z
=—3EO+IO\ i+

nb nh n n L
9 & J(%) I:cosh (O;—) Jf (aab>—cosh %(w——l)JO (a r):l
rb)\ez ;
n=1

eyt dinh (ﬁa—h) T )

L 2T (t)[cosh “x—1l— IL)J()(a"r) J0<a"b):|

N a, sinh (C—Yl'ﬁ)
a

n=1

when [<z<{l+h

From this, the # component of current density is

(t[ 20\ Sinh%(erl)Jl(ﬁZl—b)Jo(%M")
wa?)" b ] oz (31>
1 n=1 a,,smh( Z)'Jzo(a,,)

I,(¢) sinh* (x+l+h)

2 g 2 sinh<%b> (%’f) when ——h<a<—I

n=1

/':I(x) ) )=

® nl
A3 -1

n=1

1), 2 = sinh 2 7 @D (a"b> Jo (a,,r)
% g b et a, sinh (—a~> Jo2 ()

Ta>

=\ I(t) sinh 2% (e—1—h)Jy (2"
CEp s @ 7, when I<z<l+h.

7ra2 ; ah
) sinh (—(’;~)
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Obviously (30) is a solution of (7) satisfying the condition (23) by
reason of (26) and also the conditions (24). From (31) we find

500 D=t (o, pail) “)+—-ZI wn(%). @

Also, the equation 31 shows by reference to (28) that the conditions

(22) are also satisfied. Hence, all but the last conditions (25) are

satisfied without placing any restrictions upon the coefficients 7,(t).

The first approximation V° will only differ from the more precise

potential V by the manner in which we choose these coefficients 7,.
We introduce the abbreviations for n=1, 2,3, — — —

g W)

TN a, sinh (ﬁlf)
a

- ol 5 (g—b>

Pn=
0N 423 J2(a,) sinh ("‘vh)

.BnK TaN, nl: (anl>+_, coth (%ﬁ>:| (33c)
R= +Z pn cosh (22 )7 (22 (33d)

e,y
Then from (30) we find

Ty = (33a)

(33b)

T
[ 21, coth (‘%‘h ] (34a)

pul— TAN Ly,
TEp <a"r) tanh = ol
Va= (=140, 7, =Tt 2 - o (4b)
so that
G By ! ot 15
Va— stwg—(m +§)I 5 QZ ral, n+§2']0<7> [Pn[ —g.K | B4
1 1

and

VJ2:_ s1 and Ve2=_ el
73059—36——8
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so that
= 2l
vsl_ V82= 1['(]/2)\, I ¢ (35)
and
o BAE. 1X
g Va="Va +§ 31 3 ol (36)
1

Now the first approximation V° to the potential distribution is that
determined by replacing the boundary conditions (25) by the mere
requirement of continuity of V° at the internal boundaries S; and S,.
This, by (34¢c) would require that we choose the coefficient 7, as

which, being used in (36), give
E 0
5— y Wty 1 Z TP B
[ =Ra=Ra=gRi—3K

so that the total electrode resistance is

) % N\ b
Rsch' —Kzfnpnﬁn=m+2pm]0 (% ) »
1 1

cosh (g"—h)— As
a A, sinh (%) l;tanh (%"l)+,;l: coth ( ﬁ(;ﬁ)]‘ (38)
o0

1ra,2)\6 1rb)\ et h
0

@ @ @]

. oin Sl e
On neglecting terms in 3, this becomes

3 axb b
Bh g 2 J"(_a)‘]‘('ct—)

7@ " 7ONL , 373(0) sinh (“—a’ﬁ’-‘)

A s coth (%)
cosh a—; ———-—ah— (38')
Aesinh (—% )

R,=
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this becomes

By B 2 J°anb)‘]‘ =
. ¢ wad\, | wh\, = T ) danh (ozaLh>

On neglecting terms in )\ T

(38")

which does not involve the conductivity A, of the solution, and is a
function of the linear dimensions A, a, and b of the electrodes only.

Equation 35 gives RB,= 2l)\ =resistance of the solution. (39)
¢
If what we have called the second approximation to the current is
sufficient, then (38”) and (39) give the total resistance R=R,+ R’,
to be used in equation 4b. KEquations 38 and 39 give the exact
values of R, and R, defined by (19a) for they are derived from an
exact evaluation of V° Since, however, (38”) differs from (39) by
terms of the order —;—, the results here obtained confirm the statements
e
made after equation 20 as to the approximate method of evaluating
’

.

To illustrate the general mode of the approximate evaluation of
V°, we note that the approximate potential distribution in the solu-
tion, based on the assumption that the contact surfaces S; and S,
are equipotential surfaces, is given by taking 7,=0 as shown by
(34b). Whatever value we take for I,, the solution resistance is
given by (39). The evaluation of the potential distribution through-
out the electrodes, however, is made by assuming that the normal
current there is continuous with that correspondlng to this approxi-
mate potential in the solution, so that with 7,=0, the surfaces S,
and S, are not equlpotentlal as shown by (34&) The value 7,=0
then leads to B,=R’, by (36), as predicted in section II.

It is worth while to illustrate at this point the misconception that
might arise from calling the resxstance R,, as defined in (19), the
2
when the contact surface, say S, is equipotential is evident from the
fact that to make S; equipotential (on the electrode side) we must,

electrode resistance. That is not the resistance of one electrode

by equation 34a, take I, Py >‘ PnCly tanh( h) in which case we
find
)
Pno
_— ol— Z o,
cosh (—~)

which would give for the resistance of the electrodes, when S; and S,
are equipotential surfaces

= +2"""°(a"b) cosh (%5°)~ N (a,.h)
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which is not even an approximation to the value B, when -2 is small.

The present problem admits of an exact formulation of the current
I(t) produced by an arbitrary emf £ from which it is easy to derive a
third approximation. This enables one to estimate the degree of
validity of the second approximation.

By (25) and (34¢) we find

A t) s (R,+R;)I+Ern1,,+zJo(‘-"a—""> AL BI;{ (40)
1 1t

Since the total charge Q=2f rodr this gives
0

E=t+ ®AR)I - Y1, (1)
1

so that equation 40 may be written

B =Q+K2 g (“7") [p,.I— ﬁi’;{] 42)
1

The boundary equation 25, which must be satisfied for all values of
r in the exact solution, may be written by reference to (32)

Detnywdiotr, =T+ Y Tuho( ) (3)

Introducing into this the expression (42) for o gives on equating

corresponding coefficients of J (%‘r} the relations

(D, +7)Q=I (which is merely equation 4a) (44)
and
Dt v+84) 1n=KpsBa(Ds+7) I forn=1,2,3, __________ w (45)
The integral of (44) is
Q(t):ﬁ: I(r)e~"“7dr for t >t (46)

and the integral of (45) is
4
L,(t)=KBupuI (t) —K.anpnj; I(7)e=tBn) =y for t >4, 47)

With these values of 9 and 7, the equation 41 becomes the following
integral equation of Volterra’s type to determine I (t) for ¢>t,.

(Bs+-Ro)enI(t)+ J: e E(r) N{t—r)dr=enE(t) (48)
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where the nucleus N is defined by a convergent series for >0

N(7) —*Zm)ane“’"’ (49)
n=0
where

a":II—{J =Kr,p.0:% Bo=0, and for n>0 B, is defined by (35¢) (50)
If F(r) denotes the resolving nucleus of the given nucleus N, then the

unique solution of (48) is

g:f%% f e E(r) F(t—r)dr=enI (1) 6D

Considering I given and £ unknown, this is an integral equation
of the same type as (48) with a nucleus F' of the same type of function
as N so that reciprocally (48) is the unique solution of (51) and N the
resolving nucleus of /. The particular nature of the coefficients
a, is not essential in finding ¥. To show this we may construct,
with the coefficients a,, a function ¢ of the complex variable g by

¥v(B)=R,+R, 2 whose poles are at f=4, (52)

HetSBasforsa=— ()] S o denote the characteristic values
which are solutions of the equation

¥(B)=0 (53)
Then

dRthro e a0y
E?ef E—B)W(F) Rt B, (=) 94

where the integral is taken around a circle in the complex 8’ plane
with center at the origin and infinite radius. Shrinking this path
down to separate contours around the individual poles of the inte-
grand which are at 8’=pg and g’=p’; where s=0, 1, 2, ——— =, gives
after evaluating each contour integral by Cauchy’s theorem

1 n
ﬂb(ﬁ) _R3+Re— n=06_ﬂ,"

(55)

where

A,=— Torem =0 81/%2 ~———(and v (B) = d‘l/(ﬁ) (56)

V' (87) (3'1»)
Equation 55 is in a certain respect reciprocal to (52). If g takes on

one of the values 8,, (m=0, 1, 2, ), which is a pole of ¥ (8) the
first member of (55) vamshes, giving the relations

e A, bl
O_R.ri"Rs uzoﬁm_ﬁ,n form=—0%1> 23

(57)



116  Journal of Research of the National Bureaw of Standards — (vo.. 17
It is easy to see that the resolving nucleus F is given by

F()=3 4,0
which is similar to (49) 25 (58)

For if this series be substituted in the integral equation 48 with series
(49) for N, the equation becomes

@

ﬁ :eva(T)dTZle-ﬂg.u—ﬂA [ BT E e B,,]

m=0

= t—7 1 st —
+6 o )am[Ra+Rc Zoﬂm—'ﬂ,n]‘_o

that is, by reference to (52) and (55)

©

J:e‘yr.E(T)dTE[ —pl(t—r)A ‘P(B/m)_ll_e—pm(t—r)#/( )'

m=0

Since 8’ is a zero of ¢ (8) and B8, a pole, this equation is satisfied for all
values of £.
Hence the solution of the integral equation (48) is

1) =RsEj(L% f drE(r)e=r4= ‘;"(' ﬁ’,‘;’ for >4  (59)

where E(t)=0 if t<#,
If E(t)=R,Ee™* for t>t, this becomes, by reference to (55)

e Eyei? ] E e=OrF DU=t)giat, o
IO=R] G0 s [ PR g g e >4 69)
so that the final periodic current is I(f)=R,[¢“t, where

g By
Y(—r—w)

To compute the roots B/, of (53) we note that since A, is small
(A:=.04), while for platinum \,=.8(10)° the ratio % Z5(10)77 so
that (33c) reduces practically to

ﬁ,bK==ﬂ;l‘i" coth (i'f;—l> (60)

for n>>0, so that the coefficients a, defined by (50) are, when —2 is small,

a, )2 Jo(a"b)Jl(a”b) coth? (a"l) L

2a
“RO\kX, o’ (an)

I= (59”)

(61)
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The a,’s are exceedingly small (except a0=%> since if %= 100,

2
Z;x =2.5(10)"%. Hence writing (52) in the form

HO=RAR)—g55- Y 5% (©2)

it is evident that the series is negligibly small except when g is very
near one of the values say B, in which case the sth term is the only
term of the series worth retaining. The nth zero g/, of ¥(8) is very
close to the nth pole 8, so that B/, is very approximately given by

(Rs+Re)-—K—B,--E,nLB~——O so that

DAL Ay 1 ik ay
6 n—ﬁn_*_Rs_*’Reandkb/(B/n) (R3+Re)2 A fOI"IL 0, l,u, - (63)

so that the resolving nucleus is

@ e"‘ﬁ'r

R —ﬂ’ﬂ":___ B (b 1 & —flr
isaed AR P L e

or

F(r)y=— e "(R.+T"-)K +K f‘_, ane‘ﬂnf}, where (,1s (64')
il

i
(B,+R.)*K
given by (60) and a, by (61) for n>0.

When gis small, equation 61 may be written

()
a, =%(a—)§-* z(iLsince Lh *(a,) =1 very approximately (61”)
* 2K\, ay, OIS ORCn Y app e
|
Hence the equation 59 may be written

10 =g 17 EO— R ), drB@e
[e‘ae%far Z—?\)z ¢(t—r)]} (65)

where

ol
¢(r)—2i‘,00th( >e 2z (%) coth((21) (659)

When [ is of the same order of magnitude as a or larger, coth gd’ilr

1 very approximately so that

__7lan
aR.K

#(r)=5 2 “——for >0 (65b)
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Since, however, a,=(4n-+}1) z approximately, this may be written

VlT
¢(T):2Z%ﬂ =g b\/1_!_'2%—tan‘12—22 (65¢)
n=1
el
where z=¢ 8K

This approximation to ¢ (r) is sufficient for those cases where it is
not entirely negligible. When, however, (%)223(10‘9) as in the
(3

example quoted, the terms in ¢ (f—7) in (65) are negligible and it
reduces to equation 5b obtained at first. This may be taken as
confirmation of the statement that the second approximation to the
current is in general sufficient. It remains to reduce the expression
(38”) to a more convenient form for computation. If we assume

that ﬁ is small, without any assumption as to b except that 0<b<a

we may neglect the first term 2 "% in (38”) and in the series replace

tanh (9‘"‘1—}0) by a(’; which gives

)EJ"(anb)J (%) (65d)

7I"h)\ Qy JO Oy
Now by (28) when §I=g=x we find
Jo(anl) Jl ((an) = i 3 p
PG o 2@ e e (66)
1

Multiplying this by g dz and integrating from z to 1 gives

©

NACE RN £
‘&;W—(m Z— (1——(1}2"{—10 CE)
1 1

if 0<z=l
Since Ew ;—1—=} this may be written
; %t o’n 8

\ Jo(a 3 i =
ang!](o?(zz) 2 1 ———Z+x2]_~—~ lf 0<Z21 (67)
1
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Multiplying this by zdxz and integrating from zero to z gives

Vo) FRea)\ 1, 1 1,2 : !
Z( 0 aanoz(an) >_§|:10g E—E‘I—E]____ if O<x<1
il

whence, by (67)

Jl (anz)

2o () . if 0<2 21

Multiplying this by 2dz and integrating from 0 to z gives

EJ()?(a,,x) FJ2(er) 2\ Mo(an); ()

Wi () wLy i (an) 4(1—;) if 0221
1

By use of (68) this becomes

O

Placing wzg in this gives

o W) e v

-b— T ) B (atn)

so that (659) becomes finally

R/ = infos 5301

which is the principal part of R,” when % is small, and 0<<bZ3a

119

(68)

(69)

(70)

(71)

(72)

(73)

IV. A CELL EACH OF WHOSE ELECTRODES IS A THIN

CYLINDRICAL SHELL CLOSED BY A THIN DISK

In figure 3 is shown a section (by a plane through the axis) of a

symmetrical cell. The cylindrical shell 7% and the circular disk 77,
are filled with solution, these regions being fairly thin, of the order of
0.1 em. The current enters the electrode 7' through the face of the

cylindrical shell 7% at x=0 (trace AA,) where the potential has the

uniform value E(—t—) It leaves at the face of the shell 7% at z=0

2
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(trace A;A4;), where the potential has the uniform value—E—g~)~ The
total capacity K of both films is given by

ea1l1 6(121
T e
Lo 1 + L where ERT G A (74a)
K Ka1+Kb1 Ka2+Kb2’ Ka ea2l2 Kb _60:2
2== e
{
]
A ' oz C
A3 3
% b{ b3 ATTION
e e e . et/
} 5 T2 ELECTROLYTIC SOLUTION e ;
| /
e e e g—?——————-———-’-’]—'—--é/ :
/ﬂ{ S
: A 7 .
Ikh I
i | :
1 | :
: ol 'l
1 [Ty ; Tg :
=0 : s 1 ’ Z
: B }.81 B2, /ua’ X
|
1 leb o 5B
ss!
: ot 2
| | |
| l |
| |
-7
_______________________________ ] |
E=
: b P %)
|
! |
_____________________________________ J
]
!
i
SectioN 3.—Section of concentric cylinders by a plane through the axis.
0Ad=a a1 is of order of 1 cm 0B =1
0As=a1=a+b I is of order of 5 cm OBi=li=Il+b
0As=a=ai+¢ candboforder0.lcm  OBe=lL=li+h
0A4s=a3=as+b b of order 0.01 cm OBs=l3=l+b

The resistance £,, which shunts the condenser K, is given by

1 1
Ro—Rm‘l"Rog, where R Ra +Rb and —— R Raoz_l__boz
SO T Lk A
R {1} S 27ra1b1)\0’ Rbol_ ‘n_ale (74b)
A

Bru= 21ra2b Ao Blo= — mahN



Snow] Electrode Drop 121

Since the region 7 is everywhere thin, the first approximation to the
resistance R, of the solution, obtained by neglecting the variations
of potential near the edges of C; and (), assuming a uniform radial
component of current density in 7% and a uniform axial component
in 7' is given by

A
-
1 4 g Y, Zrabnl 2
17,=R:“+ R where 2”(l1+2) (75)
; B S
RS= c\? zqra“’)\s\l—éa_l
‘ﬂ'(al"—Q) )\3

In these expressions the mean length of the shell 7*is taken (lﬁ—g)

and the mean radius of the disk is (al—l—%). In this way we attempt

to make some allowance for the troublesome region near the edge
O and C,. 1If the construction and measurement of dimensions of
the solution-volume 7', were possible with any great precision, this
expression for R, would require a slight modification. All that is
%ropos:{a% here is an approximate evaluation of the electrode resistances

e1 81

The total current is /=1°+1 where I°is that passing through the
cylindrical shell 7' and I° that passing through the disk 77"

For the two parts 7% and 7% of the electrode 7 consider the poten-

tial
Ib
Vie, )= 2 A
& chn a2 Yi(iau@)Jo(tanr) —J1(i0na) Yo (anr) :I (76a)
wa PN\, 102, LY () (lanay) —J; (i) Yi(ta,a,)
in 7 where a,= (.,n271)7r
and

—1
Vil = 2 21ra = (I +1)— 2.1 ZCOSh Bn( )JO(B" ) (76b)

s 8,2 sinh &0 ()

in' 7%
where 8, is the nth positive unit of J;(8)=0.

The equation 76a reduces at the face 2=0 of 7% to V/(0, r)=E

as it should. ~Also [D,V(z, 7)],-.=0 ie., there is no current leaving the
inner boundary of 7%. The current dens1ty at the surface S%4 1. e.,
r=a is by (71a)

n=1
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It is evident therefore that (76a) satisfies the reasonable boundary
conditions at its external boundaries.

Over the section whose trace is CD, i. e., z=I we find from (76a)

b
1:(L,r) =—A\ID.V(z, r)]z=z=;2%1b=uniform, which is a reasonable

way of ignoring the fine structure of the field at this edge, since the

total current through CD, must be I° the total which passes to the
solution through the surface S?. At 8%, r=a,, (76a) becomes

18! JI
Vi, a)=5 SRt

+ I’l Em Sin o,X Yl (iana,) Jg (’ianal) _J1 (iana,) YQ (ianal)] (77)
TP\, : 1, LY (Gaa)d (tan,ay) — 1 (ban,a) Yy (Tanay) :

=
Since a;=a-}b where b is small, this series becomes
- = 2
sinw,z 1 [ YiJy—J1 Y o:l sin e,z 1 TLO
’ian2 ian YIJI Jl Y1 (iaen a) ia,,? ZC\’/nb e 2

& w100,

. L
__Em owr__ (@) 1 Esm -
28 5 T3 2n—1)*
1

so that (77) becomes

T b L2V \sin 2n—1)T ;
V, al)—g—mlbxe[f,»wu (W)Z = 1)321 a7
n=1 T

From this we find

! RS O B s o U R G
211'0/1‘[) V(x, al)dxé Qrall{é—me[a +2I (7;) Zm]f

By means of the formulas

et (&) Yt

we thus find

[ 19 l VTR
271‘(14L V(x, d1>d$=27rall{“2“—m<—3‘+§‘)} (78)
and = : 5
VO, ) =5— i (5+1) (79)
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Returning to the equation 76b this is evidently a solution in the
region 77 satisfying the boundary conditions

V(a, a)=§—ﬁ<%+]”) for I<a<l+b (i. e., by 79 continuous

at C,
D, V=0 st o=}

Ib Br
D,V=—m at z=l+b( Iﬁ,)\ J"( ) ) (80)

ﬁnJl(ﬁn)

From it we find

f PV b, dr=na] Z— P L (I +I’>>] éﬂp (81)

an

where we have placed tanh B ("l

and made use of the known sum

Hence, if V0, denotes the average of V over S;=8%+4 5% we find, by
use of (78) and (81)

V=g~ QeleTe: 7ra2)|:—§<l +E)r +3(1+ %yp} W

Since the current is determined principally by the solution resistance
R, and R% and R?, are in parallel, we may replace /¢ and I° in (82) by

a,c

7 /4 hl b:of 2L
=5 1= and I’=x5; 3= i (83)
R%+R?, h—i—alc R ‘—}—R h+gf
Hence the “‘resistance of the inner’” electrode defined by (19a) is
il (2l+— 244 @+ ) e
Ra: (84)

! 2wab,(2l+a) <2l —i—aﬁ)

When the electrolytic solution has the same thickness everywhere,
¢=Ah and this becomes

(85)

l 2l
Ba=g > [3(2l+a) 3(21+a)‘+4l]
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Since h=c is small it is similarly found as is evident from symmetry
that the resistance R, of the outer electrode is practically the same
as B,. To estimate the importance of this term, consider the case
where ¢=1 cm, =5 cm, A=c¢=0.1 cm, 6=0.01 ecm, A\,=0.04 and
Ae=0.8 (10)®. By (85) we find for the total electrode resistance
R,+R,=R,=0.00073 ohm, while (75) gives R%=0.79 ohm, R?,=7.95
ohms, so that the total resistance of the electrolytic solution is

R,=0.72 ohm.

Hence, the electrode resistance is about one-thousandth of the solution
resistance.

V. SUMMARY

In section IT a plausible method of obtaining a first approximation
to the effect of electrode-resistance was sketched without attempting a
proof or inquiry into its limitations. The line of argument in a more
detailed justification could be inferred from an examination of the
equations obtained in section III for a particular shape of cells and
electrodes. This exact mathematical solution confirms the method
of section Il as a first approximation. On the strength of this, the
approximation is applied in section IV to a cylindrical cell of more
complicated shape. The result of practical importance in the first
case is the electrode resistance given by equation 73 and in the second
case by (84). These electrode resistances were arbitrarily defined in
equation 19 so that they would enter the first approximate equations
of motion of electricity (4) in the familiar form. A possible source of
misunderstanding due to the use of the name ‘“electrode resistance”
was pointed out in section IT and illustrated in section III. The
resolution of the total resistance into the sum of two parts, one being
that of the solution, the other of the electrodes, is possible in the
first approximation only. In a closer approximation in general, this
concept goes to pieces, because the total current I is not confined to a
single linear branch but is the sum of an infinite number of parallel
current components having different paths and series capacities.

WasHINGTON, April 23, 1936.
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