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Following a brief introduction, the Neutron Resonance Spin-Echo (NRSE) principle is discussed classically in Sec. 2. In Sec. 3, two
idealized 4-coil NRSE spectrometers are discussed (one using single zflipper coil units and one using paired “bootstrap” coils); some
idealized (exact 7flip) expressions are given for the spin-echo signal and some theoretical limitations are discussed. A more quantum
mechanical discussion of NRSE is presented in Sec. 4 and additional theory related to the spin-echo signal, including wavelength-
dependence, is given is Sec. 5. Factors affecting the instrumental resolution are discussed in Sec. 6. In Sec. 7, a variety of engineering
issues are assessed in the context of challenging performance goals for a NIST Center for Neutron Research (NCNR) NRSE
spectrometer. In Sec. 8, some Monte Carlo simulations are presented that examine the combined influences of spectrometer
imperfections on the NRSE signal. These are compared with analytical predictions developed in previous sections. In Sec. 9, possible
alternatives for a NCNR NRSE spectrometer configuration are discussed together with a preliminary assessment of the spectrometer
neutron guide requirements. A summary of some of the useful formulas is given in Appendix A.
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1. Introduction

Neutron Resonance Spin-Echo (NRSE) [1,2] is an alternative to the conventional Neutron Spin-Echo
(NSE) technique [3], whereby the long solenoids of the latter are replaced by r.f. spin-flippers separated by
regions in which there is ideally no magnetic field. For this reason, NRSE is occasionally referred to as
“Zero-Field Spin-Echo”. Neutron Spin-Echo spectrometers have the distinguishing characteristic of being
able to resolve neutron scattering energy exchanges that are much smaller than the energy bandwidth of the
incident neutron beam. This contrasts with conventional time-of-flight spectrometers, where the minimum
time uncertainty is limited by the incident pulse duration and the associated velocity spread of the incident
beam. Some of the important issues for high-resolution NRSE spectrometer design are explored in the
following sections.

2. Classical Description of Resonance Spin-Echo
2.1 Classical Principle of Operation

In a common NRSE configuration, four short resonant r.f. flipper coils replace the static field
boundaries of the classical NSE spectrometer and the intervening space has zero magnetic field. The r.f.
fields in the first and second coils must be phased-locked and in the third and fourth coils. The phase of the
r.f. field at the times of neutron passage through the coils acts effectively as a neutron clock (as opposed to
the number of Larmor precessions performed in the solenoids of a conventional NSE instrument). In the
following illustration, we adopt the coordinate system used by Géhler and Golub in Ref. [2], which differs
from the one used in Ref. [1].

With reference to Fig. 1 (a), consider an incident monochromatic beam of neutrons of velocity v,
traveling along the y-axis, initially polarized parallel to the x-axis. In the flipper coil, a static magnetic field
of magnitude By is applied in the z direction and an oscillating r.f. field is applied in a plane perpendicular
to By (i.e., in the xy plane). We use the notation I, to define the length (in the beam direction) of the region
of intersection of the static field region (length Ig) and the r.f. field region (length I,5), i.e.,
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Oscillating r.f. field in
xy plane, amplitude=2B,,

Beam direction

A A
P/ —

{rf =l -

A

(44, -ve)

!B{J (mlx)

(b) Larmor precession of x4, due to static field B,
Rotating r.f. field component
(magnitude B,;) whose direction
is the same as the precession
direction of g,

Wyy=Wp= 7By

(¢) Precession of 4, angular frequency @,=y,B,sabout B,,

(rotation angle f=v,/[y,/,]) in rotating frame
Z a

Fig. 1. (a) Coordinate system showing initial neutron polarization direction. (b) Larmor precession (with angular velocity «y) of the
neutron magnetic moment, s, in the xy plane due to a static magnetic field B, applied along the z-axis; (c) Larmor precession (at
angular velocity @) of 1, with respect to the resonant component of the r.f. field, B, as viewed in a frame which is rotating with By.

At resonance @t = ax.
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l, =lg Oy, @)

V.4

since Iz and |+ cannot be identical. Therefore, if the static field region completely encloses the r.f. region,
I, = ls and if the r.f. region completely encloses the static field region |, = lzo. Note that |, is distinct from
the length of the coil, which is a useful parameter in some instances and is defined by

looir = IB0 Ul (2)

If one field region completely encloses the other, Eq. (2) may be restated as

legir = max (1,1 ). ®)

In r.f. flipper coils, the static field usually completely encloses the r.f. field region. Therefore, when
discussing flipper coils we assume, by default, that | .= I;; and l; = lg, as indicated in Fig. 1, and that the
r.f. field is always in a region in which there is a perpendicular static field, with the possibility of a short
static-only field region either side of the r.f. coil. The following provides a classical illustration of the
NRSE principle. It agrees with the quantum mechanical result, provided that the following approximations
are valid:

1. |Bo| >> |Bys| (see Refs. [4,5]).

2. The interacting component of the oscillating field is considered as a purely rotating field.

3. The Zeeman splitting due to B, (224,Bo) << the kinetic energy of the neutron, m,v/2.
Therefore, decomposing the oscillating field into two counter-rotating components, as shown in Fig. 2, the
resonant component is the one that rotates in the same direction as the Larmor precession induced by the
static field, By; it is described by

os]]

+ =B, (fCOSa)rft+ jsin a)rft), (4)

where the sign of @y is chosen appropriately. The present approximation ignores the much weaker
interaction of the counter-rotating (hon-resonant) component of the r.f. field. We consider first the neutron
spin with respect to the static field By. If By >> By, the neutron spin may be assumed to precess in the xy
plane with Larmor angular frequency

A 2B, sin(@,4+4) VA
28{{ .7T ///"' "-n.,\Alz
d B or ¢
\ ,” off “if s O
1\ A%
i f / > i . % Ht‘f \ >
{ Jf I I
time ! I ox
@fw_’| - / / ‘\ r;
f A\ ’
A" /!
hY Vs
\\\ ,//

Fig. 2. A sinusoidal oscillating field of angular frequency @ and amplitude 2B+ may be considered as being composed of two
counter-rotating components at angular frequency i, each of magnitude Bi.
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@y = 7,8y, (5)

where #, is the gyromagnetic ratio of the neutron, defined as the ratio of the magnitude of the neutron
magnetic moment to the magnitude of its angular momentum, where

2
¥, = % =1.832472x10° rad s™T* (6)

n

and 4, is the maximum component of the neutron magnetic moment measurable along a single axis. For Bg
measured in Tesla, we have

o, [ radss™ | =1.832472x10° B, [T], ©)
or
v, [MHz] = 29.1647 B, [T]. (8)

If the r.f. angular frequency, s, is tuned exactly to the value ay, one component of the r.f. field rotates
about the z-axis synchronously with the precessing neutron spin (i.e., is “on resonance” — Fig. 1 (b)). In
this case, we can write

o, [ rads™ | =1.832472x10° B, [ T] on-resonance 9)

and

vy [MHz] =29.1647 B, [T] on-resonance. (10)

Because we are ignoring the effects of the counter-rotating (hon-resonant) r.f. component, Fig. 1 (b) shows
only the resonant component of the r.f. field.

In the rest frame of the resonant component of By (i.e. the frame rotating in the xy plane at angular
speed ¢ = ax), the neutron spin precesses around the axis defined by the direction of B in this frame (Fig.
1 (c)) at angular frequency «,, where

®, =7,B. (11)

As a result, the precession angle, g, around this axis depends on the time spent in the r.f. (combined) field
region, i.e.,

rf 'rf 7

I
B=yBt~y B, = 7”:” B.l. A (approximation valid for small beam divergence), (12)
v

n

where t is the time of flight of the neutron across the region I+. Note that the approximation in Eq. (12)
implies that the beam divergence is sufficiently small that the substitution t ~ I,; /v, can be made. In order to
create a 7z flip of the neutron spin around B, (such that the neutron spin returns to the xy plane), the
magnitude of B,; must be tuned in order to satisfy

Bs|~7 Yy _, N for small beam divergence (13)

7/n|H 7nmn|rfﬂ‘n
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from which we have

6.782232x10° _ 6.782232x10°

] [m]znw ) |,,[m]znw |

B, [T]= (14)

Note that the peak amplitude of the applied r.f. field has twice the magnitude of the resonant component
(i.e., B = 2By). In other words,

1.35645x10 1.35645x10"*

L [m]4 W 1 [ml4, [Z\} |

B [T]=28, [T]= (15)

Typically, the time of flight through such coils (of several cm in length) is around 5045 (within a factor of a
few, depending on the neutron wavelength), therefore B,; is typically a few tenths of a mT. By contrast By
may range up to about 25 mT or more, so clearly for the larger values of B, the assumption By >> By is
valid.

At exact resonance, where #flips return the spin initially in the xy plane back into the xy plane after
passage through the combined field region, it is relatively straightforward to visualize the operation.
Following Ref. [1], we denote the phase of the neutron spin in the xy plane relative to some fixed origin by
¢ and the phase of the resonant component of B, with respect to the same origin by . If the initial phase
angle of the neutron spin lags the resonant component of B,; by « on entry into the r.f. field (see Fig. 1 (c)),
and Eq. (13) is satisfied, then the neutron spin will lead B,; by « in the rotating frame on exiting the field
region. Transforming back into the laboratory frame at the coil exit, we add on the phase change of the r.f.
field during the neutron flight time through the coil (=axl ;/v,) plus the (usually small) additional Larmor
precession angle in the xy plane due to the By, field-only regions either side of the r.f. coil (=ay(lgo-1, )/Vy).
Consequently, we find that the neutron spin has changed its xy-plane phase angle in the coil by an amount
=~ 2a+aylgo/v,. Thus for an ideal #flipper, the neutron spin phase change in the coil is governed by the
operator

o' =y +y o, (16)

where “unprimed” and “primed” refer to the “entrance” and “exit” of the coil respectively. When the coil is
tuned for resonance

|
visy ot )

n

the operator in Eq. (16) can be rewritten as

I
S 2{//+a)0VB—°—(p. (18)

n

Again small beam divergence is implied by replacing the time of flight through the coil by Igy/v,. If a zero
field region of length L,g exists between the first coil (A) and second coil (B), the phase of the neutron spin
leaving coil A is preserved until its entry into coil B (a time Lag/v, later), whilst the r.f. field in coil B
(which is phase-locked to the field in coil A) advances by an amount ayLag/V,. Thus, we have
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|
(23 :¢;z2y/A+a)o\lB—°—(pA, (29)

n

We have chosen the initial polarization direction (along the x-axis) to define ¢,=0, therefore Eq. (19)
becomes

|
Pg = 2¢, + 0, \f—° (20)
and
, L L +IBO)
y/le//A-i-a)O%z!//A-i-wO( v : (21)

Reapplying Eq. (18) at the exit of a second identical coil (B) with the same field directions, one obtains

' ' (LAB+IBO)
Pg —Pp = Pg 20, . (22)

n

On exiting coil B, the total spin phase change is now independent of the initial r.f. phase angle, v, at the
entrance to coil A (which is random for a continuous neutron beam). Similar arguments hold for the third
and fourth coils (C and D), other than the signs of the spin phase changes are reversed by applying the
static fields in the opposite direction to those in coils A and B, i.e.,

|
Pp —Pc *—20, @' (23)

n

This means that the phase locking of the r.f. fields between coils A and B may be performed independently
of that in coils C and D, provided that the frequencies are equal. The spin turn in each arm of the
spectrometer is proportional to the neutron time of flight in each arm irrespective of the time of entry. The
net spin phase change in the whole spectrometer is therefore

0 =0~ 9, = 20, [(LABV+IB" ) —(LCDV+IB° )] = 27,8, {(LAB ) (LCDVHB" )} (24)

where we have substituted v; for v, in Eq. (22) (incident beam) and v; for v, in Eq. (23) (scattered beam) to
account for the possibility of neutron speed changes in scattering events.

This expression is entirely analogous with that for a conventional NSE spectrometer if the lengths of
the precession solenoids, L, of the latter (operating with axial fields of magnitude By) are associated with
the quantities 2( Lag+lzg) or 2(Leptlgg). In the NRSE configuration Lag+l 5, and Lep+ 5, correspond to the
separation of the midpoints of the coils in each arm of the spectrometer, with Lg and Lcp typically >> 15,
The factor “2” implies a factor 2 advantage in NRSE resolution when comparing equivalent BoL in both
techniques. However, large values of B, are usually more easily achieved in the long solenoids of a NSE
spectrometer than in the compact r.f. flippers of the NRSE instrument (see for example Sec. 7.3.3.1). A
generalization of Eq. (24) for different coil lengths is given in Sec. 3.3 and in Sec. 3.4, where it is shown
how a “bootstrap” coil configuration [2] further increases the resolution factor from 2 to 2N, where N is
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commonly a small even integer (N > 2). Henceforth, we concentrate on elastic or quasielastic applications
of the NRSE technique.

2.2 Dispersion of the Flipper Coils
2.2.1 Single Flipper

For polychromatic beams, the coil is tuned for 7 spin flips for the mean incident neutron velocity, (v;)
(or mean incident wavelength, {4;)) such that, according to Eq. (12), we require

|B |: 7{%) =7 h coil zflip tuning condition. (25)
" 7n|rf ynmnlrf <ﬂ’|>

It is clear that exact 7 turns about B occur for a unique neutron velocity or wavelength if |By| is kept
constant®. The wavelength-dependence of the precession angle around B is referred to henceforth as

dispersion. For a general wavelength, 4;, corresponding to a deviation from the mean A4; = 4;-(4;), we
have:

ﬂ(@,)zﬁ[u%}ﬁm. (26)

Equation (26) neglects the distribution in neutron flight times through the coil caused by beam divergence,
which is typically narrow compared with that caused by the wavelength distribution. The particular case for
Ai < (A is illustrated in Fig. 3, resulting in a less-than- 7 precession of the neutron magnetic moment around
B; in the rotating frame. Similarly, an over-rotation occurs for 4; > (4;). Thus, we see that some
depolarization occurs due to the velocity spread and the maximum component in the xy plane no longer
attains unity. For moderate A4, the depolarization is largely determined by the component of the magnetic
moment out of the xy plane, (i.e., the angle &), however, a (usually) smaller shift in the spin direction within
the xy plane also occurs (i.e., the angle y). For symmetric distributions of A with respect to the mean, the
angle ¢is uniformly distributed above and below the xy plane and its magnitude depends on the angle «. It
is zero for & = 0 and maximum for o = 7/2. In fact,

C0S & = /C0S & +5in? & cOS? 3 @7)

and

cos’ a —sin® . cos 8
cose '

Cos y = (28)

We see from Fig. 3 that for A1 — 0, §— 7, £ — 0, and therefore y — 0, as expected.

For a continuous neutron beam with symmetrically-distributed wavelengths the ratio of the polarization
“with dispersion” to that ignoring dispersion (or for a purely monochromatic beam, 1(4;) = 5(4;)) after
passage through the device is therefore

1 It has been proposed to ramp |By| for situations where the neutron energy is strongly correlated with its time of emission, for
example at pulsed neutron sources. However for continuous sources this is not feasible.
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LBy, A

— NSNS .

| ™

x J- =7

Fig. 3. Classical precession of the neutron magnetic moment around the resonant component of the r.f. field in the rotating frame of
the r.f. field component.

<ﬁ> =<COS£COS;{>:<COSZa—sinzaCOSﬂ>= 1-sin’a 1+cos{niJ . (29)
Pideal . <2’|>

(4w (%)

Qualitatively this is the component (or dot product) of the actual unit spin unit vector projected onto the
“perfect” spin direction, averaged over all & and over the neutron wavelength spectrum, 1(4;). We note that
ais random over 2 zradians for a continuous beam and we may set (sin’a) = 1/2 in Eq. (29). Also using the

identity cos/ = 1-2sin’(3/2), the average over « becomes

P : A
& — sin? [z—'] averaged over ¢, continuous beam. (30)

P

ideal

This is exactly the quantum-mechanically derived result for the spin flip probability for the = flipper (see
Eq. (89) in Sec. 4.2.1.1) when the flipper is tuned for resonance and for exact = flips for the mean neutron
wavelength (4;). Performing the average of Eq. (30) over the normalized incident wavelength spectrum
I(4), we have finally

)z

For normalized rectangular intensity distributions with (1j)-A4gw/2 < A; < (Ap+ A4l 2 with Iy = 1/AAgy,
we have

P (3 )+ A2y 2

—® ) (rectangular) = I sin?| £ A dA

Pideal 1 coil Aﬂ’FW <1|> 2 <ﬂ,>
(32)

1, (4)

==+ sin 7z Mgy :
2 Ay (2 (4)
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Defining the fractional full width of the spectrum by Agy, i.e.,
Apy = Ay /(ﬂ’u >l (33)

Eq. (32) is expressed more neatly as

P,
<ﬂ> (rectangular) = 1
1coil 2

ideal

. T
Sm(EAFWj' (34)

w7

For triangular intensity distributions with FWHM = AAryyv, We can use the normalized function

(A)= {1+(ﬂ" ‘W}

Adewim A

in the interval {4;)-AApwnm < Ai < (1), therefore

P (%) Yy
< disp > (triangular) _ 2 J‘ [1+ i < I>]5in2 [Zi}dﬂi . (35)
P - A Ay 2 ﬂ,|>

ideal FWHM (4 )=Adpyim

In analogy with Eq. (33) we set

A = MMeyu /<’1’| >v (36)
then this integral becomes
Pisp . 1 1
= triangular) = =+ ————|1-cos(zA . 37
<Pideal >1c0i| ( : ) 2 ﬁzAFZ:WHM [ ( P ):| 5

For Gaussian intensity distributions with FWHM = AArwum, We use the normalized function

4In2 4In2 2
1(4)= / - A —{A , 38
( I) FAJ’ISWHM exp|: AﬂVIEWHM ( I < I>) } (38)
therefore,
Pdisp> _ [(In2 7 { 41n2 2} . z[z J ]
— Gaussian) =4 |————|exp| — A —(A sin®| ——~ |dA. (39)
<Pideal 1coi|( ) ”Aﬂ’ISWHM‘([ Aﬂ’ISWHM( < >) 2 }Vl>

Using the definition of Aryqy from Eq. (36) for the Gaussian distribution this integral becomes

P, 2 \2
<ﬂ> (Gaussian):l 1+exp —(EJ Abwm || (40)
Pideal 1 coil 2 4 |n2
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2.2.2 Approximation for M Flippers

The above equations apply to a single flipper coil. If there are M identical flippers (e.g. M = 8 for a
4-coil N = 2 bootstrap instrument), and we assume that the neutron spectrum is unmodified through the
spectrometer (elastic scattering, negligible absorption etc.), we can make the following approximation,
provided that the cumulative spin rotation out of the xy plane remains small:

We rewrite Eq. (30) approximately as the product of the M flipper coil efficiencies, prior to averaging
over the spectrum, I1(4), i.e.,

P

= () <sin” [ZWJ “

ideal

The overall average flipping efficiency for the spectrometer is therefore described for the rectangular,
triangular, and Gaussian incident spectra by expressions similar to Egs. (32), (35), and (39), but with the
sin? replaced by sin®, i.e., for the rectangular spectrum:

2(2 )+ Ay

P, 2
<ﬂ> (rectangular) ~ 2 [ sin Zi}d/l,
R M coils A4 2 ﬂT)

ideal <
j (42)

_ LMy, 4 (M 5
T2 M ) A, & K (M —k) ’

where (:] is the binomial coefficient.

Likewise for triangular 1(4;):

P (%) —
<ﬂ> (triangular) 2 J' [1+MJsin2M (Zi]d/i,
Pideal M coils A/q“FWHM (A)~AMewrm A//LFWHM 2 /?1>
1 [2Mj Mz[ ) 1-cos[ (M —k) Ay |
2" M ZAQW g (M —k)’ '

Finally, for Gaussian 1(4;)

Pdisp> . In2 % { 41n2 2} o [ﬂ J
— Gaussian) = 4 |———— | exp| — A—=(A4)) [sin™ | ——< [dA,. (44)
<P M coils( ) EAAZ I A/AtéWHM ( < >) 2 < >

ideal FWHM (%)

(43)

The accuracy of the approximation for M > 1 is demonstrated by some special case Monte Carlo

calculations in Sec. 8.2. Table 1 and Table 2 show predicted values of < d,Sp/  deal >M il for uniform,
triangular, and Gaussian wavelength distributions for M = 8 (i.e., a typical 4-coil, N = 2 bootstrap
configuration) and for M = 6 (e.g., a MIEZE-II type, N = 2 bootstrap configuration — see Sec. 9)

respectively. The Gaussian results, which are quite similar to the triangular case, were obtained by
numerical integration of Eq. (44) between the limits (1)) and (A)+2AArynm- Using larger upper limits of
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integration showed no change in the fifth significant figure and no significant effects of spectral truncation
are encountered for A up to 0.5 in this case. The values in the tables, which are apparently independent of
the Fourier time, represent theoretically maximal signals with polychromatic incident beams in an
otherwise perfectly-constructed spectrometer with perfect polarizers. When other instrumental
imperfections are present, typically the tabulated values are approached in the short Fourier time limit.

Table 1. Flipping efficiency versus full width (FW) (rectangular distribution) or full width at half maximum (FWHM) (triangular,
Gaussian distributions) for M = 8 zcoils. The pairs of values in parentheses for the triangular and Gaussian distributions are values of
Arwnm and corresponding Puiso/Picear that give equivalent rms wavelength deviation with respect to the mean as the rectangular
distribution with the value of Agy given in the first column. For the triangular distribution this implies Arwrm,triang = Apwrea/N2. For the
Gaussian distribution this implies Arwm gauss = V((2/3)In2) Arw rect.

Pisp/Pigeal (M=8)

Arwr Rectangular (Eq. 42)) Triangular (Eq. (43)) Gaussian (Eq. (44))
1 0.98378 0.96831 (0.0707 ,0.98386) 0.96613 (0.0680,0.98393)
0.2 0.93778 0.88600 (0.1414,0.93888) 0.88155 (0.1360,0.93986)
0a 0.86916 0.78127 (0.2121,0.87390) 0.77880 (0.2039,0.87765)
os 0.78750 0.67898 (0.2828,0.79961) 0.68064 (0.2719,0.80788)
05 0.70237 0.59115 (0.3536,0.72511) 0.59587 (0.3399,0.73834)

Table 2. Flipping efficiency versus full width (FW) (rectangular distribution) or full width at half maximum (FWHM) (triangular,
Gaussian distributions) for M = 6 zcoils. The pairs of values in parentheses for the triangular and Gaussian distributions are values of
Arwnm and corresponding Puiso/Picear that give equivalent rms wavelength deviation with respect to the mean as the rectangular
distribution with the value of Agy given in the first column. For the triangular distribution this implies Arwrm,triang = Apwrea/N2. For the
Gaussian distribution this implies Arwrm,gauss = N(2/3)In2) Arw rect.

Pisp/Pigeal (M=6)

Arwr Rectangular (Eq. 42)) Triangular (Eq. (43)) Gaussian (Eq. (44))
01 0.98779 0.97600 (0.0707,0.98783) 0.97427 (0.0680,0.98787)
0 0.95266 0.91138 (0.1414,0.95329) 0.90715 (0.1360,0.95387)
0.3 0.89874 0.82378 (0.2121,0.90158) 0.81999 (0.2039,0.90396)
o4 0.83194 0.73158 (0.2828,0.83959) 0.73102 (0.2719,0.84529)
05 0.75870 0.64689 (0.3536,0.77402) 0.54987 (0.3399,0.78399)

Special Note

Géhler and Golub [2] ignore the (usually small) angle » and give an expression for (cos &) in terms of the root mean square (rms)
value of & &ms, Which is valid for small &. For these reasons, their expression does not predict exactly the quantum mechanical flipping
efficiency. The reader should beware of substituting, for example, FWHM values for &v into Eq. (33) of Ref. [2]. The latter equation is
valid for discrete £6v with respect to the mean, therefore their expression must be averaged over the appropriate velocity distribution,
F(va). For sufficiently small &, the approximation is

P ~{cose)= <1—gz/2> =1—<sz>/2 ~COSE,, -
with the combined effect of M similar 7 coils approximated by summing the £'s in quadrature [ii], whence

P(M) z<cosNg>z cosvVM e, -
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2.3 Coil Resonance Width

The coil flipping efficiencies given in the previous section are for optimally-tuned coils (exact
resonance a= ay, and exact z-flips for the mean wavelength (4;)). They account only for dispersion. For
moderate A4/, dispersion leads mainly to excursions of the spin vector out of the intended x-y plane
accompanied by a usually small rotation of the spin component within the x-y plane. An additional question
concerns non-optimal tuning of the coils arising either from (i) systematic differences between the Larmor
frequency (a) and r.f. frequency () or (ii) that caused by static field inhomogeneity when @y = (a); i.e.,
to what tolerance must @ match ay? Alternatively, what is the resonance width? Alvarez and Bloch [6]
provided a quantum mechanical result for the flipping efficiency (valid for static field magnitudes that are
much larger than the oscillating field magnitude), which (almost) in their original notation is

o —si| [ 414 (Hf+(2AH)ZJ {Hf+(2AH)Z} (45)

2n H? H?

where t is the time spent in the oscillating field, #H;t equates to 412 (Eq. (12)), H; is the amplitude of the
oscillating field = 2B+ = B, and

AH =H,—H; (46)

is the difference between the actual value of the static field and the value required for exact resonance (i.e.,
when ay=axy). Thus, Eq. (46) can be re-expressed as

AH :)/—];](a)o—a)rf):i—:r(vo—vﬁ). 47

S

where it is understood that | .= |,; for the typical flipper coil. For the special case that B, is tuned to produce
exact 7 flips for the mean wavelength (4;), Eq. (48) becomes (see also Eq. (11))

In our notation Eq. (45) becomes

P:Sinz 7nBrf Izzmnﬂ“n
2h

2
} ] B, tuned for exact ~flips at 4,= (1), (49)

which, for exact resonance (e = @) reduces to Eq. (30).

These equations quantify the effects of detuning the r.f. frequency from the nominal Larmor frequency
or the effects of static field inhomogeneities (giving rise to a spread of ay values). The latter is of concern
for the spectrometer design tolerances. Equation (49) is plotted versus the frequency difference (in kHz) for
I.= 3 cm (for a single wavelength A, = (4,)) in Fig. 4. The Alvarez and Bloch formalism ignores certain
rapidly oscillating terms when the static field magnitude is large compared to the oscillating field
magnitude. When this is not the case, the oscillating field decreasingly approximates to a pure rotating field
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Fig. 4. Coil flipping efficiencies calculated using Eq. (49) for a z-flipper with I .= 3 cm whose r.f. field magnitude B is tuned to
produce exact zflips for monochromatic, well collimated beams of wavelength A, (zero dispersion approximation). These curves are
plotted as a function of the difference in the Larmor frequency v, and the r.f. frequency v in kHz.

and the counter-rotating component increasingly plays a role. One manifestation of this is a shift in the
resonance frequency as discussed in Ref. [5] (see Sec. 7.3.6.1). Eventually the r.f. flipper cannot function
when By/B falls below a certain threshold. The full width at half maximum of these resonance curves for a

general value of | ;is very well fitted by

AV [H2] = — 222 (50)

A useful quantity is the frequency shift for a 1 % drop in the flipping efficiency. This is well fitted by the
following similar expression

198

| [m]4, [2\]

AV [HZ] = (51)
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Thus for longer wavelengths and longer coils the resonance sharpens, requiring increased tuning accuracy.
Consequently, the tolerable field inhomogeneity also decreases with increasing | ,and A,.

2.4 Influence of #Flipper Efficiency on Polarization

The term “flipper efficiency” usually excludes spin-independent effects such as scattering or
absorption. Thus for a #flipper of efficiency f, a fraction f of the spin-down component of a beam is
converted to spin-up and vice-versa. Conversely, fractions (1-f ) of the spin-down and spin-up components
are transmitted with no change of their spin directions. For an incoming beam with spin-up and spin-down

intensities 1, and 1, respectively, the corresponding intensities in the outgoing beam are

Ih=flg +(1- )1 (52)
and

Iy =flg +(1-)1,. (53)
The incident beam polarization is, by definition,

.
-y

= 54
R P e (>4)
therefore, by the same definition, the outgoing beam has polarization
- (1-21)(1) -1y
=l _ =20ty °)=(1—2f)PO. (55)

+ - + -
I +1 Iy +1,

Thus, the outgoing beam polarization is just the incoming beam polarization multiplied by the factor (1-2f).
Note that for a perfect z-flipper (f = 1), P,= -Py, as expected.

3. Ilustrations of Idealized 4-Coil NRSE Instruments

In the following examples, we illustrate the performance of a 4-coil unit NRSE spectrometer by
assuming “perfect” #flipper coils (Sec. 3.1). In Secs. 6 and 7, we discuss departures from the idealized
performance due to the non-ideal nature of the components.

3.1 The Perfect z~Flipper Coil

We define the “perfect” z-flipper coil as having the following properties:
1. “Dispersionless” — the exact « flip operation is assumed to be independent of wavelength (i.e., all
neutron spins start and finish in the xy plane - see Sec. 2.2).
Perfectly uniform and stable applied static field B, within the beam passage.
Perfectly stable (frequency and magnitude) and sinusoidal r.f. field B.
Perfect perpendicularity of the static, r.f. fields, and beam direction (= zero divergence beam).
Perfectly-defined field boundaries along the beam direction.
Zero stray fields or leakage fields in the “zero-field” regions.
Perfectly transmitting for neutrons.

Noogk~owd
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Consider the coordinate system in Fig. 5. where the origin of the y-axis is chosen to coincide with the
entrance to the first z flipper (A). We will assume that the static field magnitude, By, in coils A and B is
equal and that the static field magnitude, B, in coils C and D is the same, i.e.,

BX =Bf =B, (56)

and
BOC = Bg’ =B,. (57)

When the zflipper r.f. frequency is on-resonance, we can write

w::w? =, =7,B, (58)

r

a’ﬁ :a)r[f) =, =7,B. (59)

4 single 7-flipper coil NRSE B, .in xy plane

-4 Sample
Lo
le Iy
BnA Bnb. L('.’) (zero field)
Polarizer Analyzer
|_|'| |'|'| Detector
D - - D
i i y
p'
LA B(zcro field) BG(‘ B”D
X IA IB
: Ly
v, >
zero field f
—) Indicates direction of B, is static field
resonant component
of r.f. field

Fig. 5. A 4-single zcoil NRSE instrument.
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For elastic and small energy transfer quasielastic scattering (where the detailed balance factor is essentially
1 and the scattering function is symmetrical around zero energy transfer), we have (v;) = (vy). Therefore, the
magnitude of the r.f. field is tuned to create 7flips for the mean incident velocity {v;) for all coils. This
implies

|B;|=”<Vi>=ﬂ h fork=A, B, C, D. (60)
}/nlk ynmnlk </,L|>

For elastic and small energy transfer quasielastic scattering (where the detailed balance factor is essentially
1 and the scattering function is symmetrical around zero energy transfer), we have (v;) = (vy). Therefore, the
magnitude of the r.f. field is tuned to create 7flips for the mean incident velocity {v;) for all coils. This
implies

|B;|=”<Vi>=ﬂ h fork=A, B, C, D. (60)
}/nlk ynmnlk <ﬂ1>

3.2 A Note About Signs

In Sec. 3.3 and especially in Sec. 3.5 we must account for reversals of the directions of the static fields
B, from one coil to the next. This is important because the reversed direction of B, reverses the direction of
the Larmor precession and consequently switches the resonant r.f. field component to the counter-rotating
component (that has a different absolute phase angle). This latter situation is simplified mathematically
(with no loss of generality) if we assume that the r.f. field oscillates along the x-axis, since the shift of r.f.
phase angle that accompanies the change of sign of B, amounts only to a flip of the sign of . In the
following sections, expressions for the phase changes throughout the spectrometer are written in tabular
form, initially with signs that account for general static field directions in the coils.

3.3 A 4-Single #Caoil, “Perfect” Dispersionless NRSE with Zero Stray Fields And Well-Collimated
Beams

The 4-single 7z flipper arrangement is illustrated in Fig. 5. We use the operator (Eq. (16)) for the neutron
spin phase in the coil regions and assume truly zero field in the gaps between the coils (allowing Eq. (19) to
be used). Phase locking of the r.f. frequency between coils A and B and between C and D is assumed
(allowing expressions of the type (21) to be used), but no phase locking of the r.f. between the two arms of
the spectrometer is required (hence y is unrelated to ). By assuming well-collimated beams (cosé ~ 1),
we have replaced neutron flight times with expressions of the type I/v, or L/v, where | or L is a dimension
along the beam (y) axis. We now construct a table of phases through the spectrometer, applying the above
assumptions and signs to account for general static field directions. For example, sgn(B,) = “+” if the static
field lies along +z and sgn(B,) = “-” if the static field lies along —z. The result is shown in Table 3.
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Table 3. Phases for “perfect” single 7 coils with zero stray fields between coils showing how the field direction signs for the resonant
component of the r.f. field apply (B is chosen to oscillate along the x axis).

Location y Neutron spin phase angle ¢ r.f. field phase y
Entrance A 0 0 VA
Exit coil A Ia 2yn+sgn(Bo™) (1) 10l Bol I yarsgn(Bo")(1vi) 7| Bolla
sgn(Bo")sgn(Bo®)[ wa+sgn(Bo") (1/vi) il
Entrance B IatLas 2yntsgn(Ba")(1vi) 74| Bolla Bo|(Ia+Lag)]
ZSgn(BOA)sgn(BOB)[./;A+sgn(BOA)(1/vi)yn|Bo|( sgn(BoA)Sgn(BoB)[ WA+Sgn(BOA)(1/Vi)}’n|
Exit coil B Ix+Las+le Lretla)]+5gn(Bo )(11vi) ol Bolla- 2y Bol(Ia+Lag)]+sgn(BoB) (1 V) 7l Boll
sgn(Bo")(1/Vi) 14| Bolla
Sample A B A A B A)(1/
(non-spin 25gn(Bo*)sgn(Be®)[wa+sgn(B ) ANV Bol( S9N(Bo")sgn(Bo )[v/A;sgn(Bo VAN 7l
flip or IatLagtletLas Lag+a)]+sgn(Bo®)(1/vi) 4| Bolls-2ya- Bo|(Lag+la)]+sgn(Bo™) (1vi) sl Bol(le+L.
coherent sgn(Bo") (1Vi) 7l Bolla Bs)
scatterer)
2sgn(Bq")sgn(Bo®) [ wa+sgn(Ba)(1/vi) 3l Bol(
Entrance C Ia+Lag+lp+Laes+Lsc Lag+1a)]+sgn(Bo®)(1/vi) ol Bolls-2ym- ve
sgn(Bo")(1/vi) 4l Bol 1
ZAI//C+sgn(BBOC)(1/vf)yn|BAl|Ic-
o (259n(Bo")sgn(Bo")[ya+sgn(Bo")(1vi) 0l Bol +sgn(BS) (1) 34/ Byl
Exit coil C IA+LAB+IB+LBS+LSC+IC (LAB+IA)]+Sgn(BOB)(1/Vi)7n|BO||B'2l//A' wetsg ( 0 )( f)}/nl 1| c
sgn(Bo™)(1/vi) 3l Bol 1)
2l//c+Sgn(Boc)(I/Vf)}/nlBlllc- c 5 c
Lt Ll Lt Lo ot L (2sgn(Bo")san(Bo®)[ wa+sgn(Bo™)(1N:)slBol ~ SIN(Bo )sgn(Bo ) wetsgn(Bo™) (1/vi) il
Entrance D ATTABTIBTEBSTISCTICTCD (Lag+1a)1+sgn(Bo®) (1Vi) 30 Bolls-2yn- Bi|(lc+Lcp)]
sgn(Bo™)(1/vi) 3l Boll)
2(sgn(Bo°)sgn(Bo”)[ ywe+sgn(Bo®) (1/vi) 1l By
|(Ic+Leo)])+sgn(Bo®)(1/v) 36l Ballo- . b .
o Lt Lot ot Lot Lot It Lot {2 wetsgn(Bo®) (1ve) 3l Bullc- sgn(Bo")sgn(Bo )[l//c+%9n(Bo VAN
Exit coil D ATABTIBTEBSTESCTICTECDTID . (05gn(Be)sgn(Bo) [ yatsan(B) (V) wlBe]  Bil(lc+Leo)] +sgn(Bo°) (1)) | Billo

(Lag+12)1+sgn(Bo®) (1/vi) 7ol Bolls-2y/a-
sgn(Bo™) (1/vi) 4l Bolla)}

Applying the signs shown in Fig. 5 (i.e., sgn(By") = sgn(By®) = “+” and sgn(B,") = sgn(B,") = “-”), we
reconstruct Table 3 as shown in Table 4.
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Table 4. Phases for “perfect” single 7 coils with zero stray fields between coils applying the field direction signs indicated in Fig. 5.

Location y Neutron spin phase angle ¢ r.f. field phase y
Entrance A 0 0 YA

Exit coil A n 20 A AB I Bl
Entrance B In*+Las 2yt (1) 36l Bolla yat(1Vi) ol Bol (Lag +1)
Exit coil B IntLagtls (1) 14l Bol (2L s+ 1a+1s) wat(1Vi) | Bol (Las+la+1s)
Sample_

]Eﬂgn;pm L+ ag e+ Las (1) 741 Bol 2L+l Hlo) Yt (L) 7l Bol (Lag+HlaHle+Les)
coherent

scatterer)

Entrance C IatLagtle+Llestlsc (1) 34l Bol (2L g+ 1a+1s) we

Exit coil C latLastlgtLastlsctlc 2 we-(1e) 7| Bl le-(1/Vi) 74| Bol (2L g+ a+ 1) we-(IN) i Bl lc
Entrance D IntLagtletLestlsctletlen  2ye-(1V) 3l Bille-(1i) 7l Bol (2Lag+Ia+Ie) ye-(1ve) pl Bl (Ie+Leo)
Exitcoil D tlastletLastLscHo+Lootlo (LA AlB (2L asHate)- ve- (1)l Bil(Ic+Leo o)

(1) mlBi (2Lep+Ic+p)

Observations
1. The lack of a relation between the r.f. phases in each arm of the spectrometer is immaterial. This is
because the r.f. phases, wa, and ¢, on entry to coils A and C cancel on leaving coils B and D
respectively.
2. The final spin phase angle of the neutron exiting coil D is independent of the distances between
the second coil B and the sample (Lgs) and the sample and the third coil C (Lsc).
3. The final neutron spin phase from Table 4 is:

v, v,

v :[a)o(ZLAB+IA+IB)_a)1(2LCD+IC+ID)}

(61)

v, v,

_, {BO(ZLABHAHB) B, (2Lcs +1c +|D)}
If all coils are identical in length (i.e., Ia=lg = Ic = Ip = 1 3= loiy = ), then the phase angle of the neutron
spin at the exit of coil D reduces to

o :2|:a)0(LAB+I)_w1(LCD+I):|:27n|:BO(LAB+I) Bl(LCD+I):|. 62)

v, v, v, v,

Equation (62) is expressed more neatly by introducing L, and L;, the distances between the mid-points of
the coils in the first arm and second arm respectively, where
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Ly =L +I (63)
and
L = Lep +! (64)
so that Eq. (62) becomes
o -]z, B _Bh ©

3.4 The “Bootstrap” Coil Technique
3.4.1 Bootstrap Configurations

Gahler and Golub [2] appreciated that spin-echo configurations of resonant z-flippers are not limited to
single z-flipper unit arrangements. Multiple flippers placed back-to-back with alternating static field
directions can replace the single 7flippers at the zero-field region boundaries. Several 4-coil unit spin-echo
arrangements are shown in Fig. 6. When more than one #flipper (N > 1) comprises one unit, the
combination is referred to as a “bootstrap coil”. The technique was first demonstrated experimentally in
Ref. [7]. Note that the static field directions in the second arm mirror-image those in the first arm. Because
closed magnetic field loops are produced within the coil unit for even-N, leakage fields outside the coil
regions are strongly reduced with respect to odd-N combinations and it has been demonstrated [8] that the
field homogeneity within the beam area is improved for N = 2 with respect to N = 1. Furthermore, the
(small) leakage fields each side of the even-N bootstrap coil cancel to first order because the Larmor
precession that they induce is approximately equal in magnitude but of opposite sign.

Sample
Single p coils

T ! ' '

Bootstrap pairs (N=2)

Bootstrap N=3

Het

|t

Fig. 6. Some possible zflipper spin-echo arrangements.
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3.4.2 Practical Limits to the Value of N

Bootstrap coils with N flippers effectively multiply the spin turn by a factor of N, thereby increasing the
resolution of the spectrometer by the same factor N. This is illustrated for N = 2 in Sec. 3.5. However,
instrumental non-ideality ultimately limits the maximum practical value of N.

1. The most obvious limitation is that N multiplies the number of coil windings traversed by the
neutron beam, multiplying the absorption and scattering by the same factor.

2. The total power dissipation is proportional to N, negatively impacting the already challenging task

of heat removal from the coils units.

3. The dispersion of the zflippers means that increasing non-zero z-components of the spin vectors

result as the neutron traverses additional coils. Gahler and Golub show [2] that the expectation

values of (o) and (o) each contain 2" terms in sin™(uBys I/7ivy,) and/or cos™ (1B 1/7v,) where m

runs up to N and v, is the neutron velocity. Because these rapidly-varying functions of velocity
lead to depolarization of the beam, Gahler and Golub also show that Av, /v,, must become
increasingly small as N increases to compensate.
In view of the compromises imposed by 1, 2, and 3, and the advantages of even-N for stray field
suppression, N = 2 is almost universally used in existing NRSE spectrometers.

3.5 A 4 “Perfect” Dispersionless N = 2 Bootstrap Coil NRSE with Zero Stray Fields and Well-
Collimated Beams

In the bootstrap pair, the main consequence of the field direction reversal mid-way across the coil unit
is that the resonant component of the r.f. field switches to the counter-rotating component in the second 7z
flipper. This reverses the sign of wand of ax. In order to illustrate features that are likely present in a real
bootstrap coil, it is assumed that the transition from one zflipper of the pair to the other takes place across
a small gap lg, which is equal for all coils. This gap is also assumed to be “zero field” (or a region where the
stray fields of the adjacent coils exactly cancel). By adopting the procedure outlined in Sec. 3.3 and
applying the specific field direction signs indicated in Fig. 6 for N = 2, we obtain the values given in Table
5.

Observations
1. The lack of a relation between the r.f. phases in each arm of the spectrometer is immaterial.
2. The final spin phase angle of the neutron exiting coil D, is independent of the distances between
the coil B, and the sample (Lgs) and between the sample and the coil C; (Lsc).
3. The final neutron spin phase from Table 5 is:

B, [IA1+IB2 +3(1,, +Im)+4(LAB +Ig)}

. Vi
Por =7, ' : (66)
>’ Bl[IClJrIDZ+3(IC2+ID1)+4(LCD+Ig)]

Vi

If the individual 7#flippers are identical in length (i.e., Ia; = lao = lg1 = lgz = lcy = o = Ipy = Ipy = lgg) and we
consistently use the symbol I to define the total length of the bootstrap unit, i.e., | = 2lgg + I4 (including the
gap in the middle), then the phase angle of the neutron spin at the exit of coil D, (Eq. (66)) reduces to

. B L.+l B +1
Poy = Orse = 47n 0[ :B ]_ 1[L\fD ] . (67)
i f
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Table 5. Phase angles for a “perfect” 4-N = 2 bootstrap coil NRSE applying the static field signs as indicated in Fig. 6 for N = 2.

Location y Neutron spin phase angle ¢ r.f. field phase y
Entrance A, 0 0 va

Exit A, Iy 2yt (1) 1l Bolla war+(1Vi) 7ol Bollas
Entrance A, Iaa+lg 2yt (A3 0| Bollay - war-(1Vi) 0l Bol (Tas+1g)
Exit A, Intlg+la -4 yna-(1Vi) 70 Bol (Blar+2lg+1az) = wna= (1) 7ol Bol (I +g+1a2)

Entrance B,
Exit Bl

Entrance B,

Exit Bz

Sample
(non-spin
flip or
coherent
scatterer)

Entrance C;

Exit C,

Entrance C,

Exit Cz

Entrance D,

Exit D;

Entrance D,

Exit Dz

lartlg+laz+Lag
lar+lg+lpo+Lag+ls:

|A1+2|g+|A2+LAB+IBl

lar+2lg+laotLag+lei+s,

|A1+2|g+|A2+LAB+|Bl+IBZ+ Lss

lar+2lg+Hl a2+ Lag+li+lgo+Les+
Lsc

|A1+2|g+|A2+LAB+|Bl+IBZ+ Laes+
Lsc*lca

la1+3lgHlao+Lag+l:+lgo+Les+
Lsc+lc

la1+3lgHlao+Lag+l:+lgo+Les+
Lsct+lcitlc:

|A1+3|g+|A2+LAB+|Bl+IBZ+ Laes+
Lsc+lci+lca+Lep

la1+3lgHl a2+ Lag+li+lgo+Les+
Lsc+lei+leo+Lep+log

|A1+4|g+|A2+LAB+IBl+IBZ+ Les+
Lsct+lci+lca+Lep+lps

lar+4lg+Hlpo+Lag i +Hlgo+Les+
Lsc+lci+lco+Leo+lpa+Ip2

-4 WAl‘(l/Vi)}’nlBol(3|A1+2|g+|A2)
2w+ (1Vi) 14| Bol (Ia1-1az-2L ag-le1)

2yn+(1Vi) 14| Bol (Ia1-1az-2L ag-le1)
(1) 30| Bol (Ina+41g+3la+4L ag+3le1+lg2)

(2:7}

P2
2yer-(I) il Billea- 82’
2yea-(1) il Biller-ge2”

-4yt (1N | Bi| (Bleat2lgtco) + 2’
-4yt (1N | Bi| (Blea 2l gt co) + 2’
2yeit (IN) il Bil (lertlcz+2Lco+lor)-gs2”

2wert (1) | Bl (-lertlca+2Lco+ lo1)- g2’

Pe2’-
(I/Vf)}/nlBll(|c1+4|g+3|c2+4LcD+3|D1+|D2)

(1/Vi)}/nlBol(|A1+4|g+3|A2+4LAB+3IBl+|B2)
'(1/Vf)}’nlBll(|61+4|g+3|62+4LCD+3|D1+|D2)

-war-(1Vi) il Bo| (lar +lg+laz+Lag)
- l//Al‘(1/Vi)}’n|BO|(IA1+Ig+IA2+ LAB+|B1)
wart(LVi) 1l Bol (Iar+2l g+l o+ Lag+lg1)

WA1+(1/Vi)}’nlBol(IAl+2|g+|A2+ Lag+le+
lg2)

WA1+(1/Vi)}’n|BO|(|A1+2|g+IA2+ Lag+lei+l
s2+Las)

Yl

wer-(IN) il Bl

-wert(1v) sl Bl (ler+lg)

-wert (1)l Bi| (lea+ g+ e2)

-wert(1v) sl Bi| (ler Hlg ez +Leo)

- l//(;1+(1/Vf)}/n|Bll(|(;1+|g+Icz+ I—CD+|D1)

Wcl-(l/Vf)7n|31|(|01+2|g+|cz+ LCD+|D1)

yer-
(V) 7l Bil(ler+21 g+l o+ Lep+pg +oo)
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By comparing Eqg. (67), with the equivalent equation for the single (N = 1) #flipper case (Eq. (62)), we see
that there is an additional doubling of the spin phase angle change by using bootstrap pairs. It can be shown
[2] that this additional factor of 2 actually corresponds to N, the number of coils in the bootstrap coil unit,
therefore we can rewrite Eq. (67) quite generally as

By [Ls +1] Bl[LCD+|]1_ )

=2N —
Pnrse 7{ v v,

Finally, Eq. (68) is represented more neatly by introducing Lo and L, the distances between the mid-points
of the bootstrap coil units for the first arm and second arm respectively, so that Eq. (68) becomes

|:BOL0/7’| - BlLl/If :|

B,L, BL 2Nm_y,
=2N 0 _ 1 — n/n
Pnrse 7n|: v v, } h

=92641.8N [BO [T]L[m]4 [,&} ~B,[T]L[m]4, ['&ﬂ- (69)

With regard to differences that may exist in the flippers of a real spectrometer, it is interesting to note
from Table 5 that the inner zflippers in each arm contribute three times the spin turn of the outer coils
whereas the zero-field gaps between the coils of a pair (designated by Ij) contribute at the same rate per unit
length as the inter-coil zero-field gaps (see also Eq. (66)).

3.6 Coils with Dimensional Uncertainties

In order to analyze the effect of dimensional uncertainties, we assume that the center lines of each =
coil are fixed and that the coil length (winding flatness on each side of the coil) fluctuates by Alg,
according to equal, but independent, Gaussian distributions of width Af ™" = Alg,™"M2. The zero-field
flight paths between the coils are assumed truly zero field so that the neutron spin direction does not change
in them.

We define the coil length deviation on the left and right hand sides of the coil as A f_ and 4 f;
respectively, where A f is negative if the coil surface is on the -y side of the nominal position (neutron
arrives earlier) and positive if on the +y side of the nominal position (neutron arrives later). The r.f. phase at
the entrance to the first coil varies with respect to the nominal value due to fluctuations in the coil length
where

a)rf

V= +sn(B2) 26, (A),

V,

n

where 4, is the instantaneous phase of the resonant component of the r.f. field with respect to the neutron
spin at the coil entrance in the perfect situation. At the coil exit the r.f. phase is

v :WA+sgn(B§)a\j” (I, ~Af_(A)+Af, (A))

n

—y +sgn(BoA)a\;” (1, + A%, (A))

n

therefore, from Eq. (16), the neutron phase at the exit of 7 coil A is
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P =2y, +Sgn(B(f)c:/)rf (IBO +Af (A)+AfR (A))_(pi”'

n

On entry to the second coil B, we have ¢, = ¢, and

A =sgn(BoB)sgn(B£){w; Jrsgn(BO“)%(LAB — Af (A)+Af, (B))}

n

:sgn(B(f‘)sgn(BoA){://in +sgn(BO“)(\(/)—'f(LAB +1g +AF, (B))}

n

At the exit of coil B, we have

Vi =1, +sgn(B§‘)a\j" (I, - Af, (B)+Af, (B))

n

:sgn(BoB)sgn(B(f){y/in +sgn(BO“)%(LAB +lg +AF (B))}

n

+sgn(B§)“V’” (1, - AT, (B)+Af, (B)).

n

Therefore the neutron phase at the exit of 7z coil B is

o = 25gn(B§)sgn(BoA){win +sgn(B£)%(LAB +1g +Af, (B))}

n

+sgn(B§)C::” (1, - Af_(B)+Af, (B))—sgn(B;‘)o\‘/”f (1, +Af_ (A)+Af, (A)) (70)

n n

_Zl//in + @iy

At the entrance to a third coil C, we have ¢. = ¢; . Assuming that the r.f. in coil C is phase locked to coil

B (we do this so that this 4 #flipper coil argument can be extended to an N = 2, 4 #flipper per
spectrometer arm arrangement in Sec. 3.6.2)

Ve =sgn(BOC)sgn(BoB){z//,’3 +sgn(B§)%(LBC — Afg (B)+Af, (C))}

n

sgn(Bf)sgn(Bf){y/m +sgn(BO“)%(LAB +1g +Af, (B))}
=sgn By )sgn(By) . "
+sgn(BoB)v—”(LBC +1g +Af (C)-Af, (B))

n

At the exit of coil C, we have
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a)rf

we =y +sgn (B )—"(ls, —Af, (C)+Af,(C))

sgn(Bg )san(By')| v, +sgn(B§)%(LAB +1g +AF, (B))}
=sgn (B )san(B7) "
+sgn(BoB)%(LBC +ly +Af(C)-Af,(B))

n

+sgn(sg)“v’” (1, —Af, (C)+Af, (C))

n

so that

sgn(BOE‘)sgn(Bo“)[g//in +sgn(B§)%(LAB +lg +AF, (B))}
@ = 2sgn (B )sgn(Bg ) . "
+sgn(B§)v—”(LBC +1y, +Af (C)-Af, (B))

n

_2sgn(Bf)sgn(Bg‘){V/in +sgn(B:)a\j—”(LAB +1g +Af (B))}

n

a)rf

+sgn(BOC) . O

(15, = AT, (C)+Afe (C))-san(BF) .

n n

(IBO +Af (A)+Afy (A))+ IV

(I, —Af(B)+Af, (B))

wrf

+sgn(BOA) .

n

At the entrance to the 4" coil D @, = ¢ and

v =sgn(By )sgn (B ){;{/é +sgn (B )C::—”(LCD — Afo (C)+Af, (D))}
=sgn By )sgn (B )x

sgn(Bf)sgn(Bg‘){y/m +sgn(B§)%(LAB +lg +AF, (B))}
sgn(Bg )sgn(By ) "
Jrsgn(B(f‘)a\;rf

(Lec +15, +Af, (C)-Af,(B))

n

+sgn (BS )%(LCD +1,, +Af, (D)-Af, (C))

n

At the exit of coil D, we have
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a)rf

vy = v +5an(B2) 21, ~Af, (D) +af, (D)

\Y

=sgn By )sgn (Bg )

o

sgn(BoB)sgn(BO“){yxin +sgn(B§) .

(LAB + 1y, +Af, (B))} ]
sgn(By )san(B7) "
+Sgn(BOB)%(LBC +l, +Af(C)-Af, (B))

n

wrf

+sgn(By ) v (Leo +1g, +Af (D)-Af, (C))

+sgn(B(',3)av)rf (15, —Af_(D)+Af, (D))

n

so that the neutron phase at the exit of the 4th coil is

sgn(By )sgn (Bs )x

sgn(BoB)sgn(B[f){y/in +sgn(B$)%(LAB +lg +Af (B))}
@ =2sgn By )san (B ) . "
+sgn(B§‘)V—"(LBC +lg, +Af, (C)=-Af, (B))

n

+sgn(B§)a\j’f

(Leo +1g, +Af, (D)—Af (C))

n

sgn(Bf)sgn(Bﬁ){y/m +sgn(B§)%(LAB +lg +Af (B))}

n

—~2sgn By )sgn(By)
+sgn(B§)‘\‘;_”(LBC +1, +Af, (C)-Af,(B))

n

+ZSgn(B§)sgn(B£) v, +sgn(BO“)%(LAB +1g, +Af, (B))} (71)

n

Wyt

+sgn(BoD)a\j'f (I, - Af, (D) +Af, (D))-sgn(BS ) (1, — Af, (C)+Af, (C))

n n

+sgn(BoB)a\j” (I, — AT, (B)+Afy (B))—s0n (B2) (1, + Af, (A)+ Afy (A)) -2y, +,.

We now consider two cases.
3.6.1 First Arm of a 4-N=1 #Coil NRSE

In this case, the net spin turn in the first arm of the spectrometer in the absence of stray fields is given
by Eq. (70) with sgn(By") = sgn(B¢?) = “+” so that
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0]

’ rf

P =2
\"

[ (B)+ A (B)-AF, ()= A%, () ]+,

(LAB+IBO)+ v

” (72)
- av>rf [2L, + A, (B)+Af, (B)—Af_(A)-Af, (A)]+@,.

n

3.6.2 First arm of a 4-N=2 #Coil NRSE

In this case, the net spin turn in the first arm of the spectrometer in the absence of stray fields is given
by Eq. (71) where, for consistency with previous notation used in Sec. 3.5, we interpret “L,g” as the
nominal gap Iy between the bootstrap coil pair, “Lgc” as “Lag” and “Lcp” as Ig of the second coil pair. We
also change the notation A—A;, B—A, etc. for consistency with notation in the previous discussion of
bootstrap coils (Sec. 3.5). In this case we have sgn(B,™') = sgn(B,™2) = “+” and sgn(By"?) = sgn(B,®*) = “-”
and Eq. (71) becomes

Ly (WL 41, +8ly — A (A)= AT, (A)=Af, (A,)=Af, (A,)
% TV, | f, (B,)+Af, (B,)+Af, (B,)+Af, (B,) &

@t 4"0_AfL(Ai)‘AfR(Al)_AfL(AZ)‘AfR(Az) +
o Lot (B,) - Afy (B) A1 (B, ) e (8,) )

n

(73)

4. Quantum Mechanical Description of NRSE

Gahler, Golub, and Keller [8] have discussed particle beam magnetic resonance in quantum mechanical
terms and derived formulas for spin Y particles passing along the y-axis. They show that for neutron
magnetic interaction energies that are very much smaller than the neutron kinetic energy entering the field
region (1 By « %m,vi? - where reflected matter waves at field boundaries may be neglected), the quantum
mechanical treatment reproduces the classical results with wave interpretations of physical processes such
as Larmor precession.

4.1 Polarized Beam Traversing a Static Field

A spin s = % particle such as the neutron has spin angular momentum of magnitude
1/s(s +1)h = «@h/z with a component measured along any given axis of magnitude mg#, where mg= + %,

Consider a beam initially polarized along the x direction traveling along y. The wave function is written as
a plane wave (which may be considered as the superposition of equally probable spin-up and spin-down
states with respect to the z-axis)

_i 1 0 i(k.y—w.t)_i 1 i(ky-ot)
Wi—ﬁ[{o}{lDe _«/5[1}8 . (74)

When the neutron enters a static magnetic field applied along the z-direction, the field gradient at the
boundary and the associated magnetic force causes the kinetic energy of the +o; spin states to split by an
amount +4,B, with the opposite splitting of the orientational potential energy. Inside the field, where there
is no field gradient, the kinetic energies of the + o, spin states differ. If the total splitting is expressed as

AE; =2u4,B, =hay, (75)
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the wave function inside the static field region is

_ 1 [ g inBoy/m o) _ 1 | e7tewy/2v i(ky-ot) 76
Ve == & e — . e ) ( )
o [2 e'/ln oY /i \/E e"”UY/ZVi

where ax is interpreted as the classical Larmor precession frequency. The expectation value of the
polarization along x inside the field region is

. . . . 1 —imgy/2y; .
<Gx> = l//Bo [O-x ]V/Bo = i[e'”’oy/z"i eil%y/zw ]eil(kiyw)ﬁ) |:O :| l |:eei(0ny/2v. :|EI(kiywlt)

2 1 0/42
1

_ E|:eiﬂ>oy/v, Leiey/ :' _ COS(COO y/vi )

(77)

Here, the relative phase of the spin-up and down waves is a cosine function of the distance traveled through
the field. This is exactly equivalent to Larmor precession in the classical case.

On exiting the field, the +o; spin states once again become degenerate and the neutron spin states retain
the accumulated relative phase angle anlgo/v; with which they exited the field region. This phase angle does
not change in the subsequent zero-field region, which is classically equivalent to the termination of the
Larmor precession in the zero field region. This situation is illustrated in Fig. 7. Further accounts of these
energy changes are found in Refs. [9-13].

Equation (75) is sometimes expressed in terms of a wavevector magnitude splitting of the two states.

For NRSE applications it is always true that AEg, < %a, the incident neutron energy, therefore we can
write
2m u. B
AK ~ = 70 78

and the accumulated phase difference is lg4Kk.

E, A iq—static ﬁeld—-i
ha, HeB
E=ho=pu v7/2 >
distance
B,
i‘ an ’]:

Fig. 7. When a neutron, of initial energy E; = i@ , enters a constant static magnetic field region, the field gradient at the boundary
causes the spin states that are parallel and antiparallel to the field direction to be split symmetrically by +.,B, with respect to E;. Inside
the field, the total (kinetic + potential) energy remains fixed at 71c;. The total splitting is 7iay, where ay is the classical Larmor angular
frequency. Usually iy « i, such that reflections at the field boundaries can be ignored. On exiting the coil, the degeneracy of the
two states is re-established, but the relative phase of the matter waves associated with the + and - states is shifted by an amount

ax lgolvi, corresponding to classical Larmor precession of the spin around the field direction during its passage through the field.
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4.2 Passage Through a Static Field with Superimposed Perpendicular Oscillatory Field

With a superimposed perpendicular oscillating field (see Kriiger [14]), tuned such that ey = @,
transitions between the Zeeman split states (separated by AE = fiay) are induced via exchange of quanta
with the r.f. field. Golub, Gahler, and Keller [13] treat a general case consisting of three regions; two static
field regions (I and I11) sandwiching an intermediate region (11) were the static field coexists with a
perpendicular oscillating field of length d along the beam direction. These authors use the properties of Eq.
(74) to simplify the problem by treating the +z and —z components of the eigenvector separately. Further,
they assume a < @ (equivalent to the B, < Yam,v;? assumption above) where %m,vi’ = iy (whereby
reflected matter waves at the potential boundary can be ignored and various simplifying approximations
e.g. kgo ~ an/v; etc. can be made outside of the exponentials). Using the symbols T, for the transmission
amplitude with subscript “0” for elastic (no exchange of quanta — i.e., no spin flip) and “1” for inelastic
(exchange of quanta with spin flip) and “+” and “-” for spin-up and spin-down final spin states respectively
with respect to z, it can be shown:

(79)

where a, and «. are the amplitudes of the incoming + and - spin states respectively and

o’ 1 2
aJA:,/Tp+82 :E.lw§+(a),f—a)0) (80)
with the parameter ¢ proportional to the resonance detuning, defined by

gzi(a)rf —a)o), (81)

where @, =B is the classical Larmor precession frequency of the neutron spin around By (Eq. (11)).
Substituting the values from Eqg. (79) into Eq. (318) of Ref. [13], the wave function in region 111 becomes

A

i ed+ayy/2 ,{%

cos(w’*d}riisin(w’*dJ e [ v j —i&sin(w“dje
~ v W, v 2w, v a, gilky-at)
B 5d+(wo/27wr, )y [94 l

i - i ed+apy/2
. sin[—w“dje[ ! ]e"”"t {cos[a)“dj—iisin[a)“d ﬂe( ! j
20, v v W, v |
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The probability of a spin-flip involving a photon exchange with the r.f. field is

2

2 L2 . O ié‘% ) d
|Tl | @) =1, (2):‘—|ﬁe 'SIn[a)AI]
(83)
a)é _— a’i +(wrf _wo)zd
= " 3 SIn > ,
w, +(corf —a)o) Vi

which is equivalent to the expression given by Rabi, Ramsey, and Schwinger for the spin flip probability
(Eq. (17) of Ref. [15]). Correspondingly, the non-spin flip probability (where the energy does not change)
is

2

2 2 _ing d} . e . d
T0+ (1) = |T0 | (2) =|e ! COS[C{)A I\J‘i‘ |a)—As|n(0)A V—I]
2 (84)
. w§ in? W +(a)rf —a)o) d |
2v,

2 2
o, +(a)rf —a)o)

which is equal to (1-spin flip probability), as expected.
4.2.1 Special Cases
4.2.1.1 Exact resonance (an=axs) — general case

This is the condition for which ax = a, therefore =0, wa = @,/2, consequently

f y ia A
cos(wpd Jel%zv' —isin(mpd Je %[2“' IJ
_ 1 2Vi 2Vi ei(kiV*w‘ut) (85)

Vi =
iy - [
V2 —isin(az)”d]e )0[2“ tJ+cos[a;pdje%2y”i

and the probability of a spin-flip involving a photon exchange with the r.f. field is

d
|T1’|2 1) =1 ’ (2) =sin® [az):/ j (86)
and the non-spin flip probability is
L2 2 5 a)pd
[ (1)=[Ts| (2)=cos o | (87)

We see that unless a,d/v; = (2N+1)7, where N is an integer, an incomplete spin inversion occurs
(corresponding to a flipper efficiency < 1); i.e., r.f. z=flippers only produce exact 7flips for a unique
velocity (as was shown classically in Sec. 2.2).
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4.2.1.2 Exact resonance (an=ax¢), with dispersion, flipper tuned optimally for v; =(v;)

If, additionally, the flipper is tuned optimally for the average velocity (v;), we have

0, =T. (88)

d
()

Thus, Egs. (86) and (87) may be re-expressed as

2(2):sin2{%<v+

i . A :
y >J =sin? [%—'J P(sf) tuned for exact #flips for A; =(4;) (89)

. (%)

nlo-

T

and

Ty

? 0y 2 -1 (2) = cos?| 282 | gos?[ 24 s for 4 =
(1)_|T0| (2)=cos (2 " j—cos (2 i.)] P(nsf) tuned for exact zflips for 4; =(4;), (90)

respectively. Note that the quantum mechanical spin-flip probability for a neutron of wavelength 4;

P,
(Eq. (89)) is exactly equivalent to the quantity —=2- = (cos,scos ;() derived from the classical treatment

ideal

(see Sec. 2.2 and Eq. (30)).

4.2.1.3 Exact resonance (ay =axt), exact #-flips for all velocities (i.e., no dispersion or
monochromatic)

“No-dispersion” implies that the classical condition for exact #flips around B is satisfied for all
velocities, i.e., we replace ayd/v; by 7 for any v; in Eq. (85), which becomes

— ei%[ﬁit] silky-a) 1)
" el
and the probability of a spin-flip involving a photon exchange with the r.f. field is
=T (=1 (92)

and the non-spin flip probability (where the energy stays the same) is

‘W= (2)=0. (93)

T,

Note that under these conditions exact spin inversion occurred in region II.
Region II is defined from 0 <y < d so that shifting the coordinate system to the exit of region 11, we
have
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ei(kiV*"%t)_ (94)

YV =—"F= (-,
| ol

2y,

The expectation value of oy at the exit of the coil is

| L2 i L4 i%(%_t]
<O'X> :l//T” {(:z ;}/I,” :%[e ’”0[ 2y, t] e%[ 2y, tWei(k.yw.t) {2 (ﬂ ei{%[wt) pilky-at)
€ ' (95)

Thus, at a fixed position y, the spin precesses at angular frequency 2 ay. Because the superimposed r.f. field
induces a spin state inversion in the resonant coil, the kinetic energy splitting of +2a,/2 induced by the
static field gradient at the entrance to the coil adds to the splitting produced by the opposite field gradient at
the coil exit (rather than canceling as it would with a static field alone). Thus the two spin states emerge
from the coil with frequencies split by xay = 2ay (= 2ax¢ at resonance) with correspondingly different
momenta. The beating due to this difference in wand k of the two spin states after exiting the coil
corresponds to a Larmor precession seen at a fixed position y. This precession in a zero field has been
observed directly in a MIEZE (“Modulation of Intensity Emerging from Zero Effort!”) setup [16].

The argument of Eq. (95) equates with the spin phase angle of a neutron exiting coil A in Table 4,
where the neutron spin was initially polarized along x, and where exact resonance (ay= @) and zero
dispersion were also assumed, i.e.,

, 1 1 1
Oa=2W, +V—}/n |BO|IA =2y, -i—V—a)OIA =2y, +V—a)rf|A from Table 4 (96)
with the argument in Eq. (95) evaluated at y = 0 (the coil exit)

=20, (%—t}. (97)

By identifying wx with eyt and d with I, we see that the two equations are equivalent.

Qualitatively, a kinetic energy splitting of the two spin states occurs on entry to the coil (4E, = %iay) due
to the static field gradient, whilst the total energy (= kinetic + potential) remains constant initially. The total
spin inversion that occurs in the flipper involving exchange of photons with the r.f. field (see Eq. (92))
causes the total energy of the two states to become split by 2z ay, but leaves their kinetic energy unchanged
(still split by AEy = fian). At the coil exit, when crossing the static field boundary, the kinetic energy
splitting does not disappear (as it did in the static-only field case (Sec. 4.1)). If 100 % spin inversion occurs
due to the r.f. field, an additional splitting in kinetic energy (by % ay) due to the static field gradient at the
exit boundary takes place (i.e., the kinetic energy splitting doubles at the exit of the first coil (4E, = 2ha)).
This explains the 2 ax precession frequency in region 111 (see Eq. (95)). This situation is shown (for perfect
spin state inversion) in Fig. 8. Further accounts of these energy changes are found in Refs. [9-13].
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Fig. 8. An r.f. flipper tuned for perfect spin flips for a non-dispersive flipper (or a monochromatic beam). The r.f. region is
deliberately shown shorter than the static field region (as is the case for an r.f. coil placed inside a static field coil). The flipper is tuned
for exact zflips within the r.f. field region so that Bl /vi =z In this case, by the time the neutrons exit the r.f. field region a
complete inversion of the spin states has occurred via exchange of photons with the r.f. field (of angular frequency wr= av). The
absorption and emission of r.f. photons means that, in contrast to the case shown in Fig. 7, the total energy of individual spin states is
not conserved, as shown. The splitting of the total energy reaches a maximum of 27« at the exit boundary of the r.f. field, whilst the
additional splitting in Kinetic energy experienced due to the spin inversion does not manifest itself until the neutron crosses the static
field boundary on the exit side of the coil. Because the kinetic energies of the two states differ by 27y at the exit of the coil, the
relative phase of the spin-up and down states go in and out of phase corresponding to a Larmor precession in the subsequent zero field
region of angular frequency 2. This precession in zero field has been referred to as anomalous or “wrong” Larmor precession by

Mezei [10].
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4.2.1.4 Off-resonance, exact #flips for all velocities (i.e., no dispersion or monochromatic)

“No-dispersion” implies that the classical condition for exact #flips around B is satisfied for all
velocities, i.e., ayd/v; = 7, therefore from Eq. (80)

72V?
W, = 4d2| +&’ (98)

so there is no convenient simplification of the wave function for ¢= 0.

4.2.1.5 Passage through a second similar coil a distance L downstream (on-resonance, no dispersion
or monochromatic)

Golub, Gahler, and Keller [13] extrapolate the wave function exiting the first coil through a zero-field
path length, L, to the entrance of a second similar coil downstream (equivalent to the firstarmofaN =1
NRSE) and show that the wave function exiting the second coil is given by

ei(kly_a)lt) (gg)

so that the expectation value of the polarization with respect to x at the exit of the second coil is

<O'X> = l//t:xitB |:O 1:|l//exitB = ll:eiz%("v*idJ + eiz%[l_\zd]:l

10 2

s

The presence of the second similar flipper coil with the same static field orientation “mirror images” the
neutron energy history shown in Fig. 8 so that the kinetic and total energies of the two spin states revert to
their starting value E;. Therefore, the precession occurring downstream of the first coil is not observed
downstream of the second coil. The final spin phase angle, 2ay(L+d)/v;, agrees exactly with the classical
result for the phase change in the first arm of the N = 1 spectrometer, as expected (see Eq. (62)).

(100)

4.3 What is the Effect of |,; # Izo? — Coil Tuning

For any spin inversion to take place, the r.f. field must be applied in a region where the static field is
also present (i.e., there is a Zeeman splitting to induce transitions between states). Secondly, the r.f. photons
must have a frequency close to that of the splitting (resonance) so that transitions occur with high
probability (Sec. 2.3). Finally, for optimum flipping probability, Eqg. (13) must be satisfied in the overlap
region between the static and r.f. fields, of length I, applying the definition in Eq. (1).

4.3.1 Monochromatic Beam with Static Field Region Enclosing the r.f. Region (lei = lgo, .= )
A monochromatic beam eliminates the complication of dispersion and for a tuned coil, therefore the
spins remain in the x-y plane after passage through the coil. This is exactly the situation depicted in Fig. 8.

The static-field-only regions each side of the r.f. region behave as Larmor precession regions as described
in Sec. 4.1 where the spins precess at rate ay around the z-axis with the corresponding spin phase angle

90 http://dx.doi.org/10.6028/jres.119.005


http://dx.doi.org/10.6028/jres.119.005
http://dx.doi.org/10.6028/jres.119.005

Volume 119 (2014) http://dx.doi.org/10.6028/jres.119.005
Journal of Research of the National Institute of Standards and Technology

shift in the x-y plane. However, because the effect of the spin inversion in the “r.f. + By” region (length | .=
lf) is not manifested until the neutron reaches the exit of the static field region, the effective Larmor
precession continues at a rate ay over the entire coil length (leoi = lzo) and at a rate 2 ay in the zero field
region after the coil. Thus for an initial spin direction along x, the phase of the spin a distance L
downstream of the static field region is given by

o, (L) =y (ly +2L) lso encloses Iy . (101)

Using the definition of coil length in Eq. (3), we have | . = |BO , therefore we can equally write

coil
o, (L)=a, (I, +2L) Igo encloses | (102)

with | .= |+ so that the specific #flip condition is

= ﬁL Igo encloses Iy (103)

Brf
v.m. 14

n'rf “*n

4.3.2 Monochromatic Beam with r.f. Region Enclosing the Static Field Region (lei = Iif, 1= 1go)

This case time-averaged is depicted in Fig. 9. Note that in the “r.f.-field-only” regions each side of the
static field, the time-averaged field direction is random with respect to the neutron spin and so the average
kinetic energy and total energy of the neutron spin states remain unchanged. Spin inversion and photon
exchange occur only in the region where the static and r.f. fields are coincident, where all the change in
total energy takes place. As before, the effect of the spin inversion on the kinetic energy is only felt at the
static field boundary after which the time-averaged r.f. field does not change the total or kinetic energy.
Thus for an initial spin aligned along x, the phase of the spin a distance L downstream of the static field
region is given by

o, (L) =, (ly +2L) I encloses lg,. (104)

However, using the definition of coil length in Eq. (3), I = I, no longer allows us to write an expression
for oy in terms of the coil length I,; as in Eq. (102). Therefore, if we always define L as the distance
downstream of the static field region, Eq. (101) may be used for both geometrical cases. For this case, we
have |, = Iz so that the specific #flip condition is

h
i =T ————— I+ encloses lgg. (105)
m,lgo4
7n n"B0 ™

4.3.3 With Dispersion or When Detuned from Resonance (B Region Encloses By)

When dispersion is present or when the coil is not resonant for all neutrons (e.g., due to static field
inhomogeneities), a fraction of the spins do not flip in the superimposed “static field + r.f. field” region.
The unflipped neutrons behave similarly to neutrons in a pure static field (see Sec. 4.1 above), whilst the
flipped component is subject to the behavior described in Sec. 4.2 and subsequent sections. This situation is
illustrated (for the case where the By, field region encloses the r.f. field region) in Fig. 10.
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Fig. 9. The oscillating r.f. field by itself does not change the average energy of the neutrons. In the field overlap region (length 1,=lgo),
the spin inversion occurs where all the change in the total energy of the two spin states occurs and where the effective Larmor
precession angular frequency is ax. The additional splitting of the kinetic energy brought about by the spin inversion occurs at the exit
of the static field region, after which the effective Larmor precession frequency is 2.
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Fig. 10. This is similar to the situation shown in Fig. 8, but with a reduction in flipping efficiency due to dispersion (Sec. 2.2) or a
departure from the exact resonance condition (Sec. 2.3). A fraction of the neutrons that are not flipped return to their original kinetic
energy state on leaving the static field region (light gray dashed lines). These neutrons have no splitting of their total energy. The
flipped neutron fraction is represented by the dark gray dashed lines.
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5. Analysis of the Spin-Echo Signal

The following applies to an idealized spectrometer (no uncertainty on B, L etc.). The effects of
instrumental uncertainties on the spin-echo signal are discussed in the Sec. 6. The emphasis here is on
quasielastic applications of the NRSE. The terms in Eq. (68) corresponding to the neutron spin phase gain
in the first arm and loss in the second arm of the spectrometer, expressed vectorially, are respectively:

¢, =2Ny, Bl (106)
i'—0
and
9, =-2Ny, ot (107)
v,.L,

where , is the neutron gyromagnetic ratio, v, is the initial/final neutron velocity vector and IA_OV1 is a unit

vector parallel to the axes of the first and second arms of the spectrometer (and perpendicular to the coil
axis). The “-” sign in Eq. (107) implies that the field directions in the second arm are such that they reverse
the spin phase angle change with respect to the first arm.

5.1 Small Divergence Approximation

For small beam divergences and coil axes that are perpendicular to v, and v,, we can approximate
Egs. (106) and (107) by

ByL,

V.

(00 = 2N7n (108)

and

o, = -2Ny, 2 (109)
\

f

respectively, where v;and v are scalars, so that the net spin turn at the analyzer is given by Eq. (69). For
quasielastic non-spin flip scattering that is sufficiently low energy transfer (ov <« v;), we can write

V, &V, + 0V (110)

so that Eq. (69) is approximately

§0NRSE ~ 2N7/n (BOLU - BlLl)Vi + BOLOé‘V} ~ 2N7n |:5(BL)VI :— BOLOSV:|’ (111)
v; (v, +6V) :
where
5(BL) =B,L, -BL (112)
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is often called the spectrometer asymmetry. It is conventional to perform NRSE asymmetric scans by fixing
the static field and scanning oL = Ly —L,. Also we will assume that By = B; and replace &(BL) by the
slightly less general expression 5(BL) = Bo(Lo —L1) = BodL in the following.

The measured quantity in neutron spin-echo is related to the polarization of the scattered beam. If the
polarization is analyzed in the same direction as the polarization direction of the incident beam (assumed

here to be the x axis), the polarization of the scattered beam is related (classically) to the cosine of gygrs,
averaged over all the scattered neutron trajectories i.e.,

P = (COS Pnrse >' (113)

where () implies a statistical average over a large sample of scattered neutrons. From Eq. (111) we have

P = (cos Purse ) = <cos(2N 7,B, MD
v

= <cos£2NynB0 ﬁjcos(ZN;/nBoL0 i!j—sin[ZNnBo ﬁjsin(ZNynBoL0 5—;’]>
" Vi Vi Vi

(114)

This expression must be averaged over all possible values of v; (the incident spectrum) and all possible
values of 6v (= v; - vi) determined by the scattering. Noting that Q is approximately independent of @, i.e.,

Q z%sin 0, (115)

where 28 is the scattering angle, we can write
P(v;,6v)d(6v)=S(Q w)dw. (116)
For small energy transfers (small @ and v; = v; ) we have from the definition of kinetic energy:

2hw ho ho
ov= (Vf _Vi): m, (Vf +vi) b m,v, - m, v, ' (117)

If S(Q,w) is symmetric in o (usually a good approximation for quasielastic scattering) and substituting ov =~
halm,y; from Eq. (117), the average over the dv distribution characteristic of the scattering sample for a
given v; becomes

2Ny B K 2Nhy B
P (vi):cos(#cﬂ] J S(Q,w)cos{lzqy—“\‘ls‘)l'“wjdw givenv;, (118)

1 —00 n-i

where the “sine” part of the expansion in Eq. (114) disappears in the integral for symmetric S(Q, ) and the

denominator I S(Q,w)dw =1 for a normalized scattering function is implicit. Note that the quantity

—o0

preceding w in the second cosine argument in Eq. (118) when 5(BL) = 0 (i.e., BoLo = B1L;) is often referred
to as the spin-echo time, zgrsg, i-€.,
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2hy,NB, m,
=7”—3L°=ﬁ[7“] NB, Lo (119)

m.Vv. T

nti

where

Turse [15] = 0.37271N B, [T] L, [m](/ll {ADs (120)

=1.27794x102 N v, [MHz]L, [m](ﬂ,, P«Ds.

Equation (118) must be averaged over the normalized incident velocity distribution, F(v;), so the final
polarization is

T 2Ny B 2Nhy B,L
P = ” F (v, )cos 20050 51 S(Q,w)cos >, dodv, symmetric S(Q,w),  (121)
- v, m v’

i n'i

where the denomlnatoer dv =1 is implied. Expressed in terms of the normalized incident wavelength

distribution, 1(4;), Eq. (121) becomes
7 2Ny,m,B, Ny, 3 .
P=] ] 1(4)cos o easL S(Q,w)cos| — h B LA |dods,  symmetric S(Q,w).  (122)
0 —o T

The extent to which the spectrometer asymmetry cosine term contributes to the wavelength-dependence of
the integrand depends on the situation. Since Q is also a function of A, Q-dependent scattering also
contributes to the wavelength-dependence of the integrand. However, for now we assume this part of the
wavelength-dependence is weak or else the scattering is Q-independent. It should be remembered that Eq.
(122) is valid for an essentially “perfect” spectrometer, i.e., negligible beam divergence and uncertainty in
the value of By and Ly, and negligible flipper coil dispersion. These effects must be included separately. The
effect of flipper coil dispersion has already been dealt with in Sec. 2.2 and the other instrumental effects are
considered in Sec. 6. Examples are compared with simulation results in Sec. 8.

5.2 Special Cases for No Sample, Isotope Incoherent Elastic Scattering, or Small @ (“Resolution
Function™)

Isotope incoherence implies scattering that is both Q-independent (so the A-dependence of the
scattering function can be ignored). Elastic scattering, or small «, implies that there is negligible neutron
wavelength change through the spectrometer and therefore the second cosine term in Eq. (122) is either

unity or very close to unity. For the cosine term to exceed 0.99 requires wzyrse < 0.0457z. Under these
conditions Eq. (122) becomes

P (0—0) zJ-J-I Jeos(A4) S (w)dwd 4, (123)

where for brevity we define
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:—2N7nhmn By 51 (124)

A

and the integral over w evaluates to S(Q) since there is no other w-dependence. The integral over 4; is
readily performed for simple wavelength spectral functions, allowing analytical approximations for the
“resolution” echo signal to be obtained in the absence of depolarizations resulting from instrumental
imperfections. Expressions for purely monochromatic, rectangular, and triangular incident wavelength
distributions are given in the following. The less trivial results for rectangular and triangular distributions
are compared with simulations in Sec. 8.6.

5.2.1 Purely Monochromatic Beam

For a purely monochromatic incident beam, 1(4;) = 6(4), and we have simply:
P (@—0)~cos(AL) [ S(@)do=S(Q)cos(AL),  I(A) = KA. (125)

Therefore, in the absence of instrumental imperfections (see Sec. 6), the resolution function has a pure
cosinusoidal form of constant amplitude for any &(BL) with a periodicity given by

5(BL),, =mLLN%= o (126)
n 7“ 7“

5.2.2 Rectangular Incident Wavelength Spectrum

For a rectangular incident wavelength spectrum of full width A4gy, centered about 4; = (4;), the
wavelength-dependent integral in Eq. (123) becomes:

1 (A )+02ew [2

cos(A%)d4 = AAi sin(AAZ, /2)cos(A(4)),

Mgy /2 FW

Aew ()

provided that the lower wavelength limit of integration is greater than zero, so that

2S
P(0—0)=~ AA(Q) sin (A A/;FW )COS(A(A, ), Rectangular incident spectrum, (127)

FW
apart from depolarizations resulting from instrumental imperfections and flipper coil dispersion.
5.2.3 Triangular Incident Wavelength Spectrum
The triangular incident spectrum is useful in many practical situations as it is approximately the shape
delivered by neutron velocity selectors when the source spectrum varies slowly within the selected

wavelength range. For a triangular incident spectrum of FWHM = AAgyym and mean wavelength (4;), the
wavelength-dependent integral in Eq. (123) becomes
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(%)
I (ﬂ"_<ﬂﬁ>+A’1FWHM )COS(M)dﬂ«.JF
1 ()= Mpwm
AA’ISWHM () Meva - AAFQWHM A2 |:2 cos ( A(/L >) (1_ cos ( AA ey ))]
(<}‘1>+A)“FWHM -4 )COS(M ) dA
(%)

provided that the lower wavelength limit of integration is greater than zero, so that

P(0—0)~ %{2 cos(A(4))[1-cos( AAApy )]} Triangular incident spectrum,  (128)
FWHM

apart from depolarizations resulting from instrumental imperfections and flipper coil dispersion.
5.3 Special Cases for Quasielastic Neutron Scattering (QENS) Symmetric Scans

In this case, oL — 0 in Eq. (122) and we have:
(5L —0) zH 1(4)S(Q@ 003[7“ (Tj NBDLoﬂ,f’wjda)dxl,. (129)
0 -0

For quasielastic scattering, the scattering function is represented by a Lorentzian

1 7(Q)

5 . (130)
T )/(Q) +o°

S(Q,a))z

where 7 (Q) = I'(Q)/h , where I{Q) is the energy half-width at half maximum. Performing the integral over

o, we have
T n n Q 3
PX(5L—>O)z_([I(A,)eXp{ Z(T) NB,L, (h)z}u
(131)

=I 1(4) exp[—@rmjd@

We now consider the possible A-dependence of 7{Q). Following Hayter and Penfold [17], we consider a
common case of self-diffusion at low Q at fixed scattering angle, 6. For simplicity, we ignore the very
small change in energy of the neutrons on scattering, so we may make the approximation

16A7%Dsin* @

F(Q)=DQ* ~ = QENS, self-diffusion low Q (Q = Qu), (132)

where @is the scattering angle, so that Eq. (131) becomes
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©

2
P,(SL—>0)~[I(4) exp[—lG;ryn [mTj NB,L,Dsin? Q/LJd/l,

0

(133)
=[1(%) exp(-K4)d4  QENS, self-diff low Q (Q ~Q,),
0
where we have set
m. Y 167z°Dsin’ @
K 216717/” (Tnj NBOLODSinZHZTTNRSE' (134)
5.3.1 Purely Monochromatic Beam
For a purely monochromatic incident beam, 1(4;) = 6(4), and Eq. (133) becomes simply:
r
P (5L—>O)zexp(—Kﬁo)zexp[—%j 1(A4) = 6(Lo). (135)

5.3.2 Rectangular Incident Wavelength Spectrum

For a rectangular incident wavelength spectrum of full width AAry, centered about 4; = (1), Eq. (133)
becomes

(4482w /2

exp(—-K4)dA,

FW (4 )-Adpy /2 (136)
_sinh(K Ay, /2)

(K Ay, /2) eXp(_K <l‘ >)

P,(SL—0)~

5.3.3 Triangular Incident Wavelength Spectrum
For a triangular incident spectrum of FWHM = AAryqw and mean wavelength (4;), Eq. (133) becomes

(%)
[ (A =(A)+ My Jexp(-K 4 ) d 4 +
<ﬂu>*M~FWHM

/IFEWHM (4 )+ A 2ewm

P, (5L —>0)=~
(<ﬂ1>+A]’FWHM _ﬂ’.)exp(—Ki,)dl, (137)

(%)

~ 2(cosh (KAAqyy )—1)

B KZAA'ISWHM

exp (K (4).

5.3.4 Gaussian Incident Wavelength Spectrum

For a Gaussian incident spectrum of FWHM = AAryqwm (Standard deviation o) and mean wavelength
(4, EQ. (133) becomes
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P.(5L—>0)~ %exp(—K (4 >)eXp(Uzsz J[erf {@}TZZK]HJ

_ Aﬂ’FWHM

J8In2

(138)

5.4 Detected Signal
5.4.1 Perfect Polarizer, Analyzer and Non-Spin Flip Scattering

In an NRSE instrument, for a perfect polarizer and analyzer, the non-spin flip quasielastic signal in the
detector is

1 1 1
I, = E(l+ (COS Pypge )) = E(l+<cos OTypse )) = E(l+ P), (139)

where P, has been derived for some specific cases in the preceding section and is proportional to the
intermediate scattering function. Measuring scattering in the time domain rather than in energy has the
significant advantage that the scattering function is obtained from the measured data by simple division by
the instrumental resolution function, rather than by deconvolution. This feature allows for very sensitive
line shape analysis.

Monte Carlo simulations illustrating the behavior of Eq. (139) in various situations are shown in Fig.
11. In these examples there are no sample size effects and 4B, = Algo = 0 (zero field inhomogeneity and
perfect dimensions of the flipper coils), but the effects of beam divergence, incident neutron bandwidth,
and non-elastic scattering are illustrated. The effects of spectrometer imperfections are analyzed further in
Sec. 6 and additional simulation examples are given in Sec. 8. Columns 1 to 3 of Fig. 11 are for elastic,
non-spin-flip (isotope incoherent elastic) scattering (or no sample). Column 4 is for quasielastic, isotope
incoherent (non-spin-flip) scattering. Additionally for columns 1 and 4 zero beam divergence is assumed.
These particular simulations were performed for a 4-N=2 bootstrap coil NRSE with L;=2.0 m, Izo=
3.0cm, l;=0.0cm, and 4,=8 A, for 102 < Bo(T) < 0.025. The asymmetric scan is performed with |Bo| =|
B[, with (Lo - L) varied ten minimum periods each side of the symmetric position (i.e., between

+10 v, /]/n NB;™ , where B™ is the maximum applied static field [0.025 T], corresponding to zirse =

19.1 ns). 6(BL) was varied by changing L; with respect to L,. (i.e., (BL) = BAL). The incoming and
outgoing beam divergence, if any, is equal and uniform up to a maximum A6, max = A6 max = Abnax, and is
symmetrical with respect to the nominal axes for both spectrometer arms (see also Sec. 6.4). Under these
conditions, the echo maximum is found at Lo = L;. The left hand column of Fig. 11 illustrates the effect of
broadening A4; for elastic, non-spin flip scattering (or no sample). In the extreme, purely monochromatic
case of A4; = 0, the signal is cosinusoidal with respect to JL (as predicted by Eq. (125) with 5(BL) = BSL
for one signal period given by Eq. (126). For A44; > 0, the maximum signal is achieved at the symmetrical
spectrometer setting and, as A4; increases, the primary envelope of the echo signal tightens around this
point. Note that the period (in L) also decreases inversely proportional to By (= B;) (and hence zygsg), as
predicted by Eq. (126). The second and third columns show the effect of increasing the neutron flight path
differences via increasing beam divergence for (i) a purely monochromatic incident beam (column 2), and
(ii) a triangular wavelength distribution with A4;/(4;) = 10 % (column 3). The fourth column demonstrates
the increasingly rapid decay of the echo point signal with respect to zrse as the quasielastic width is
increased (as predicted by Eq. (135) for a purely monochromatic incident beam (A44; = 0)).
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Elastic non-spin-flip Elastic non-spin-flip Elastic non-spin-flip  Quasielastic non-spin-
scattering, zero scattering, scattering, non-zero flip scattering,
divergence (S(@)=A @), monochromatic bandwidth monochromatic, zero

AOnexi =A00axs=0)  (S(@)=& @), ALK AY=0) S(@)=8 ), divergence
AL (A)=10% [triang]) (A4 A)=0, AB,a.i
=Ab,0s=0)
1. ALK A)=0 1. ABpaip =4x107rad 1. A0, =4%107 1. I=0.025 eV
rad

2. AAHA)=10% 2. Abpuip=8x10"rad 2. A6,y =8x107 2. I=0.05 eV
(triangular) rad

3. A2H2)=20% 3. AOpnip =1.6x107 3. A0, =1.6x107 3. I=02 eV
(triangular) rad rad

Fig. 11. Some examples of Monte Carlo-simulated NRSE echo signals in the vicinity of the echo point demonstrating the effects of
varying different parameters in isolation. These particular simulations were performed for a 4 N=2 bootstrap coil NRSE with L; =
2.0m, lgg=3.0 cm, I;=0.0 cm, and 4, = 8 A. The axis oriented into the paper represents the static field By from 10° T at the front to
0.025 T (mrse= 19 ns for these spectrometer parameters) at the rear for each plot. The horizontal axis more parallel to the plane of the
paper is the spectrometer asymmetry (Lo — L;), in units of mm, between about + 1.7 mm for each plot. Columns 1 to 3 are for elastic
non spin-flip scattering (or no neutron energy change through the spectrometer). For the pure monochromatic elastic scattering
examples there is no coil dispersion. Column 4 is for quasielastic non spin-flip scattering. For each of these simulations there are no
sample size effects and 4B, = Algy = 0 (zero field inhomogeneity and perfect dimensions of the flipper coils). Additionally for columns
1 and 4 zero beam divergence is assumed.

5.4.2 Imperfect Polarizers with Non-Spin Flip Scattering or No Sample

Real polarizing devices transmit a fraction of the wrong spin state, which results in a reduction of the
NRSE signal. It is important to correct data in such a way as to isolate depolarization due to sample
dynamics from instrumental depolarization as far as it is possible. Considering the quantum mechanical
description of the polarization in terms of spin-up and spin-down neutrons, the polarizing efficiency of a
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“+” polarizer is numerically equal to the polarization of an initially unpolarized beam obtained after action
of the polarizer. Using the definition in Eq. (54), the polarization after the action of the initial polarizer is

.-
-l

e (140)
Io+1;

P

where I, and |, are the intensities of + and - neutrons in the beam after the polarizer P. Note that Pp can

vary between +1 and -1. The incoming unpolarized beam of total intensity I, is described by equal + and -
components, i.e.,

15 =15 =2 (141)
The total intensity after the polarizer
I;°‘:I;+I;:TPIEO:TPIO* (142)

where we have used the boundary condition that for perfect + polarization efficiency (Pp=1), only the +
state neutrons of the originally unpolarized beam are transmitted (i.e., one half of the neutrons of the
incoming beam) and we assume that this total number is conserved for inefficient polarizers. Tr is the spin-
independent transmission factor of the device with 0 < Tp < 1 due to effects such as absorption or
scattering. From Egs. (140) and (142) it is easy to show that after the polarizer:

I +

1E =T 2 (14 R) =Ta (14 R (143)
and
I :Tp%"(l— R) :Tp%(l— P). (144)

Therefore, the combined action of the polarizer (P) with the analyzer (A), both oriented to transmit + spin
neutrons, for non-spin flip scattering is expected to give transmitted intensities

1, =TA%(1+ P.) =TPTA%(1+ P )(L+P) =TT, (1P, (1) (145)
Likewise
I =T, I?';(l— PA) =TT, I%(l— P )(1— PA) =TT, %0(1_ P, )(1— PA) (146)
with the total beam intensity after the analyzer
1 = 1+ 15 :TPTAII°(1+ P.P,). (147)

Therefore, the final polarization for non-spin flip scattering is
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:IFtA_IF:A: PP+PA. (148)
Ioa+1.0 1+PR.P,

PA

If two #flippers of efficiency f; and f, and spin-independent transmission factor Ty, and Ty, are placed
between the polarizer and the analyzer, and remembering that the effect of a #flipper of efficiency fis to
multiply the incoming polarization by the factor (1-2f ) (see Sec. 2.4), we infer by analogy with Egs. (145)
and (146) that the + and - intensities downstream of the analyzer (i.e., at the detector) are

loa =T T ToTa (1+P )(1+P,)

OO

Lo =T, T, T,T, (1 P.)(1-P,);  both flippers off, (149)

_OO

[ = T T TeTy 7°(1+ P.P,)

|;A:Tf1Tf2TPTA§°( +[1-21]P )(1+P)

AEO(l—[l—zfl]PP)(l— P.,) only flipper 1 on, (150)

T, AZ°(1+[1—2f1]PPPA)

=TT, ToT, (1+[1 2f]P)(1+PA)

_o
8

Lo =T, T, ToT,—>(1-[1-21,]P.)(1-P,);  only flipper 2 on, (151)

8

I =T, T, T,T, 70(“[1 21,]P.P,)

and

I”(1+[1—2f1][1—2f2]Pp)(1+PA)
lon =T, T, ToT, IEo(l [1-2f][1-21,]R.)(1-P,) both flippers 1 and 2 on. (152)

IZO(“[l 2f,][1-21,]R.R,)

As pointed out by Hayter [18], the ratio of the detector count rates, 1p.™, measured with both zflippers

switched off to the count rates with the two flippers switched “on-off”, “off-on” and “on-on” provides three
“flipping ratios”, Ry, Ry, and Ry, respectively, which no longer have the spin-independent pre-factors
common to each measurement. We thus have three equations for the three unknowns: fy, f,, and the product
of the polarizer and analyzer efficiencies, PpP,, which can be solved to obtain

PPPA _ R12 (R1 _1)(R2 _1)

, 153
(R1R2 _R12) ( )
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‘ (R -1)(1+P,P,)
' 2R PP,

(154)

The flipping ratios are determined for multi-angle instruments by using a diffuse, non-spin flip scattering
sample such as quartz.

In an M-coil NRSE instrument with non-spin flipping samples (e.g. pure nuclear coherently-scattering
samples), the polarization (NRSE signal) is reduced from the ideal value by the product of these
instrumental inefficiencies. Therefore, the corrected signal, P, is related to the measured signal, Ppyeas, by

P
Pre = 5" (155)

o .
PR J(1-21)
i=1
5.4.3 Imperfect Polarizers with Spin Flip Scattering
When there is a sample that modifies the spin state of the incoming neutrons, the spin transfer function
of the sample has to be taken into account just like the function (1 - 2f) for the flipper. Table 6 shows

relative spin-flip probabilities for various types of nuclear scattering for non-magnetic samples.

Table 2. Spin flip probabilities for non-magnetic samples.

Incoherent
Scatter Coherent .
Spin Isotope
Non-spin flip 1 1/3 1
Spin flip 0 2/3 0

Consider a non-magnetic sample that flips a fraction g of the neutron spins so that, in exact analogy with

the #flipper (Sec. 2.4) and Eq. (55), the polarization after the sample, Ps, is related to the polarization
before the sample, P;, by

P, =(1-2q)P. (156)
For the simple example of a single isotope, pure incoherent scatterer, 1/3 of the neutrons have their spins

unchanged whilst 2/3 of the neutrons have their spins flipped by 7z Thus the sample flipping efficiency is
given by g = 2/3, consequently

1 . . .
= 3 non-magnetic, pure isotope incoherent scatterer. (157)

This means that the spin-echo signal amplitude is reduced to 1/3 and the minus sign means that the echo
signal is inverted. For this case, Eq. (155) becomes

3P
I:’corr =y (158)

_ > ,
PP J(1-21)
i=1

For a more general non-magnetic case where both spin-incoherent and coherent scattering are present, we
might have
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28in&: (Q)
3(Sen (Q)+54c (Q))’

where we have assumed that the relative probabilities of coherent and spin-incoherent scattering are given
by Scon(Q) and Sino(Q) respectively, therefore

P _ 354 (Q)-5.(Q)
R 3(Sumn (Q)+54 () (160)

This represents an upper limit on the size of the spin-echo signal. For this case Eq. (155) becomes

3P (S ()45 (Q)
PPPAl_Ml[(l—zn)[ssm (Q)-5, ()]

(161)

corr

Other scattering cases including paramagnetic, ferromagnetic, and antiferromagnetic samples have been
discussed by Mezei [3]. In order to determine the exact spin-flip/non-spin flip behavior of the sample, a
conventional polarization analysis arrangement may be used with a polarizer and analyzer and only one
flipper switched on or off.

6. Analysis of Contributions to the Elastic Instrumental Resolution Function:
Allowable Flight Path Differences and Static Magnetic Field Inhomogeneity

The spin-echo phase is given by Eq. (69), i.e.,

2Nm, 7,
h

Pnrse = Po— P = [BoLo/ll_BlLl/lf]-

At the echo point, {¢nrse) = 0, however, even for 4; = 4 (elastic scattering or no sample), onrse has a
distribution of values about the mean, {@nrse), Of characteristic width Agyrse. This is because the terms
BoLo and B;L, have non-zero spread, A(BoLo) and A(B,L,) respectively?, arising from instrumental
imperfections. Consequently, A¢y and A, are non-zero and the valued information, which is the
depolarization due to the scattering energy transfer distribution, is modified by the instrumental
depolarization. The instrumental uncertainty, A(BL), determines the elastic instrumental resolution
function. In order to obtain a broad dynamic range, Agnrse must be dominated by the distribution of 4; — 4
from sample energy exchanges (rather than the uncertainties in the BL terms) to the largest field
magnitudes possible.

If we assume Gaussian uncertainties on the values of B and L and that B and L are independent
variables, we expect gyrse also to have a Gaussian distribution, g(¢nrse). At the echo point ((BoLg) =
(B1L1)), 9(enrse) is symmetrically distributed about zero (polarization realigned along the original
direction — the x axis in these examples). For the Gaussian distribution g(¢gwrse), the elastic scattering
polarization along x, P,, is

2 Note that we use the symbol “4” to imply a statistical spread, not to be confused with the “5” used to imply a difference, when
referring to the asymmetry BoL, - B1L;.
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J-COS((pNRSE ) g ((pNRSE )d(PNRSE
P’ (Apfae ) =2

_[ 9 (Purse ) dPurse (162)
0
2
(Mg ) 2

or the inverse relation

AgFimm :4\/In2 |n{%} ~ \/11.1 In{%}. (163)

We use this convenient form when estimating spectrometer tolerances in the following sections. One notes
that if the distribution g(¢pwrse) Was uniform between the limits £ Agrse™, rather than Gaussian, the
analogue of Eq. (162) is a sinc function of Agyrse™

sinAp™
PY (A ) = = ~oese (162)

max
APypse

The elastic and quasi-elastic signal count rate cannot exceed a maximum proportional to P,” (for pure
coherent scatterers) and sometimes considerably less for incoherent scatterers (see Sec. 5.4.3), therefore
P, (znrse) Must remain comfortably greater than zero. In order to avoid excessive counting times or poor
signal-to-noise ratio we suggest a practical minimum P,2> 0.2 at the maximum required zygse in a
quasielastic measurement. Purely coherent, elastic scatterers, such as Grafoil®, Carbopack™, and carbon
black are all used for measuring the resolution function in spin-echo spectrometers.

In order to estimate the depolarization produced by static field inhomogeneities, dimensional
uncertainties, and beam divergence, we use the convenience of Eq. (163). We further assume similar
distributions of ¢, and ¢, which imposes Ag, = Agy, and that the spectrometer is operated at the echo point
(i.e., () = (). If ¢y and ¢, are distributed normally, we can write

APyrse = \}A(ﬂg +A(p12 ~ \/EA(%- (165)

In order to isolate individual contributions, we analyze first the effect of static magnetic field
inhomogeneities in the absence of flight path uncertainties, and secondly, the flight path uncertainties in the
absence of field inhomogeneities. We also separate the flight path uncertainties due to spectrometer
dimensional fluctuations from those due to beam divergence. For the beam divergence, we cannot assume
Gaussian distributions, as explained in Sec. 6.4.

6.1 Static Magnetic Field Inhomogeneities

We may consider the effect of static field inhomogeneity as creating a distribution of values of &, — .
In order to simplify the argument we consider « as being precisely fixed (a reasonable assumption for a
high quality frequency generator). The effect of field inhomogeneity is isolated by attributing all the
fluctuation in ay — @ to the distribution of ey caused by the field inhomogeneity, 4B, and comparing the
polarization with the equivalent system in which ay = for all trajectories (4By = 0). Further, we assume
that the spectrometer is optimally tuned such that (axn) = ax and that the field inhomogeneity gives rise to a
normal distribution of ay with respect to {ay). In this approximation, the effect of static field
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inhomogeneity is analogous to the effect of dispersion discussed in Sec. 2.2. The effect of ay # @ is
conveniently visualized in the rotating coordinate system, as proposed by Rabi, Ramsey, and Schwinger in
Ref. [15], whereby the rotating field magnitude transforms to an effective field of magnitude

_ (a)o—a),f)2+a)§. (166)
7n

eff
Brf

The effective field lies at an angle «. to the x-y plane given by

~tan TP (167)

@y

Wy — Wy

7B

-1
o =tan

rf

This is implicit in the quantum mechanical treatment of Ref. [13] discussed in Sec. 4.2. We now find an
approximate relation between the static field inhomogeneity and the consequent depolarization that works
well within certain limits.

The spin-flip probability for exact resonance (ay = @) is given by Eq. (86) and in the general off-
resonance case by Eq. (83). If Ag, represents the difference in the x-y spin turn in the off-resonance case
with respect to exact resonance case, then, in analogy with Sec. 2.2, we equate the ratio of the spin-flip
probabilities with the quantity (cose cos4g,), where ¢ here refers to the angle of the spin vector out of the

x-y plane, i.e.,
a)s - 5 \/a’§ +(7nABo)2 mnlso/lu

P 7 sIn h
a)p +(7nABo) 2 PAB(]¢O
= =p (168)

si”z[wpmnlB‘)/l'] Pag,-o e
2h

If Z; is the median wavelength and that the flipper is optimally tuned for 7z flips at this wavelength, i.e.,
w, =zh/m Iy 4 (see Eq. (13)) and setting

B o, +(7,AB
g Bl o+ (r0By) (169)
Brf a)P
Eq. (168) simplifies to
1 (7
B0 = i 5 (170)

for the median wavelength, which we assume is approximately true for the entire incident wavelength band.
(Note that Eq. (170) is analogous to Eq. (49).) If we assume that 4By is sufficiently small that cose = 1 and
(cosA@,y = 1<(Ap,2)I2 = cos(Ap,(rms)), we have after one 7 coil due to the effect of AB:

Agp_ ~cos™ ( P a0 ) =cos™ {?sinz (%g‘ﬂ (171)
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For an M-coil unit spectrometer, we assume that Ag, is uncorrelated between coils and that the cumulative
effect for M coils is obtained by summing in quadrature. Taking FWHM values, we have (by combining
Egs. (163) and (171)):

Apfis <~ M cos™ izsinz(zgj =4[In2In io (172)
¢ 2 P
and hence

0

X = eXp [_
g, =0.80-0 16In2

fpie])

Specifically for a 4-N coil instrument we have:

: ool N eost L (Z |
P, N 20,2020 _exp[ 4Irlz{cos {52 sin (25]}} J (174)

In the range of operation of spectrometer configurations considered in this document, it can be shown that
the value of &is typically no greater than about 1.3. In this range, it turns out that the awkward term

2
{cos1 {?sin2 [% §]H may be replaced very successfully by 4(&-1) so that

0

M
Px Ay ~0.40-0 =~ exp(—m(f—l)j, for é,: <1.3 (175)

or specifically for a 4-N coil instrument:

0
X

~exp(—%(§—l)), for £<13. (176)

Algy=0,A6=0

It turns out, somewhat fortuitously, that Eqgs. (175) and (176) produce a better approximation to P,> when
ABy is too large to assume cose = 1 (implicit in Egs. (173) and (174)) or when the accumulated dephasing
in the x-y plane approaches 2. The approximations in Egs. (175) and (176) make the inverse problem
significantly more tractable (i.e., what tolerance on 4B is required to obtain a given value of P, under a
given set of conditions Ao, By etc.?). The inverse expression, which is more useful in instrument design than
the forward expression (Eq. (173)), then finally reduces to

0 2
ABOFWHM| ~ Brf [1+M] -1
Alg, =0,46=0 M
77
4n2In(1P?)( 4In2In(1/P?)
=| rf| M M e

for M coils. Specifically for a 4-N coil instrument we have:
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FWHM
ABO | rf

K| K
W(sz, (178)

Alg, =0,A0=0

where x=1In 2In(1/PX°) . The success of Eq. (178) is demonstrated in Fig. 12 and Fig. 13 forN=1and N =

2 respectively for a spectrometer setting with By = 0.0393 T, lgo=0.03 mm, Lo=2 m, 4= 8 A, which gives
Tvrse = 15 ns and 30 ns for N =1 and N = 2 respectively.

6.2 Coil Flatness

In order to estimate tolerances on the flight path lengths, we return to the expanded equations
representing ¢y (and ¢1) which contain the individual contributions (the flatness model used is that
described in Sec. 3.6), and now we assume 4By = 0.

(@) For a4 (N =1)-coil NRSE, we have from Eq. (72) for a given neutron trajectory,

wr
0, = V* [2L0 +Afy (B)+Af, (B)—Af_ (A)-Af, (A)]
P,” at 1 ee=15N5, 8A, lg,=0-03m, B,=0.0393T, L;=2m, N=1, M=4

only error in B,

1.0e-03

9.0e-04

8.0e-04

7.0e-04

6.0e-04

5.0e-04

AB [FWHM] (T)

4.0e-04

3.0e-04

2.0e-04

1.0e-04

0.0e+00
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0, ..
P, (sim)
Fig. 12. Simulated and analytical predictions of the effect of 4B, on the elastic polarization P,’ for awssz= 15 ns at 8 A, N = 1, with
other spectrometer parameters given in the plot title. The blue curve represents Eq. (174) which is only valid for moderate to small
4B,. The red curve represents the approximation obtained using 4(&-1) for the inverse cosine squared part of the exponential in Eq.
(174) which just so happens to give a better approximation at larger 4B, (Egs. (176) and (178)).
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0
P, att

=30ns, 8A, lg =0.03m, B;=0.0393T, L,=2m, N=2, M=8
]
only error in B,

NRSE

— Eqg. 178
— Eq. 174

8.0e-04

7.0e-04

6.0e-04

5.0e-04

4.0e-04

AB [FWHM] (T)

3.0e-04

2.0e-04

1.0e-04

0.0e+00
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

P ° (sim)

X

Fig. 13. Simulated and analytical predictions of the effect of AB, on the elastic polarization P,’ for mgrsz =30 nsat 8 A, N = 2, with
other spectrometer parameters given in the plot title. The blue curve represents Eq. (174) which is only valid for moderate to small
4B,. The red curve represents the approximation obtained by 4(&-1) for the inverse cosine squared part of the exponential in Eq. (174)
which just so happens to give a better approximation at larger 4B, (Egs. (176) and (178)).

where we have set ¢y, = 0 (perfectly polarized incoming beam) and the terms A f_ and A4 f are the
deviations of the coil surface from perfect flatness on the left and right hand sides of the coil respectively.

Assuming, for similar coils, A f_and A f; have Gaussian distributions of equal FWHM =4 f ™" 'we can
write
A FWHM FWHM
@, :\/4NAf :Af N1 (179)
Po 2NL, Ly
whence
-~ /2In2 In [F’lOJ 2.54x10°° ,In(PlOJ
L, A P X
Af i = TO Puese__D vl ~ - meters. (180)
2 m.7n o0t B, [T]A[A:|

We can also write the FWHM fluctuation in the coil length, Algo, in terms of A f*"™ where
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In2 In[ j
IFWHM —«/EAf _ L0 A(p;\é\’ng _ 2h Px
By ABy=0,A6=0 N FWHM (72 - mnyn Boﬂ"
1 (181)
3.6x10° In(POJ

~

- X~ meters.
8, [T} Al

(b) For N=2 bootstrap coils, for a given neutron trajectory, we have from Eq. (73):

, ALy +41, +8l, —Af(A)=Afy (A)=Af_(A,)- AT, (A,)
o n[m( B, )+ Af, (B,)+ Af, (B,)+Af, (B,) ]

(L~ 6 ()~ 80, (), ()~ 80, () 61 () 01 (B) 1, (B,) 1 (B,)

n

where we have set ¢y, = 0 (perfectly polarized incoming beam) and the terms A f_ and A fr are the
deviations of the coil surface from perfect flatness on the left and right hand sides of the coil respectively.

Assuming, for similar coils, that A f_ and 4 f; have Gaussian distributions of equal FWHM = A f ™M e
can write
A, _ VAN Af _ Afeyim N =2 (182)

?  2NL, INL, ’

2In2|n 2.54x10° [In io
Acﬂﬁévs"é“”
Ay = Lo = (183)

Mh7n */—B’l N«/—[T]z

whence

We can also write the FWHM fluctuation in the coil length (length of the B, field) in terms of A f ™",

where
/ln 2 In 3.6x10°° %
=2Af 0 = “~ meters. (184)

ABy=0,A0=0 m.7, \/78/1 \/—B [T |:0

FWHM
AIP

Inverting Eq. (184) we also have

0

2
~ N (M7, FWHM
R ABy=0,40=0 eXp{_ 4In2 [ h BOX’IAIBO : (185)

X

Equation (184) seems to be generally valid, the “YN” not being apparent in the N = 1 case (Eq. (181)). The
success of Eq. (184) is demonstrated in Fig. 14 and Fig. 15 for N = 1 and N = 2 respectively.
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p, 0% fwse=15ns, 8A, |, =0.03m, B,=0.0393T, L=2m, N=1, M=4
0

only errorin Iy
0

2.0e-04
— QIBA(FWHM}=3.5e-5‘sqr1(ln{1.OIPKU)}f{san)'0.0393‘8}
1.56-04
E
s
é 1.0e-04
3
—Ino
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0
PX
Fig. 14. Simulated (black circles) and analytical predictions (Eq. (184) — red curve) of the effect of Gaussian fluctuations of the 7z~

flipper length resulting from independent Gaussian fluctuations of the flatness of the windings on the entrance and exit sides of the
coil. In this example, N = 1, mrse = 15 ns and the other spectrometer parameters are given in the plot title.

0 °
P, @t fgee=30ns, 8A, I =0.03m, B=0.0393T, L=2m, N=2, M=8
only errorin Iy
0
1.25e-04
— Al (FWHM)=3.6e-5"sqrt(In(1.0/P,))/(sqrt(2)"0.0393"8)
(]
1.00e-04
E  750e-05
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T
=
L
@ 5.00e-05
<]
2.50e-05
000400 01 02 03 04 05 06 07 08 08 ic

0
X

Fig. 15. Simulated (black circles) and analytical predictions (Eq. (184) — red curve) of the effect of Gaussian fluctuations of the 7 -
flipper length resulting from independent Gaussian fluctuations of the flatness of the windings on the entrance and exit sides of the
coil. In this example N = 2, znrse = 30 ns and the other spectrometer parameters are given in the plot title.
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6.3 Coil Parallelism

Related to the coil flatness is the question of parallelism, which may actually impose the major
engineering limitation. The tolerances on the coil length are the same as indicated in Sec. 6.2, however, a
lack of parallelism leads to a predictable and continuous change of field paths over the beam area. If we
assume that Eq. (184) defines approximately the maximum tolerance in the static field length, we can
approximate the coil parallelism tolerance by

In2 In[lo] 3.6x10°° In(loj
surf 1 2h PX ~ 1 PX

™ max (@l ) My, NBA ~ max(a, |, )[m] JINB,[T]4 [,&}

rad, (186)

where &7 is the maximum tolerable angle between the entrance and exit surfaces of the static coil

max

windings and a and |, are the coil dimensions defined in Fig. 23.
6.4 Beam Divergence (Simplified Model)

We use a simplified model in order to estimate analytically the effects of beam divergence on the elastic
resolution (polarization). More realistic beam divergence models, which are treated numerically, are
described in Sec. 8.5. The simplified model assumes that the spectrometer components (coil boundaries,
samples, etc.) are described by thin planes perpendicular to a nominal beam direction. A divergent incident
or scattered beam is represented by selecting random trajectory polar angles, A48 or A4, up to specified
maxima A& max and A6 max respectively, where all A0are defined with respect to any axis parallel to the
nominal beam axis. A8 and A6 are assumed to affect all path lengths upstream and downstream of the
sample plane respectively. This situation is illustrated in Fig. 16. Therefore, the effect of beam divergence
is to increase all distances between planes normal to the nominal beam axis by the factor 1/cos(A8y).

Plane of entrance Sample plane Plane of exit
to first coil of last coil

BA R
i—%”@f | Aanax.i rliffﬁ \ A6, 1ax.f { } r \I
— i y
P(A6) P(A0)
A4 gmax,.f' A 9.' A gﬂiﬂfx‘f 4 9?(

Fig. 16. Essentials of the “simplified” divergence model.
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In order to isolate the influence of the beam divergence on the elastic resolution one can consider a
symmetrical spectrometer at the echo point with no field inhomogeneities such that B;L;=BLo, { @)= ¢1),

etc. The elastic resolution is still given by Eq. (113), i.e., P, = (cos Orrse ) = <cos(¢)0 - )> . We also

assume small divergence, which allows one to write ¢, = w etc. (see Sec. 5.1). With these
assumptions the expression for P,2 simplifies to
P =(cos(p, —¢,)) = <cos(((p0>+ Ag, —[{p)+ A(le)> =(cos(Ag, - Agy)). (187)

For a trajectory in the incident arm of the spectrometer, we have

Agy, AL, |1
() L _LosAa 1}' 4o

The distribution of Agy for random A6 is by no means Gaussian or uniform. Because we assume small
divergence (i.e., 46 max and A6 max are small — certainly within the range of angles encountered in the
NRSE), we write for all incident arm trajectories:

AG?
A, z<¢’0>(]'_COSA9i):<(P0> 2 (189)
and likewise at the echo point:
AO; AG;
A, z<¢71>(1_COSA€f )z<¢1>7=<¢0>7' (190)

(Note Agy and Ay are not necessarily small numbers because (¢n) can be very large). Therefore, finally

0

P ol 0 <cos[<¢70>[A9i2 _A9f2ﬂ> (small divergence, at echo point, only angular uncertainties).

(191)

The average in Eq. (191) can be expressed in terms of the double integral over the range of A6 and A4
which are both assumed to be uniform in probability in the range (0, 46 max), (0, 46 max), Permitting the
average to be written simply as

AO¢ max A,

j cos{@;)[AHf —A&f]]dAei dAg,

0
X

~ 0

ABy=0,A1,=0 AG NGO

i,max f,max

(192)

It can be shown that Eq. (192) reduces to
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oo o
p° d

~

* laBy=0.41, =0 - <§00> Agi,maxAgf,max ’
(193)
where C; and S; are the Fresnel cosine and sine integrals respectively, defined by
C(x)= jcos(%tzjdt
X (194)
— [sinl Z+2
S, (x)= E[sm(zt Jdt
and
2N B, L, 0
<(/)0> ~ @, =mnyé(’"/7“'=9.26418x10“NB0 [T]L[m]4 {A} (195)

Certain approximations for evaluating C, and S; have been discussed by Mielenz [19] (note that the 7/6
term in Eq. 3b of this reference should be multiplied by x*) and Heald [20]. The integrals can also be
evaluated numerically. For the particular case of |46 nax| = |46 maxl = 146maxl, EQ. (193) becomes:

{Cf( meax}sf[ WMW]}
o0 N v V4

X |aBy=0,41,=0 <%> AGE, ) (196)
or in terms of the instrument parameters:
hA6? 2N B 2N B
XO ~ 4 emax ClZ mn}/n 0 L()ﬂ'l Agmax + 812 mn}/n OLoﬂ/l Agmax
48 =0.AL=0  2Nm_y, B,Ly4 Vs 7zh
(Case Of |A9|,max| = |Aa‘,max| = |A9max|)- (197)

The success of Eq. (193) in describing the relationship between A8 and P,2 is demonstrated in Fig. 17
and Fig. 18 for realistic examples. The examples with zyrse = 15 ns, N = 1, and zyrse = 30ns, N = 2 have

sufficiently large values of {gy) that the arguments of C, and S; exceed unity in the plotted range (the values

shown on the right hand side y-axes). They also have |46 max| = |46 max] = |46max| (S0 that Eq. (196) is used).
In the present context it is useful to have P,° as the dependent variable and ask “what is the maximum
permissible value of |46, to achieve a given value of P,%?” Unfortunately, inversion of Eq. (196) is not
trivial. The traditional approximations for C; and S; discussed in Refs. [19,20] and others do not lend
themselves to neat closed forms either, even for small arguments, since the numerator of Eq. (196) involves
large powers of the argument for sufficient accuracy. However, we note that the expansion of C;%(x)+S;(x)
involves terms in x*™2, n =0, 1, 2,..., « with alternating signs for the first few terms. Another function that
has the same powers and signs as these first terms would be x? exp(-ax®):

0 6 2,10 3,14
a"x ax® a’x*® a’x
2 4 2
x*exp(-axt)=> =x2-= 4 _
( ) o n! 1 2! 3!

(198)
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P,” at Typge=15n5, 8A, I =0.03m, B,=0.0393T, Ly=2m, L yg=1.939cm, N=1, M=4
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Fig. 17. Monte Carlo simulated (black circles) and analytical predictions for the relationship between maximum divergence A6max
(40 uniformly distributed up to 46, and P,° for the case N = 1, zrse = 15 ns. The other spectrometer parameters are given in the
plot title. The analytical approximation (as expressed by Eq. (193) [Eq. (196) for the particular case of |48 max| = |46 max] = |46Gnaxl]

describes the simulation very well and is represented by the red curve. The approximation (Eq. (202)) that should be valid for | 46|
<~ 8.4x10 rad to within 1 % is shown by the blue dashed curve.

P.” at 1,c=30ns, 8A, |, =0.03m, B,=0.0393T, L =2m (L,,=1.939m), N=2, M=8

only error in 0. Equal incident & scattered divergence

1.50e-02 289
® MC Simulation
1.25e-02 — P =(nllte,20,, DC, (o m) Za6, 1+ o ym) a0, )]
3. 0r 0. - -
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Fig. 18. Monte Carlo simulated (black circles) and analytical predictions for the relationship between maximum divergence A6 max
(4@ uniformly distributed up to A6 ms) and P,° for the case N = 2, zrse = 30 ns. The other spectrometer parameters are given in the
plot title. The analytical approximation (as expressed by Eq. (193) [Eq. (196) for the particular case of |48 max| = |46 max] = [A0nax]])

describes the simulation very well and is represented by the red curve. The approximation (Eq. (202)) that should be valid for |A46ax|
<~ 6.0x10°® rad to within 1 % is shown by the blue dashed curve.
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The expansion of C;4(x)+S,%(x) for the first few terms is

CZ(x)+S7(x)=x*-0.21932x° +0.020616x™ — 0.0010163x"* — 7.7553x10°x"* +

(199)
+1.9623x107°x** —1.9468x10°x*® +9.7417x10°x¥ + ...,

therefore we try setting the parameter a in Eq. (198) to the magnitude of the second term coefficient in Eq.

(199) = 7%/45 ~ 0.21932 which makes the two leading terms in Eqs. (198) and (199) identical. This should

certainly work well for x < 1 since the higher order terms decrease rapidly. With this substitution Eq. (198)

becomes

2,4

x2 exp| -2 X
45

~4.2287x107°x* +1.5457x107" x*® —4.843x107°x* +...,

] = x*—0.21932x° +0.024051x"° — 0.0017583x" +9.6405x10°x*® + (200)

for which the first few terms are quite similar to those of Eq. (199). It turns out that this approximation can
be applied with about 1 % accuracy up to x ~ Xy, ~ 1.15, where the fan-out of the spins due to the
divergence (= Agy (see Eq. (189)) = 7 x1,2/2 ~ 0.7 7) is still below 2z radians, i.e.,

2,4

CZH(x)+S7(x)~ x? exp(—%}, x <~1.15. (201)

In fact the approximation is within 15 % for x up to about 1.8, at which point Agy =~ 1.6 (as is seen from
2Nm, 7, B,L A,

Fig. 17 and Fig. 18. Now identifying x with “AQ...» EQ. (197) can be inverted using the
T
approximation in Eq. (201) yielding:
h 45In{10j In [10]
P P
A T —— =851x10"° a [rad]

2Nm, 7, B, L4, NB, [T]L,[m]4 P*} (202)

-3
for [A6,,|<~1.15 h = 6.7x10 [rad].
2NmnynBOLOﬂ"l A
V iy

It [m)4 A

The results of this latter approximation are plotted as the blue curves in Fig. 17 and Fig. 18. Although the
suggested limits of applicability implied by Eq. (202) (for 1 % accuracy of Eq. (201)) are 8.4 mrad and
6.0 mrad for the N = 1 and N = 2 cases respectively shown in the figures, the approximation works quite
well also for larger angles.

6.5 Approximation for Equal Contributions to Depolarization from 4By, Algy, and A8«
In the preceding sections, the contributions of 4By, A4lgg, or A81to the elastic polarization P, were taken
in isolation. Because all three parameters will have some uncertainty, their individual tolerances must be

correspondingly tighter to compensate for the depolarization created by the other two. It is difficult to
assess which parameter tolerance is easiest to achieve but some idea of the spectrometer requirements is

117 http://dx.doi.org/10.6028/jres.119.005


http://dx.doi.org/10.6028/jres.119.005
http://dx.doi.org/10.6028/jres.119.005

Volume 119 (2014) http://dx.doi.org/10.6028/jres.119.005
Journal of Research of the National Institute of Standards and Technology

obtained by setting the 4By, Algo, and A6 contributions to the depolarization approximately equal. For equal
contributions, we assume that the tolerances will be approximately 1/+/3 times the values given by Eqs.
(178), (184), and (202) respectively (for a 4-N coil instrument), i.e.,

FWHM
ABPMM

%(ﬁ+ ZJ (4-N instrument, equal contribs to P,?), (203)

where xk =In2lIn (l/PXO) , as before. Note that 4B is defined by N, lgo, and 4; only and is independent of By
or zero field region parameters.

fln2|n 2.08x10°° fln
Alg"™ = meters (4-N instrument, equal contribs to P,’). (204)

M7 MBA ) rB[T]ﬂ,

Note that Alg, is defined by N, By and 4 only and is independent of Iz, or zero field region parameters.

Finally,
h 45In[10] In (10]
P P
AHmaX ~ ﬁ ~ 4-.9:|.><:|.073 u [I’ad]
SNm,7, By Lo NE,[T]L [m]4] A
(4-N instrument, equal contribs to P,0), (205)
-3
for Gy, | <~ ———0r' 10 [rad].

e r1 ][4

Note that A6, depends on A and on both the flipper coil and zero-field parameters (N, B, Lo (i.e., Lag, Igo,
and lg)). Even though these parameters also appear in the expression for zgse, the A%-dependence of the
latter means that A6,y is not uniquely determined by the quantity zyrse (i.€., the same value of zyrse May
require different values of 46, depending on the values of N, By, Lo and A).

6.6 Some Examples (Equal Contributions to Depolarization)

Consider requiring the elastic (resolution) polarization P,’ to be greater than some specified minimum
value at a reference point with equal contributions coming from 4By, Algy, and AG,a. We consider the point
mwrse~ 30 ns at 4 =8 A with N = 2, for M = 8 zcoils (lgp=0.03 m), with B = 0.0393 T, Lo= 2 m. Using
Egs. (203-205), several results are shown in Table 7.
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Table 7. Parameter tolerances required to achieve a specified minimum elastic (resolution) polarization P,® for zyrse=30nsat A =8 A
with the above spectrometer dimensions (B,=0.0393 T) and approximately equal contributions to the depolarization coming from 4B,
Algo, and A The final column normalizes A6y to the critical angle of natural Ni at the same wavelength.

ForPO>  ABy (FWHM)[UT] < Algy (FWHM)[UM] € Abnax [mrad] < Abhac /A(8A, nat. Ni) %

01 244 1 5.4 39.0
0.2 195 59 4.9 357
03 164 51 46 33.2
04 140 45 43 310
05 120 39 4.0 289
06 101 33 3.7 26.8
07 84 28 34 245
08 65 22 3.0 218
0.9 45 15 25 18.0
0.95 31 11 21 15.1
0.99 14 5 14 10.0

The results in Table 7 are summarized in Fig. 19. Note the particular sensitivity of the instrumental
resolution on the beam divergence once a certain threshold angle is reached.

7. NIST NRSE Project Goals

7.1 Desired Function

Desirable criteria for a NIST NRSE instrument are summarized as follows:

1. Emphasis on quasi-elastic scattering — coil tilting is not necessary.

2. Large solid angle coverage and multi-angle measurement capability.

3. If possible, the spectrometer should be able to access Fourier times of zygrse = 30 ns at A = 8A and
be fabricated with sufficient precision to allow useful measurements to be performed at this
measurement point.

4. Offer usable incident wavelengths at least down to 3 A for high-Q capability.

5. Must have a short Fourier time measurement capability.

7.2 Spectrometer Dimensions and Field Magnitudes Required to Access zrse= 30 nsat A =8 A

From Eq. (120) we have
o 3
Typse 18] = 0.37271N B, [T] L, [m] 4 [A} ,

where we assume that Bo = B so that Lo = L, at the QENS echo point. In order to access zyrse =30 nsat A =
8 A, we must satisfy the condition

N (B0 [T]L, [m])max >0.157 criterion for accessing zrse = 30 Nsat A =8 A, (206)
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D @
P, at typee=30ns, 8A, IBO=0.03m, B,=0.0393T, L ;=2m, N=2, M=8
Approximately equal contribs to depolarization from AB, Al , A8 _
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Fig. 19. Parameter tolerances (see legend for units) required to achieve a specified minimum elastic (resolution) polarization, P,?, for
zvrse = 30 ns at 4 = 8 A with the above spectrometer dimensions (B;=0.0393 T) and approximately equal contributions to the
depolarization coming from 4By, Algo, and A6nax.

where (BoLg)max implies the maximum attainable value of the product ByL,. If we chose N = 2 as the most
likely bootstrap factor, noting the advantages and disadvantages outlined in Sec. 3.4, this condition
amounts to fulfilling:

(B,[T]Ly[m] )maX >0.079 Tm criterion for accessing zrse =30 nsat A= 8AwithN=2. (207)

Obvious limitations on the maximum value of By are imposed by the maximum current x winding density
of the static field coils. This depends on the length, cross-section, material, winding temperature, and the
ability to remove heat. Increasing the zero-field drift path lengths increases proportionately the maximum
achievable value of zgse, however disadvantages include the rapid reduction in solid angle (oc 1/L%) and
possibly limitations imposed by available space. Owing to these constraints and the linear dependence of
Tnrse ON By, it seems reasonable to attempt to maximize the static magnetic field By as far as possible.
Evaluating B, and L for zwrse =30 ns at 4; = (4;) = 8A, we have, for example,

Bo~0.08T,Lo=1m,N=2

Bo~0.04T,Ly=2m,N=2.
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To date, the largest static fields produced in water-cooled NRSE coils using pure aluminum windings are
about By~ 0.025 T. With this field we require Ly= 3.14 m for N = 2 (which is a little long for available
floor space) or else Lo=1.57 m for N=4. Apart from the increased restrictions on the maximum incoming
bandwidth, A44/4, when using N = 4, doubling the number of zflipper coils has the obvious disadvantage of
increasing the complexity and setup of the spectrometer and increasing the amount of material in the beam.
Thus an N = 4 option is unattractive for a multi-angle instrument. Restricting N to 2 with Ly <2 m and
pursuing the goal of increasing B, towards 0.04 T presents itself as one of the more attractive options.

Some consequences are explored in the following sections.

7.3 Bootstrap NRSE Coil Components and Specifications
7.3.1 General Description

The N=2 bootstrap NRSE coil, a most recent example of which is shown in Fig. 20, is composed of
back-to-back static field coils with equal but oppositely-opposed field directions. Each static field coil
encloses an r.f. coil (whose coil axis is perpendicular to that of the static coil). The r.f. coil must be placed
inside the static field coil in order to avoid significant r.f. attenuation that would otherwise occur in the
metallic structures of the static field coil. z-metal plates capping each end of the static field coils conduct
magnetic flux lines between the two coils. An outer z~metal shield enclosing the entire assembly, apart
from the beam windows, helps reduce the stray field magnitude entering the zero field regions. For quasi-
elastic applications, both the static and the r.f. coil axes are perpendicular to the beam direction. To profit
from the advantages of the NRSE technique over conventional NSE, the NRSE coils must be moderately
compact in the beam direction. Because the neutron beam traverses both the static and the r.f. coil
windings, there are particular restrictions on the winding materials that may be used in the beam passage
(see Sec. 7.3.2). High resolution requirements also impose restrictions on the shape of the windings
themselves. These and other factors are discussed in the following sections.

Fig. 20. A N=2 bootstrap coil on the RESEDA spectrometer at FRM-I11. The zero-field flight paths are magnetically shielded by a
double-skinned z-metal enclosure (removed). The z~-metal screen on the face of the coil, the r.f. coil air cooling connections (blue),
and the static field coil water cooling connections (black) are visible (photo kindly allowed by T. Keller, FRM-I1).
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7.3.2 Aluminum Windings: Transmission and Small Angle Scattering

Because the beam must traverse both the static field coil and the r.f. coil windings with this design, the
neutronic properties of copper exclude it as a winding material within the beam region. For non-
superconducting windings, the most obvious choice is aluminum. However, even pure aluminum has
resistivity that is almost 60 % greater than pure copper at room temperature. For a 4-N = 2 coil NRSE
instrument, the beam must traverse a total of 16N = 32 layers of static and r.f. coil windings. Assuming that
each winding layer has the same thickness, t, we can estimate the anticipated maximum transmission of all
the coils from the total cross-section of pure aluminum at room temperature. Some results for different
winding thicknesses t are shown in Fig. 21. Note that the values in Fig. 21 are optimistic because (i)
impurities (e.g. from anodization of the actual winding material) are not accounted for, and (ii) the
transmission will be reduced by increased phonon scattering if the operational winding temperature exceeds
300 K (which it is likely to do significantly).

Transmission of 32 layers of aluminum each of thickness ¢

corresponding to 32 layers of coil windings for a 4-coil N=2 NRSE
1

E 0.
@ — =0.3 mm
E 0.5 - =0.4 mm
& — t=0.5mm
04 — t=1.0mm
0.3
0.2
0.1
0

2 3 4 5 6 7 8 9 10 11 12 13 14 15
A (A)

Fig. 21. Estimated neutron transmission of the combined 32 layers of windings for a 4-N = 2 coil NRSE assuming that the static field
and r.f. coil windings each have equal thickness t. These curves are based on the total cross-section of pure aluminum at 300 K.

Very approximately, the macroscopic neutron cross-section of aluminum at all temperatures of interest
is about 0.11 cm™ for 1 < 4.7A. Therefore, we have

Ty ~exp(-011t[cm]), 2 <47A. (208)
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Estimating the equilibrium temperature and temperature gradients of the windings depends on the detailed
coil design. In order to partially account for elevated winding temperatures at high-field operation of the
coils, we approximate the macroscopic cross-section for A > 4.7A using the average of available data for
pure aluminum [21] at T =300 K and at T = 800 K. At 300 K data we have approximately

£, (300K)[em™ = [6.4+8.94/1[,&Dx10'3, A247A (209)
and for the 800 K data we have approximately
%, (800K)[cm™ |~ [1.91+1.1751F\D <102, 4> 4.7A. (210)
Therefore, we use an effective aluminum macroscopic cross-section of
5 [em* ]~ [1.28+1.o3,1[,&Dx102, 2> 4TA 211)

for the purposes of estimating the coil transmission.

We now assume that the static field coil windings (which usually have to carry higher maximum
currents than the r.f. windings) have thickness t and the r.f. windings have thickness t/2, such that the total
thickness of windings traversed by the beam in the spectrometer is 12Nt = 24t for N = 2. If we choose a
transmission criterion such that T (4 = 8 A) > 80 %, then Eq. (211) requires that t must not exceed a
maximum value, t,,, of about 1.0 mm (i.e., the static field coil windings have thickness of about 1 mm, the
r.f. windings have thickness of about 0.5 mm). For the r.f. coils the skin effect at ~1 MHz frequencies likely
restricts the r.f. winding thickness to a smaller value (see Sec. 7.3.4.7).

Coils constructed at the Institut Laue-Langevin (ILL), Grenoble, France, Laboratoire Léon Brillouin
(LLB), Saclay, France, and the Forschungs-Reaktor Munchen-I1 (FRM-11), Munich, Germany, have used
0.4 mm-thick anodized aluminum band windings, with anodization depth of about 3um for insulation. The
anodization layer can contain incorporated water, which gives rise to strong, anisotropic, small angle
scattering. This small angle scattering is greatly reduced by boiling the wire in D,O under pressure at about
200 °C [11].

7.3.3 Static Field Coils

An early static field coil using circular section aluminum wire developed for the Zeta spectrometer at
the ILL, Grenable, is shown in Fig. 22.

7.3.3.1 Current in the static field coil
Sufficient static field homogeneity within the beam passage may be achieved by passing the beam
through a suitably restricted area close to the axial center of a long solenoid. The field at the center of a

long solenoid is

B = z,nl, (212)
where 11, is the permeability of free space with 1, =47 x10”" NA™. In Sl units we have

B, [T]~47x107n[m* |I[A]=126x10°n[m* [I[A]  long solenoid approximation, ~ (213)
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Fig. 22. A static field coil developed for the Zeta spectrometer at the ILL, Grenoble using circular section Al wire. This type of coil is
used for lower resolution applications. (Photos kindly allowed by R. Géahler, ILL).

where By is the static field in Tesla, n is the winding density in m™, and I is the current in Amps.
Equivalently, the current in the coil at field By is

_25x10° Bo[T] o o By[T]

z n[mﬂ] n[m*]'

HA]

(214)

Thus the required current is inversely proportional to the winding density and is directly proportional to the
required field B,.

7.3.3.2 Resistance of the static field coil windings

The resistance of the static field coil winding is

R= : (215)
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where |, is the total length of the coil winding, A,, is the wire cross-sectional area, and o (T) is the resistivity
of the winding at its operating temperature, T. The winding length per turn (see Fig. 23) for the rectangular
cross-section coil form is approximately 2(a+ lgg), assuming the winding thickness is negligible compared
with a and lg. For the particular case of single-layer windings, the total number of turns, Ngo, is

Ng =l N any single-layer winding, (216)
so that the total length of any single-layer winding around the rectangular coil form shown in Fig. 23 is

L, = 2Ny (a+ly )=2l,,n(a+1y ). (217)
The outer surface area of the rectangular coil form is

A = 2 (a+IBO )- (218)
so Eq. (217) may be rewritten as

I, =A,N any thin single-layer winding around rectangular coil form. (219)

rectangular
winding
cross-section

|

h

Coil axis length, 4
/ )

axial

Static field coil
dimension parameters

Beam direction
—————

" hed/nif
4 tightly wound

\

a

Quter surface area
of coil A.«-;u;FZt'mM(aﬂ'Ba) -

IBy

Fig. 23. Dimension parameters of the static field coil using tightly-wound rectangular cross-section windings.
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7.3.3.3 Single-layer rectangular cross-section wire
The cross-sectional area, A,,, of rectangular cross-section wire (see Fig. 23) is

A, =th rectangular cross-section wire, width h, thickness t, (220)

so that, using Egs. (219) and (220), and noting that for a single winding h < 1/n, with the equality
representing the tightly-wound limit, Eq. (215) becomes

T)n
R= p(z% any single-layer rectangular cross-section wire, (221)
with
p(T ) IN|2'%urf - H H H
R= — tightly-wound rectangular cross-section wire, thickness t (222)

representing the tightly-wound limit with h = 1/n. Therefore, for a given Aq,+, the resistance of the tightly-
wound coil increases as the square of the winding density and is inversely proportional to the winding
thickness, t. Logically, the resistance is minimized for a given n, A+, t, by ensuring that the windings are
tightly-wound.

For a single-layer rectangular cross-section wire winding, the D.C. voltage required to maintain a static
field By is, from Egs. (214) and (221)

25x10° £(T)[Qm]A,, [m® ]

V=IR = B, [T] any single-layer rectang cross-section wire winding (223)
z t[m]h[m]
with
s p(T)[Qm]n| m™ 2
V[V]= 25x10° p(T)[2m] [m JA&“" [m ]BO [T] tightly-wound, single-layer, rectang cross-section

7 t[m]
wire windings (224)

representing the tightly-wound limit. Thus, for the tightly-wound case, the voltage required to maintain a
field By is proportional to B, proportional to the winding density, and inversely proportional to the winding
thickness in the beam direction for a given coil surface area. For a given B, the voltage is minimized by
tightly-winding the coil within the available surface area.

The power dissipated in the coil with single-layer, rectangular cross-section wire is (from Eqgs. (214)
and (221) or (223))

P[W]=(1[A]) R[Q]
_6.25x10% p(T)[Qm] Ay [m” ]

T2 n[m'l]t[m]h[m] (B [T])2

Specifically, for the tightly-wound, rectangular cross-section wire winding it is (from Egs. (214) and (222)
or (224))

any single-layer rectang cross-section wire winding. (225)
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2 p(T)[Q 2
P[W]~ 6'257:210 Pl IIEL?S”” [m ](Bo [T])2 tightly-wound rectang cross-section wire windings.

(226)

Thus, for a given Aq,, the power dissipated in the tightly-wound coil is inversely proportional to the
winding thickness, t, and is independent of n or h (essentially a current sheet). We also note that the power
increases as the square of the required field, By. Like the voltage, the power dissipated is minimized for a
given By by tightly-winding the coil within the available surface area, since h < 1/n.

7.3.3.4 Single-layer circular cross-section wire windings

The cross-sectional area of the circular cross-section wire, Ay, is
A, =zr? circular cross-section wire of radius r,. (227)

Using Eg. (219) and noting that for a single-layer circular winding we have the constraint n < 1/2r,,, with
the equality representing the tightly-wound case, Eq. (215) becomes

T)n
R= p()—ﬁ“” any circular cross-section wire winding, (228)

nr,
with

4p (T ) ngAsurf

R= tightly-wound circular cross-section wire, (229)

representing the tightly-wound limit. Thus, for a given Ay, the tight-winding resistance increases as the
cube of n (as opposed to n? in the tightly-wound rectangular wire case with fixed t).

The D.C. voltage required to maintain a static field B in the circular cross-section wire case is (from
Egs. (214) and (228))

p(T)[Qm]A,, [m’ ]
(et [m])

Specifically, for the tightly-wound case it is (from Egs. (214) and (229))

\Y [V] =25x10"° B, [T] any single circular cross-section wire winding. (230)

10’ L2
V[VI=—p(T)[m](n[m* ]} Ay [m? ]B,[T]
VO 2 tightly-wound, circular cross-section wire winding.
_25x10° 2 J[om] Ay [m ]BO[T]

(e, [m])

(231)

Thus, the voltage required to achieve a given By in the circular cross-section wire case is independent of the
winding density, other than n cannot exceed a value of 1/(2r,,) for a single layer. Qualitatively, this is
because decreasing n decreases R at the same rate that | (Eq. (214)) must increase to maintain By.

The power dissipated in the coil with single-layer, circular cross-section wire windings is (from Eqgs.
(214) and (228) or (230))
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6.25x102 p(T)[Qm] A, [m’ ]

7 n[m*](r, [m])’

P[W]z

(B0 [T])2 any single circular cross-section wire winding,

(232)

where the tightly-wound case with n = 1/(2r,,) is

pW]= l.25><31013 p(T)[Qm] A, [m*]

(B0 [T])2 tightly-wound circular cross-section wire windings.
z r,[m]

(233)

Therefore, the tightly-wound coil represents the minimum power condition for circular cross-section wire.
Furthermore, the circular wire should be as thick as is tolerable to minimize the power.

7.3.3.5 Summary and static field coil power concerns

The coil flatness requirements for high resolution operation (see Sec. 6.2) favor rectangular cross-
section wires for the static field coils. Two potential concerns are: (i) the magnitude of the currents supplied
to the coils, (ii) excessive heat dissipation in the coils and the associated cooling difficulties. Item (i) is
somewhat mitigated by choosing the largest value of n that is feasible. Item (ii) is mitigated by tightly-
winding the coil as indicated in Sec.7.3.3.3. Beyond these measures Eq. (226) identifies the remaining
constraints: Firstly, if Ay, becomes small with respect to the beam area it is increasingly difficult to
maintain adequate field homogeneity within this region at high zyrse (Se€ €.9. Sec. 6.1 and Sec. 6.6).
Secondly, the winding thickness in the beam direction, t, must be limited so as to maintain high neutron
transmission (see Sec. 7.3.2). Finally, there are very limited choices of winding material that have both
good cold neutron transmission combined with low electrical resistivity. Although maximum fields of a
few 10’s of mT do not appear dauntingly high, the heat production from the coil is potentially quite large.
This is illustrated by the following examples:

The coils produced for the neutron research laboratories Laboratoire Léon Brillouin (LLB), Institut Laue-
Langevin (ILL) (France), Forschungs-Neutronenguelle Heinz Maier-Leibnitz (FRM-I1), and Helmholtz-
Zentrum Berlin (HZB) (Germany) use tightly-wound 4 mm wide x 0.4 mm thick anodized aluminum band
supplied by Wesselmann Umwelttechnik?®, with n ~ 250 m™, Ly~ 0.2 m, a + lgo~ 0.25 m for a beam size
of about 2.5 cm x 2.5 cm, s0 that A, (see Eq. (218)) =~ 0.1 m% For these coils at maximum field (By~
0.025 T), we have (from Eq. (214)) | ~ 80 A. For pure Al down to about liquid nitrogen temperature, we
have

P (T)[Qm] = 1.14x107°T (K) - 6.9x10°°. (234)

Therefore, specifically for aluminum, we have (from Eq. (226))

2 Kurf [m2:| 3 . . ..
P, [W]~(B,[T]) —(72.2T(K)—4.37 x10 ) tightly-wound rectangular wire windings. (235)

t[m]

% Certain commercial equipment, instruments, or materials are identified in this paper to foster understanding. Such identification does
not imply recommendation or endorsement by the National Institute of Standards and Technology, nor does it imply that the materials
or equipment identified are necessarily the best available for the purpose.
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For T~ 300 K, Py (0.025 T) = 2.7 kW. For T ~ 350 K, P4 (0.025 T) = 3.3 kW. If similar coils are to
achieve 0.04 Tesla, the current increases to | ~ 128A with an increased power dissipation factor of
approximately (0.04%/0.025%). The room-temperature power dissipation then increases to approximately
6.9 kW. If the coils are cooled to liquid nitrogen temperature =~ 80 K, P, is more than an order of
magnitude smaller (=220 W at By = 0.025 T, = 560 W at B, = 0.04 T). This is discussed by Géhler, Golub,
and Keller in Ref. [8]. One technical challenge is avoiding liquid coolant (water or liquid N;) in the beam
passage since both scatter thermal neutrons strongly. A separate issue is the evidently undesirable increased
beam divergence from small angle scattering that occurs in Aluminum. A concept for a liquid N,-cooled
static field coil with the above requirements has been proposed by Carl Goodzeit of M.J.B. Consulting,

De Soto, TX, USA (Fig. 24). The basic shape of this coil is a racetrack-shaped toroid (Fig. 24 (a)). A
section of one side of this hollow coil provides the beam passage (Fig. 24 (b)) requiring high purity
aluminum (99.999 %) conductor. The specific example shown has 0.5 mm thick and 6.2 mm wide
conductor which implies | = 198 A at By = 0.04 T with a corresponding current density of about

64 A mm™. The winding would be supported by and cooled by four hollow tubes for the passage of liquid
N, (Fig. 24 (c)) running the full height of the coil. On the sides which do not transmit the beam, additional
thermal contact and support is provided by heat-conducting side plates. Because the effective resistance of
each turn is combined with the resistance of the turns in the remainder of the toroid, all turns, except at
beam transit, can be of a lower resistivity material and are in thermal contact with the N,-filled coil form,
thus they should remain close to 80 K. In general, the liquid N, would be admitted at the bottom of the
racetrack coil form and would vent from the top (these features and eventual feed-throughs for the r.f. coil
are not shown). The coils would be contained in an environment that prevents condensation of water vapor
on the windings.

7.3.3.6 Required static field coil current stability

The values in Table 7 imply that AB,/B, must be around 0.1 % in order to achieve P,°(8 A, 30 ns) > 0.5
for typical spectrometer dimensions. Even for perfect static field coil homogeneity (4Bq = 0), this imposes a
coil current stability of order of 0.1 % (Al/I <~ 10°®). The current stability should certainly not become the
limiting factor on AB,. Preferably it should be at least an order of magnitude better (41/1 < 10™). Long-term
current drift (e.g. in response to temperature changes) should also be in this range. Current supplies offering
stabilities in the 10”° range are commercially-available, so this is not expected to impose any technical
limitation.

7.3.3.7 Effect of coil dimensions on field homogeneity and field magnitude

With respect to geometry, field homogeneity, field strength, and winding resistance, it is preferable that
the static field coils be short in the beam direction, given that the coil width must be somewhat wider than
the beam. Reducing the coil thickness in the beam direction tends to allow the perpendicular axial length of
the coil to be reduced without loss in field homogeneity in the beam passage. This principle is illustrated by
considering the axial field of a cylindrical open-ended solenoid (Fig. 25), where instead of the coil
thickness in the beam direction we refer to the coil radius. The field at axial position x is

8= " (cosr—cosp) < 2| 2K lanZAX | (o

T N

This can be re-expressed in terms of the dimensionless quantities

H=7 (237)
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(b)

Beam

(c)
T =80K
Liquid N2 50 mn B
J=64 Almm? @ 200 A
Side plate

Fig. 24. A concept for a liquid N,-cooled static field coil. (a) The overall shape of the coil. (b) A section through one side of the coil
with beam passage showing: 1. Hollow tubes for passage of N running the full height of the coil form. 2. The 0.5 x 6.2 mm high
purity aluminum conductor that is wound around the coil form with a close spacing of approximately 6.3 mm per turn and the cooling
tubes. 3. Hollow interior of the coil form for the N, 4. High purity aluminum side plates providing additional thermal contact and
support for the conductor. (c) A cross-sectional view through of the beam passage shown in (b). (Concept and estimated parameters
kindly provided by C. Goodzeit of M.J.B. Consulting, De Soto, TX, USA).

~

A
\J

l

axial

Fig. 25. A short circular solenoid.
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which is the axial distance from the solenoid center expressed as a fraction of the half-length of the
solenoid and

=1 (238)

axial

which is the ratio of the diameter, d, of the coil to its axial length, so that

B
HoNl

1-p . 1+pu .
\/(772 +(1—,u)2) \/(772 +(1+ y)Z)

In the “long” solenoid limit (l.a >> 1), the field at the coil center is maximized (=nl), whereas at its
ends it is half this value (=unl /2 — limit of Eq. (239) with # = 1 and 77 < (1+4)). This alone implies that
the axial length of the coil must be substantially greater than the height of the neutron beam. Figure 26
shows the variation of the axial field normalized to the maximum attainable field (=nl) for solenoids with
various ratios 7 = d/la, calculated according to Eq. (236). Figure 26 reveals that as 7 increases:

(i) The axial range over which the field can be held close to B(x = 0) decreases.

(i) The maximum achievable field (at the center) decreases. This reduction becomes quite significant

once 77 increases above about 0.4.

1
=2 (239)

Magnetic field along axis of solenoids of axial length /. and radius r

1.0

0.9

0.8

n=d/,,,.~0.02 \

0.7 n=al,, .. =0.06 |

) N0 |
Eg ' - n=d/'faxiaf= 0.2
%0.5 : T’l=d/"‘axia;=0-4 \
mm - Tl:d/iaxiaI: 1

04 ‘n:d/“.‘é.u\'fajr= 2

0.3 — M=a/ 'faxia}‘: 4

0.2

0.1

0.0

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fraction of half coil length from coil center, u=2x/_ .,

Fig. 26. Variation of axial magnetic field of idealized solenoids with various diameter/axial length ratios, 7.
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This latter consideration is particularly important in the present application where the goal of achieving the
highest fields is already hampered by large currents. Usually, detailed field calculations are required to
optimize the coil windings and dimensions. Using the example of the cylindrical solenoid, suppose the
maximum axial length of the static field coil is 0.3 m, the beam height is 0.03 m, and the required ABy/By is
about 0.1 %. With reference to Fig. 26, this requires By(z = 0.1) > 0.999B,(x = 0). This occurs for

n <~ 0.045, i.e., for coil diameters of 0.0135 m or less. Although this example just considers the axial field
variation for a cylindrical solenoid, it suggests that careful control of the coil dimensions perpendicular to
the coil axis are required to achieve sufficient field homogeneity within the beam passage of the NRSE
coils.

7.3.3.8 Coil flatness issues

As demonstrated in Sec. 6 the dimensional tolerances for high resolution coils are demanding. The
winding support must be accurately machined and the windings themselves must be very flat. The use of
anodized pure aluminum band not only creates a geometrically well-defined field region but also eliminates
curved field lines that are generated in the vicinity of circular cross-section wires (Dubbers et al. [22]). The
existence of a magnetic pressure (see Sec. 7.3.3.10) is also of concern for maintaining the shape of the
windings. For high fields this usually requires clamping of the windings outside of the beam passage.

7.3.3.9 Winding methods

Commercial coil winding tools are available, however, good experience has been obtained using
machinist’s lathes. These machines offer the desirable combination of precise translational and rotational
speeds, and adjustable torque settings.
7.3.3.10 Magnetic pressure on the coil windings and their mechanical constraint

Magnetic pressure in a coil refers to the radial force exerted on the coil windings due to the difference

in magnetic flux density inside and outside the coil. The magnetic pressure, Ppqg, €xerted on the windings
at the center of a long circular solenoid is

BZ
meg = (240)
? 244,
from which we have
1 (B[T)Y 2
Pmag[NmZJ:Wz4x105(B[T]) : (241)

For B=0.04 T, Ppag=~ 637 Nm™ (= 0.0063 Atm).

For the approximately rectangular section coils used in NRSE, Ampere’s law predicts that the
magnitude of the field inside the coil is similar to that of a cylindrical coil carrying the same current,
assuming that the field outside the coil is negligible with respect to that inside. Therefore, we assume that
the magnetic pressure is also given by Eq. (241) near the center of a long rectangular section coil.

For a coil wound on a rectangular former with slight pre-tension, we can approximate the action of the
magnetic pressure on the band-like windings by the mechanical problem of an evenly-loaded beam whose
ends are constrained. According to Ref. [23], the maximum winding deflection at the center is

ool
Yoo = 3g4E1"

(242)
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where w is the load per unit length of the beam, |, is the unconstrained length of the beam, E is Young’s
modulus for the winding material, and | is the moment of inertia. For the band-like (rectangular) windings
of width h and (small) thickness t, the moment of inertia is

ht®
|l =—. 243
B (243)
The load per unit length is
w=PRh (224)
so that Eq. (242) can be re-expressed as
Pro (245)
Yo = 30K
ie,
2 4
BIT]) I,|m
Yoae [M] = 1.25%x10° ([])—[] (246)

E[Nm*]t[m]s'

For pure Al windings (E = 7.1x10" Nm™) with t = 0.4 mm (as used in existing coils), B =0.04 T, and a
typical |, for the coil face traversed by the beam of about 0.25 m, we have yma =~ 17 mm. This is clearly
unacceptably large, therefore in order to maintain the coil dimensions within required tolerances, the
windings must be clamped for high fields. Note that Eq. (245) contains the unconstrained length of the
winding to the 4th power, therefore it is often feasible for the clamping plates to incorporate an open
window allowing passage of the beam (see Fig. 20). For example, if this window is 0.03 m wide, then I,=
0.03 mand Eq. (245) yields ymax =~ 3.5 xm, which is well within the acceptable range (Table 7).

7.3.4 r.f. Coils
7.3.4.1 Existing r.f. coil designs

The r.f. coils, two examples of which are shown in Fig. 27, are of similar overall design with the beam
passing through the (gray) aluminum windings at the coil center. The fields are returned through the two
arch-shaped coils which greatly reduce r.f. power loss from induced currents in (and consequent heating of)
surrounding metallic structures, including the static field coils. This also prevents significant perturbations
to the static field. The coils outside of the beam passage are wound with high-frequency (very thin
stranded) copper wire to maximize electrical conductivity. The electrically-insulating return coil former
material in the units shown is similar to the fiberglass/epoxy composite used in printed circuit boards. The
method used at the ILL for maintaining tension on the aluminum windings is to stretch the windings over
silicon-based rubber O-rings covered with Kapton tape (rubber containing carbon has been found to burn).

7.3.4.2 r.f. circuit and impedance matching
The NRSE spectrometer operates at a single frequency for each scan point (or zrse). Typically, an
NRSE scan might consist of 10 or 20 points and therefore 10 or 20 different r.f. frequencies. Thus, even

though the drive circuit is “narrow” band for each measurement point, it must be tunable through more than
a decade of r.f. frequencies.
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Fig. 27. Two r.f. coils developed at the ILL. Top (smaller) uses anodized pure Al tape for the windings in the beam area. The larger
model (bottom) uses circular section anodized pure Al wire. (Photos kindly allowed by R. Géhler, ILL, Grenoble).
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In this application at high frequencies, it is important to match the characteristic impedances of the
transmission line with that of the load to prevent reflections of r.f. power from the load toward the source.
Reactive elements in a circuit (inductance and capacitance) store and return energy to the source unless the
circuit appears purely resistive (i.e., the voltage and the current are in phase). This is the condition for
impedance matching. Equivalently-stated, the power factor (= cosé), where @is the phase angle between
the current and the voltage must ideally equal 1or the net capacitative reactance of the circuit cancels the
net inductive reactance. Impedance matching not only maximizes the efficiency of the circuit, but also
prevents distortion of the r.f. signal caused by reflected, delayed signals. A lossless coaxial cable may be
considered as an inductance in parallel with a capacitance as shown in Fig. 28. By “lossless”, we mean a
perfectly insulating coaxial dielectric with negligible wire resistance. In this case, the characteristic
impedance, Z,, of an impedance-matched cable at any frequency appears purely resistive with magnitude

Zo — , Lcable — /L,l (247)
Ccable C

where L" and C’ are the characteristic inductance and capacitance per unit length of (uniform) cable.
Typically, for coaxial r.f. cables, Z, is 50 Q by design. The task is then to match the impedance of the rest
of the circuit (including the r.f. coil) to emulate a resistive value of magnitude Z, Consider the r.f. filter
circuit shown in Fig. 28. The power supply acts like a current source and the choke protects the source by
giving it high output impedance at high frequency. The r.f. coil may be considered as the combination of
the inductance and the series resistance, R. The parallel tunable capacitance C, allows maximization of the
power factor by canceling the inductive reactance of the r.f. coil (which increases proportional to the
frequency). In other words, the tunable capacitance C, is necessary to maintain the imaginary part of the
impedance of the circuit at zero, because the capacitance C; must also change with frequency to maintain
the real part of the circuit impedance at the value Z; the impedance would otherwise decrease with
increasing frequency causing signal reflection towards the source, and most of the voltage drop would
occur across the cable. C; also A.C.-couples the r.f. coil to the power supply so that the undistorted r.f.
voltage truly oscillates about 0 V. The reciprocal load impedance of the combined C4, C,, L, R part of the
circuit is

i: joC, +

z 2’
foad R+ j a)L—i R2 + a)L—i
oC, «C,

LCE'HC
— i — A

r.f C

choke
g Lcoil

(248)

Ccablc

Fig. 28. r.f. filter with lossless cables. R includes the resistance (likely mainly from the r.f. coil).
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where we have used Xc = -j/wC, X, = jal, and the complex identity y =y y'/y", etc. For exact impedance
matching, we require Re(Zj,aq) = Zo With a zero voltage-current phase difference which means that Im(Z;q,q)
(and consequently Im(1/Z,,54)) is zero. From Eq. (248), therefore, we have

—= - (for exact impedance matching) (249)

and

wC,
C, - =0

(2 1 2
R? +(a)L— )
«C,

Note that we consider R, L, and Z, as fixed (neglecting a possible high frequency dependence of R(w) due
to the reduction of the conducting cross-sectional area of the wire caused by the skin effect (Sec. 7.3.4.7)).
From the impedance matching conditions Egs. (249) and (250), we obtain:

(for exact impedance matching). (250)

C(w)= ! (for exact impedance matching) (251)

o(oL-\R(Z,-R))

and

R
@’C, (o) Z,-R
1

1
]2 wZ,\ R

C,(w)= (for exact impedance matching). (252)

R? L-
+(a) a)Cl(a))

For these particular values of C; and C,, we construct a simplified table of voltages, currents, and
impedances remembering that the cable acts like a pure resistance of Z, (as does the Cy, C,, L, R part of the
circuit), and these two sub-circuits reduce to a 2:1 voltage divider (Table 8).

Table 8. Circuit values at exact impedance matching (C, and C, are given by Egs. (251) and (252)).

C2 // Zo, Cz 1/ C1L

Ci L R C. CiLR CilR R

v oo, ) Yfjl_ oo Yllijec, R Ve Vio Vo Vi
2C, Zy0 2"z, 21z, 2 2 2

vi(1 . vi(1 . vi(1 . V.oC, Vo1 . Vi Vi

Jin| = 4 iwC Yin | = C Jin| = 4 iwC Vin®@es Yin | = C —n

' 2[20+J 2] 2[zo+w 2} 2[20+J 2] 2 2[zo+w 2} 22, 2z,

j i : 1
- L - R L- 2Z
7 oC, jo R oC, + J[a) a;Cl} Zy 0
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More realistically, the transmission line insulator has some conductance (represented by Geape) and non-
zero resistance, represented by Reqpe (S sShown in Fig. 29). Distortionless cables are fabricated such that

G'_R (253)

c U

where again the prime represents “per unit length”. Note that if such a circuit is used to drive M coils in
parallel (for example the four coils of one arm of a 4 — N = 2 coil NRSE), the current through C; will be M
times greater than for the single coil. Therefore, the capacitors must be rated to handle these currents.

Lcablc Rcablc
—
Al
r.f. Cl

choke
Ccablc CZ'Z L.
— E};IMC ;_ coil

Fig. 29. r.f. filter with losses in cables (cable resistance, represented by Rcanie, and conductance of dielectric, represented by Geapie).

7.3.4.3 r.f. coil frequency, currents, and voltages

The r.f. coil dimensions used in this and subsequent sections are shown in Fig. 30. From Table 8 at
exact impedance matching we have (substituting the value of C,(w) from Eq. (252)):

vL=a)LVi j—‘/ZO_R : (254)
27, R

where V;, is the supply voltage, with

V=t [ L (255)
2 \Z,R
and
v, [z,-R
A R o B (256)
2Z, R
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rectangular
winding
cross-section

> <,

7

r.f. coil
/]
|’
, ¥ h.~1/n,; (tightly wound)
Af:f_ A
o«
A
B,
dyy ¥
Ffaxml
Y 4
"_‘r;f’
Fig. 30. r.f. coil dimensions assuming rectangular cross-section windings.
with
Vi, 1
L=z
2\Z,R
so that
V
I, =—j—=.
L J oL

(257)

(258)

We see that V| is proportional to the frequency and L and that the current lags the voltage by 90°, as
expected for a pure inductance. Because the r.f. frequency must match the Larmor precession frequency in
the static field coils, reaching the maximum frequency of operation of the r.f. coil imposes the principal
technical challenge. According to Eg. (10), we have vt= 1.17 MHz for By~ 0.04 T (729 KHz for By =
0.025 T). Also, according to Eq. (15), the peak r.f. field is optimally-tuned according to the mean incident

wavelength with
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1.35645x10*

L [ml(4)| A

BX[T]= (259)

so that the largest r.f. field magnitude is defined by the minimum incident wavelength. Using the long
solenoid approximation (Eq. (213)), we conclude that the peak current required in the r.f. coil is
approximately

15 [A] = BY[T] 1.356x10°*
if ,u[NA'ZJnr, [m'1] ,u|:NA-2:|nrf [m_l]lrf [m]<j“|>|:'&:l

= 108 (in air/vacuum),

na [ s [mlta) A

(260)

where ny is the winding density of the r.f. coil, so that the root mean square (rms) current is approximately

1A -
Irrfms [A] — rf\/[E ] ~ 9592X10 y
u[NA7Tn, [ 1, [ml(4)| A
(261)
76.3 L
= — (inair/vacuum).
ng [m*]l, [m](i,)[A}
Applying Faraday’s law to a coil of inductance L,
dl
V=-L— 262
ot (262)
for which Eq. (258) is obviously a solution for sinusoidally-varying currents and voltages. For a
sinusoidally-varying current I, (t)=1}sina,t the maximum rate of change of the current is
(di/dt)  [As*]=17[A]o, [s*]~1.832x10° 1 [A]B, [T] (263)
and for a long solenoid, we use the approximation
L~ anf i Ay (264)
(A = ay % |is — see Fig. 30), whence
2
L[H] =~ 4zx107 (ng [ m™ |} I3, [m] A, | m?
(e[ ) s I ] -

~126x10°(n, [m*]) 1%, [m] A, [m?].

Now Eg. (262) can be rewritten using Egs. (260), (263), and (264), replacing Ay by a x |, where ay is the
r.f. coil dimension perpendicular to both the beam direction and to the r.f. field direction:
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rf [m

V¥ [V]~2.5%10° n, [m 3;){4

From Eq. (266) we see that the maximum voltage occurs at maximum By and minimum A. We will assume
that the minimum useful wavelength is 2 A. From Eq. (14) for a typical r.f. coil thickness I, (in the beam
direction) of 2.5 cm, we have B,*(ls = 0.025 m, (4;) = 2 A) = 2.71 mT. The peak current in the r.f. coil
with winding density n= 250 m™ is approximately 1,(n, = 250 m™, l;=0.025 m, (1)) =2 A) ~ 8.64 A.
This is approximately one order of magnitude less than the maximum currents required in the static field
coils with similar winding densities.

Typical r.f. coils such as those shown in Fig. 27, have self-inductances of order (40 to 50) #H. For L =
50 1H, 1y~ 8.64 A, @y=2zvy(max) ~ 7.35x10° rad s, we have dl/dt = 6.3x10" As™ with a peak voltage
across the r.f. coil of around Vrfpk(nrf =250 m™, I+ = 0.025 m, (4) =2 A)~ 3.2 kV. This high peak voltage
poses various challenges for electrical insulation, switching, and other circuit issues covered in Sec. 7.3.4.2.
Typically Teflon-insulated high voltage cables are limited to about 1.5 kV. The peak voltage in this
example may impose a limitation on the minimum operational wavelength.

The voltage between adjacent windings in a tightly-wound coil, V™", must also be maintained below
breakdown. For a simple voltage divider, this is simply the total voltage difference across the coil
multiplied by the fractional length of one turn with respect to the total winding length on the coil. For
tightly-wound rectangular windings this fraction is hys/logia = 1/(ni laxial) = 1/Nys, where Ny is the total
number of turns on the r.f. coil, i.e.,

B, [T]: (266)

V max Vv max
V= =2 (267)
nrf Ia)ﬂal N rf

7.3.4.4 r.f. power supply voltage at exact impedance matching

If Vs~ is the rms voltage of the power supply, we equate the magnitude of the rms current in the coil
at exact impedance matching (from Table 8, with V;, replaced by V. ° and with the required value of C,
from Eq. (252)) with the required rms current magnitude from Eq. (261), whence

-5 PS
9.592x10 _ Vims exact impedance matching. (268)

u[NATn, [m 1, [m)(2) A ] 2ER

I:fms[A]:

Therefore, if we assume Z; is 50 Q, we require a power supply voltage of

VP [V]= 152.7,(7,[Q]R[Q]  1079.4R[Q]

e = exact impedance matching, Z,=50Q.

n [ (ml () A ] [ [ 2) 4]

(269)

For R~ 1 Q, ns[m™]l¢[m] = 10, the supply voltage is approximately 100 V/A[A]. Note that this is typically
much smaller than the high frequency voltages generated across the r.f. coil itself.

7.3.4.5 Power dissipation in the r.f. circuit and in the r.f. coil

At exact impedance matching, Re(Zjoad) = Zo, IM(Z10aq) = 0 (see Sec. 7.3.4.2), and the resistance of the
entire circuit is 2Z,, therefore the heat dissipated in the whole circuit is
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P

rf circuit

afizyz, -

exact impedance matching, (270)

where IrF,’nSS is the total current delivered to the circuit from the power supply. Using Eq. (269) for Vims °

with Zo=50 Q, we have

1

ne [ e [ml(a) A

P

rf circuit

[W]=1.165x10° R[Q]

exact impedance matching, Z, = 50 Q.

(271)

Using the example from the previous section (i.e., R = 1 Q, ns[m™]l,[m] = 10) we have P gircuit
117 W/(A[A])? = 30 W for a minimum wavelength of 2 A.

The power dissipated as heat in the r.f. coil is only due to the coil resistance (the reactance alternately
stores and releases energy back towards the source). From Table 8, at exact impedance matching, the
voltage across the coil (assuming all the resistance R is due to the coil) is

PS
= Vins (ZLJF ja)C2] R atexact impedance matching. (272)

coil
2 0

Therefore the power dissipated as heat in the coil at exact impedance matching is

VA .
== iJrJa)C2
2 \Z,

where we have used the value of C, from Eq. (252), i.e., one half of the total power dissipated in the circuit
(c.f. Eq. (270)) is dissipated in the r.f. coil at exact impedance matching.

2 PS

2
(Vrms ) ms \2 Prf circuit : :
R="7 _ (Irf ) R= exact impedance matching, (273)
47, 2

coil

7.3.4.6 r.f. coil cooling

Because the maximum currents required in the r.f. coils are not so large (of order 10 A), experience has
shown that compressed air cooling is usually adequate to maintain them below 100 °C for frequencies of up
to about 750 kHz.

7.3.4.7 The skin effect and the resistance of the r.f. coil windings

An unfortunate consequence of induced eddy currents and Lenz’s law at high frequencies is the
concentration of current towards the outer surface of the conductor, commonly referred to as the “skin
effect”. The skin depth (or thickness within which the current falls to 1/e of its outer surface value for a
thick conductor), 6, is inversely proportional to the square root of the frequency:

5 = Tf_a), (274)

where o is the conductivity and y is the permeability of the wire. Two undesirables result. Firstly the
resistance of the wire increases rapidly when &is comparable to, or less than, the wire diameter. The skin
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depth for copper at the highest frequencies required (~1 MHz) is about 66 xm (0.065 mm). Secondly, the
increase in resistance with increasing frequency induces a frequency-dependence of the signal velocity
causing dispersion even in a ‘distortionless’ cable. However, the latter effect is negligible for the NRSE due
to the extremely narrow r.f. bandwidth for each spectrometer setting.

One solution for r.f. coils operating at about 1 MHz is to use multiple small diameter (preferably < 6),
individually-insulated copper wires in parallel rather than fewer thicker conductors. This is the case for the
coils shown in Fig. 27. Unfortunately, this is only feasible for the return coils outside the beam passage. For
aluminum, the skin depth at 1 MHz is about 83 zm (0.083 mm), i.e., for aluminum we assume that

83

. 275
v[Hz] (279)

Sy [mm]=

For band-type windings, where h > t, the ratio of the D.C. resistance, Ry, to the winding resistance at
frequency v, R(v), is given approximately by
t/2
dx
R(v) j t

0

~ 3 = band-like windings with h > t. (276)
R J'exp(—XJ dx 25{1—exp(—tﬂ
! s 25

Note that in the low-frequency limit & >> t, therefore

R(v) t 1 S», 277)

* oo

as expected, and in the high-frequency limitt > ¢, therefore

R
M.t iss 278)
R, 20

i.e., the band winding of thickness t in the high frequency limit has approximately the D.C. resistance of a
conductor of thickness 26 with the central core volume behaving like a perfect insulator. Applying Egs.
(275) and (276) to the t = 0.4 mm-thick aluminum band example from Sec. 7.3.2, we see that the resistance
at 1 MHz is about 5 times greater than the D.C. resistance with a current at the center of the conductor of
less than 9 % of the value near the surface. In this particular example, the 1 MHz conductor resistance
would drop by less than 10 % even if the conductor were made arbitrarily thick. Consequently, increasing
the aluminum winding thickness beyond a few 1/10ths of a millimeter (for MHz frequencies) results in
only modest power reduction with unnecessary losses of neutron transmission.

7.3.4.8 Allowable AB/B,s and Al I+

In each #flipper coil, the neutron spin ideally precesses through an angle zaround By during neutron
passage through the coil. The actual angle of precession of the spin about B, is determined by the
dispersion due to the spread of incident wavelengths, as discussed in Sec. 2.2. However, an additional loss
of polarization/flipping efficiency by a similar mechanism results if there is a spread in the magnitude of B
or of the length of the r.f. field, |+. In order to maximize intensity, we wish to maximize the operational
neutron wavelength bandwidth of the spectrometer. Therefore, it is reasonable to require that the effects of
A(By 1) be small compared with the effects due to dispersion. In this way, acceptable operation of the
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instrument is sustained for the largest possible A1/A. A(Bl) is reduced by appropriate coil engineering.
Because of the similarities with dispersion, we use Eq. (43) (for triangular distributions for both A(B 1,1
and 44), or Eq. (44) (for Gaussian distributions), with Aryrm (See Eq. (36)) replaced by an effective value

2 2
A(B,I
A = { (B ”)J {MFWHM] . (279)

Brf Irf <ﬂ“| >

We choose a reasonable criterion whereby (A(Bi 11)/Bxt 1)? is at most 10 % of (Adzwrm /{AD)?, i.e.,

A SLO5A - (280)

Estimated flipping efficiencies for triangular distributions (for M = 8 flipper coils) assuming (i) only
dispersion and (ii) Eq. (280) for the combined effects of dispersion and A(By 1) are compared in Table 9.
The results demonstrate that the latter creates measurable but tolerably small reductions in the flipping
efficiency with respect to the effect of dispersion alone.

Table 9. Flipping efficiency for triangular distributions of (i) 44 (dispersion only) and (ii) A4 combined with effects of A(By ) using
the criterion expressed in Eq. (280) for M = 8 zcoils.

Pisp /Pideal (M = 8)

Arwim
(= Adewrm K Ay) (%) Arwi (ON1Y) with Apwn®" = 1.05Arwim
10 0.96831 0.96519
20 0.88600 0.87604
30 0.78127 0.76533
40 0.67898 0.66009
50 0.59115 057179

If we assume typical spectrometer operation at Apyum <~ 10 %, we require

A(Brf Irf )

<~ 0.03. 281
Brf Irf ( )

Further assuming equal fractional error contributions due to 4B, and Al,;, we can write

J2aB, VAl

Brf I rf

<~0.03. (282)

Using Eq. (282) for I,; = 0.025 m, we have 4l,; <~ 0.6 mm (which is not excessively demanding), with
ABt /By = ABIB, P <~ 2 % (which is more than an order of magnitude more relaxed than the required
static field homogeneities (see Table 7)). Using Eq. (259) the above criterion may be re-expressed as

2.9x107°

L ml{4)] A]

AB¥[T]= (283)
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For the same I, (= 0.025 m) and a wavelength range from 2 A to 12 A, (B, varies from about 2.7 mT to
about 0.45 mT respectively), we require AB™ <~ 60 4T at 2 A and AB™ <~ 10 4T at 12 A,

7.3.5 Stray Fields in the “Zero Field” Regions

There are inevitably stray fields within the “zero-field” gaps that give rise to unwanted Larmor
precession around the local stray field direction. In the worst cases, these can severely reduce or even
destroy the echo signal. Sources of stray fields are leakage fields from the coils themselves, the Earth’s
magnetic field, and other externally-produced magnetic fields. Even-N bootstrap coils greatly reduce the
coil contribution by providing compact, closed return paths due to the oppositely-opposed field directions.
Furthermore, the leakage field has opposite sign each side of the bootstrap coil, resulting in a first order
cancellation of the Larmor precession upstream and downstream of the coil. Tight conduction of field lines
between the coil pairs (and away from the zero field regions) is greatly improved by using high
permeability z-metal caps linking the coil ends. Leakage fields into the zero-field flight paths are further
reduced by encapsulating the coil in a x-metal screen with the exception of the beam path. External sources
of stray field (such as the Earth’s field) are practically eliminated by surrounding the sensitive flight paths
with multi-skinned g-metal shielding [24] (see also Sec. 7.7). For a mean net stray field of magnitude Byray,
integrated along the spectrometer arm of length L, the net additional precession angle is

stray

(Ays )rad] = 2 : By L (4 ) = 4.63x10° B, [T] L[m](i,)[,&] (284)

Example: Unshielded Earth’s magnetic field (zip code 21737, Oct 8 2008) = 5.25 x 10” T, horizontal
component = 2.06 x 10 T, vertical component = 4.83 x 10° T, L =2m, (4) =8 A, (A¢ys) = 35.8 rads =
2050.1° = 5.7 turns.

If the dominant stray field component is from coil leakage, the leakage field lines tend to align along
the direction of the static fields. If we impose the constraint that the net precession angle in each arm of the
spectrometer should not exceed about 10°, we require

()] Al

If 2 = 8A this corresponds to a stray field integral of about 5 x 107 Tm (for L = 2 m and Bstray OF about
0.2 uT integrated over L). Géhler, Golub, and Keller [8] show measured stray fields obtained outside a
typical -metal capped N=2 bootstrap coil. The stray field magnitude for such a coil with an internal field
By of 1.67 mT is about 3 4T for about the first 0.05 m falling to less than 0.5 4T at about 0.2 m from the
coil. The estimated stray field integral on one side of the coil from this measurement is about 8 x 107 Tm.
At By=0.04 T internal field, we might expect the stray field integral to be about (0.04 x 8 x 107/1.67 x
10 ~ 1.9 x 10" Tm (38 times greater than the value given for 1= 8 A above). In his Ph.D. thesis, T.
Keller [25] shows that the field integral of such coils could be reduced by an additional factor of about 30
by adding the g~metal screen around the N = 2 coil. In this case we anticipate a typical stray field integral
magnitude on one side of the coil unit of about A; ~ 6.3 x 107 Tm at B, = 0.04 T, with a similar stray field
integral magnitude A4, on the other side (of opposite sign). If the 4-N = 2 coils are arranged as shown in Fig.
6 and the typical residual net leakage field integral due to each N = 2 coil unit (=(4; - 4,)) is added in
quadrature for the two coil units of each arm, using Eq. (285) we have a stray field integral cancellation
criterion given by

By [T]L[mM] < (285)

stray [
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3.8x10° 2.7x10°

E)[A] (A

For the 1 = 8A example, this requires (4, - A, <~ 3.4x107 Tm for 10° net stray field precession in each
arm. For 4, = 6.3 x 107 Tm, this means that the typical stray field cancellation need only be about 50 % in
this case. This appears entirely achievable.

(A =A,)[Tm] <~ (286)

7.3.6 Measurement of Small tyrse
7.3.6.1 The Bloch-Siegert shift

In the previous discussion, the resonant component of the r.f. field has been approximated as a pure
rotating field and the influence of the counter-rotating component has been ignored. However, the applied
r.f. field is an oscillating field, not a pure rotating field. Bloch and Siegert [5] treated the case that really
exists in the resonance coil for a spin-1/2 particle traversing a static field with a superimposed,
perpendicular oscillating field. This problem does not have an exact solution. However, they showed that
for increasing Bo/B,+, the solution increasingly approximates to that of a “static + circular” field with a
similarly-shaped resonance curve, but with a resonance frequency that deviates from the classical Larmor
frequency, ax, by a fractional amount equal to

2
Ay |wrf _wo| _ B/

= . 287
@, @, 16B? (287)

Typically for high-resolution operation of the NRSE flipper coils this fraction is small. For example,
according to Eq. (15), for Iz, = 0.03 m and short wavelength operation (4 = 2 A), B;= 2.26 mT. For B, =
0.04 T, Acss/ axy = 2x10™ corresponding to about 233 Hz. However, at low zrse, Aars can be a significant
fraction of the Larmor frequency.

7.3.6.2 Solution using NSE mode operation of coils

When By becomes comparable to By, the flippers do not perform well. Képpe et al. [11] provide some
idea of when this is likely to occur. Their coils cease to operate satisfactorily for static fields By< 2.7 mT
for <6 A. Assuming that these r.f. coils are no greater than about 0.025 m thick in the beam direction, we
infer from Eq. (15) that the peak r.f. field at which problems occur is for B >~ 0.9 mT or B>~ 0.45 mT.
Thus we assume that the z-flippers must be operated under the following condition:

B
B—” <0.17 approximate condition for operating in NRSE mode. (288)
0

This condition clearly limits the dynamic range of the NRSE instrument with respect to low 7 (low By)
measurements. One possibility for measuring short Fourier times, proposed by Géhler, consists of turning
off the r.f. field to all the coils and running in classic NSE mode. In a 4-N = 1 coil configuration one or both
of the static coils in each arm can be operated. The fields are oriented in the correct sense in this case so
that no #flipper is required between the two arms of the spectrometer as in a conventional (longitudinal
field) NSE instrument; consequently Larmor precession occurs within the coil length in opposite directions
on each side of the sample. This is illustrated in Fig. 31. Several points at low z can be measured by
adjusting the field magnitude in the active coils.
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(b) T B, T B,

| |
Vs, 4

Fig. 31. Using a 4-N = 1 coil NRSE spectrometer in NSE mode for measuring small Fourier times. The r.f. field is turned off in the
coils. (a) Using the static field of two coils for the precession fields; (b) using the static field of all four coils to access higher z.

The situation is more complicated in a bootstrap coil configuration (for example N = 2). In this case, all
r.f. fields are switched off (as in the N = 1 case), however the static field directions are inappropriate for
operation in NSE mode. Several solutions to this problem are illustrated in Fig. 32. In case (a), all static
fields remain on but a 7 flipper is placed between the two opposing coils of a bootstrap pair, essentially
reversing the field direction of the second coil. Conceivably, the field direction in the second coil of the
pair could be reversed by reversing the current direction in the coil, but the two coils are often constructed
from a single winding rendering this option impractical. In case (b), if the coils can be switched out of the
circuit independently, only the fields that have the correct direction are energized. (c) is like (b) but only
one coil of the correct field direction is energized in each arm. Note that if the static fields are provided by
permanent magnets (see Sec. 9.2), only option (a) is feasible unless magnets of the wrong field direction
are physically removed from the beam. For permanent magnets the NSE scan must be performed by
rotating the magnets to change the field integrals in a way that does not introduce unwanted Q-dependence
(see Sec. 9.3).
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Fig. 32. Using a 4-N = 2 coil NRSE spectrometer in NSE mode for measuring small Fourier times. The r.f. field is turned off in all
coils: (a) all static fields on, using 7 flippers (b) (if feasible) switching off all wrong field directions (no 7z flipper) (c) switching off all
but two of the fields.

7.3.6.3 An example of a combined NSE-NRSE mode scan

For NRSE operation we have zgse given by Eq. (120), i.e., zwrse[ns] = 0.37271 N Bo[T] Lo[m] (A4[A])®,
where (combining Eqgs. (288) and (14)) for satisfactory NRSE mode operation we have

By [T]lg, [M]4 [,&} >~ 4x10“TmA  for satisfactory NRSE mode operation, (289)

whence
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ol

Iy, [m]

Tyrse [NS] >~ 1.5%x107 for satisfactory NRSE mode operation. (290)

If we choose N =2, Lo=2m, 4=8A, and lzo~ 0.03 m for this scan we anticipate that it is possible to
operate in NRSE mode for zrse >~ 1.3 ns. This corresponds to Bo >~ 1.7 mT in this case. For smaller
values of 7, the spectrometer must be run in NSE mode. In NSE mode we have

Tuse [15] = 0.373MB, [Tl [m][ﬂ,, P\Ds , (291)

where M is the total number of static field coils energized. If the maximum By is 0.04 T, with M = 8 (i.e.,
the configuration shown in Fig. 32 (a)), we can use NSE mode up to zse~ 1.8 nsfor A=8 A, i.e., there is a
possible overlap between the upper NSE mode and the lower NRSE mode if the scheme in Fig. 32 (a) is
adopted. Some dummy data points are plotted in Fig. 33 showing the scan points that result from evenly-
spaced values of By in the range from about 1.7 mT (the minimum field for NRSE operation in this
example) to 0.04 T for both NSE mode (red circles) and NRSE mode (blue squares).

7.4 Defining the Major Instrument Parameters for the NRSE Instrument Using Coils

We now explore some of the major constraints on the instrument parameters imposed by the proposed
instrumental performance goals, when combined with some technical constraints for an NRSE instrument
using resonance coils. This is by no means an exhaustive list and additional compromises may be
necessary. Probably the major factors are as follows:

1. We wish to access zyrse = 30 ns at A = 8A. This has implications for the minimum achievable
magnitude of the product BoL, expressed in Eq. (206).

2. Once 30 ns at 1 = 8 A is accessible, we wish to achieve a resolution function signal (polarization)
greater than or equal to a stated minimum value, P,°. The static field homogeneity, coil flatness,
and beam divergence required to achieve these conditions are given approximately by Egs. (203-
205) respectively.

3. The anticipated neutron transmission of the windings should be >~ 80 % at A = 8 A. This concerns
the thickness of the windings in the beam direction, t. The transmission for aluminum windings
may be estimated using the macroscopic cross-section given in Eq. (211).

4. Maximum limitations on the static field coil current/minimum coil winding density (see Eq.
(214)).

5. Capacity to remove heat from the static field coils (see for example Eq. (235) for tightly-wound
rectangular cross-section aluminum windings), given the estimated constraints on the coil surface
area, the winding thickness, t, the maximum operating static field, By™, (as constrained by
condition 1 above), and the means available for cooling outside of the neutron beam passage (see
Sec. 7.3.3.5).

6. Maximum limitations on the voltage across the r.f. coil at By™ (see Eq. (266)). These are dictated
by cabling and insulation breakdown issues with a practical maximum of about 1.5 kV.

We assume, for the reasons given in Sec. 3.4, that the number of coils in the bootstrap is universally

N = 2 and that the windings are made of aluminum.
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N=2, A=8 A, I, ,=0.03m, L,=2m, B =1.7 mT 0 0.04 T
(QENS 40 neV FWHM, quasi-perfect resolution, no dispersion)
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Fig. 33. Fourier time (zrse) ranges resulting from evenly-spaced values of By in the range from about 1.7 mT (the minimum for NRSE
operation in this example) to 0.04 T for both NSE mode (red circles) and NRSE mode (blue squares). This example is for ;=8 A N =
2, Lo=2m, and lgo= 0.03 m. The curve happens to correspond to a 40 neV quasi-elastic scatterer in a highly-idealized spectrometer
with quasi-perfect resolution (perfectly ideal construction, field uniformity etc.) and zero coil dispersion. Identical values of B, were
used for each mode. Note that the NSE mode is highly compressed with respect to zese compared with the NRSE mode.

Condition 1 for N = 2 imposes the constraint already given by Eq. (207), i.e.,

(BoLy),,, 20.079Tm Condition 1: Criterion for accessing zyzse =30 nsat 4 =8 Awith N =2. (292)

Condition 2 imposes resolution requirements for N = 2, which may be stated as follows (assuming equal
contributions from each term — see Egs. (203-205)):
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We also assume that these conditions must be satisfied at least for 1 =8 A, thereby being automatically
satisfied for 2 < 8 A, but not for 1 > 8 A. Choosing P,° at (30 ns, 8 A) > 0.5, the resolution conditions 2(a),
(b), and (c) simplify to the approximate relations below, where in (c) we use the equality in condition 1 as
representing the minimum product B,L, required to achieve 30 ns at 8 A (i.e., the reference point at which
condition 2 must apply):

1.5x10°°

ABFWHM T <

(a) 0 [ ] IB0 [m]
FWHM 1.5x10° . . 0
(b) Alg"™ [m]< W Condition 2: To achieve P,’ > 0.5 at (30 ns, 8 A). (293)
0
-3
(€) A, [rad]< 1207 4a0°
By [T] Lo [m]

Condition 3 amounts to having a total aluminum winding thickness traversed by the neutron beam of less
than 24 mm. Using the 2:1 winding thickness ratio for the static: r.f. field coil windings used in the example
in Sec. 7.3.2, we treat this condition as only influencing one of the critical parameters in the above list,
namely the thickness t of the static field coil windings. The condition for the present purposes is therefore
stated as t < 1 mm on the understanding that the r.f. coil can work satisfactorily with winding thickness
<0.5 mm.

Condition 4 can be stated as

B,[1] _,

n[m_1:| = "max '

where I, is a stated upper limit. If we choose a static field coil upper current limitation of I, = 100 A,
condition 4 can be restated as:

8x10°

By [T]

n[m*]

<1.25x10™ Condition 4: To limit I,,,, < 100 A in the static field coil windings. (294)
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Condition 5 for aluminum windings amounts to determining the maximum operational power dissipated as
heat in the static field coil (i.e., at the maximum operating static field By™) — see Eq. (235), P(B,™), and
assessing whether it is reasonable:

P (B7™)[W]= (B> [T]) %(72.ZT (K)-4.37x10°).

We will assume an equilibrium winding temperature of T = 400 K. Minimizing P(B,"®) in condition 5 is
aided by choosing the maximum allowable value of t (i.e., 1 mm from condition 3), so that condition 5
becomes:

P (B )[W] = 2.45x10" (B [T])" A,y [m?], T=400 K, t = tng =107 m.
We substitute the value of Ay, for a rectangular form coil (Eq. (218)) so we have
Py (B™ ) [W] = 4.9x107 (B [T]) I [m](a[m] +1,, [M]), T =400 K, t = tr = 10° m.

We assume from previously-developed coils that |, and a must be at least about 7 times larger than the
beam dimensions to achieve sufficient static field homogeneity within the beam passage. For a3 cm x 3 cm

beam, this equates to a = lia~ 0.2 m. Also gy =~ 0.03 m, therefore, substituting these values for a typical
situation we have:

Py (B(;”aX )[W] ~2.25x10° (Bg“ax [T])2 Condition 5: Max power in typical static coil with T = 400 K,

typ

t = tna = 10° m (1 mm), @ = laia = 0.2 M, Igo = 0.03 m. (295)
Finally, condition 6 can be stated as (see Eq. (266)):

rf

2 5)(104 nrf [m-l]laxial [m]arf [m]

()| A

BI [T]<V,™,

where for V4™ = 1500 V, we have:

n, [m'l}lgial m]a, [m]

()| A

This condition must be true for all operating conditions and consequently also for the minimum operating
wavelength, which we choose as 4 = 2 A, where the voltage is maximized. Because the r.f. field
homogeneity requirements are typically an order of magnitude more relaxed (see Sec. 7.3.4.8) than the
required static field homogeneities (see Table 7) at high resolution, we assume that I" o and a, need be
only three times the beam size (i.e., we will make I" ot = i = 0.09 m). Condition 6 then becomes:

Br*[T]<0.06 for V"< 1500 V.

n, [m‘l] By>[T]<15 Condition 6: For V4™ < 1500 V for Iy = @ =0.09 m and A = Apin = 2 A,
(296)
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We make one further simplification to express condition 1 in terms of the maximum By (Bo™™) only. The
technical conditions 2(b), 4, 5, and 6 are all worst-case at maximum field (B,"™). We might reduce the
maximum necessary field By by reasonably maximizing the inter-coil separation L, in condition 1. A value
of Ly = 2 m is about the longest practical value in terms of available floor space for the instrument.
However the disadvantage of further increasing L, is that the instrumental solid angle of acceptance reduces
proportional to 1/L,’. Fixing Lo= 2 m, therefore, condition 1 (Eq. (292)) becomes:

By =0.0395T Condition 1 for Lo=2 m.
Therefore conditions 2(b), 4, 5, and 6 become respectively:

AIF™ [m]<3.8x10™ (i.e., about 38.m or less — see Eq. (293) (b)).

n[m'l] >316 (Minimum static field coil winding density for | <100 A — see Eq. (294)).

max

The minimum achievable power dissipated as heat at the maximum operating field, By
(295)):

, is (from Eg.

P (By™)[W],, 3510 W T=400K, t=10"m, lya = 0.2 m, lgo = 0.03m, (297)

i.e., the minimum required cooling power to maintain the windings at 400 K.
From Eq. (296) we have:

ne[m*]<380 (limiting r.f. coil inductance).

The parameter values 2(c), and 3 have already been determined in this example as A6y < 4 x107 rad and
t = 10" m respectively.

The remaining parameter range to be determined is 2(a). This is somewhat driven by what is achievable
in the coil design, but we have seen (Sec. 7.3.3.7) that small values of Iz aid in achieving the required static
field homogeneity. Given that the static field coil must enclose both the r.f. coil and the necessary
structures for heat removal, we anticipate lgo~ 0.03 m as imposing an approximate practical lower limit on
the static field coil length (as has been assumed in many of the examples given above). Using this value,
condition 2(a) amounts to designing a coil that can achieve

ABFM [T] <5x10°

For Bo™ = 0.0395 T, this corresponds to a static field homogeneity to about 0.305 % or better.
7.5 Coupling Coils

The author is grateful to Roland Géhler of the ILL, Grenaoble, for providing information about these
coils:

The p-metal shield surrounding the coils cannot be closed because a polarized neutron beam cannot be
passed through z~metal without significant depolarization. Thus the x-metal tube must be open-ended. The
open-ended tube by itself has field lines penetrating partially into the openings, thus in order to maintain
control of the polarization direction at the entrance and exit of the z~metal shield, coupling coils (CCs) are
used. Géhler et al. use a g~-metal tube of about 0.1 m diameter into which is introduced a (0.15 t0 0.2) m
long (in the beam direction), rectangular cross-section CC. An example of a CC penetration into a z#-metal
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shield on the NRSE-TAS spectrometer at the FRM-II is shown in Fig. 34. The magnetic field axis of the
CC is perpendicular to the beam. The residual field of the polarizer (and analyzer) at the entrance (exit) of
these coils is usually a few hundred 4T. The field magnitude in the CCs is also typically a few hundred 4T.
The windings on the polarizer side are bent outwards (this is visible in Fig. 34) in order to ensure an
adiabatic transition from the polarizer field to the CC guide field, whilst eliminating CC windings from the
neutron beam path. If the adiabatic condition is met, the neutron spins follow the direction of the CC guide
field. On the inner side of the CCs, the neutrons pass abruptly through the windings and a non-adiabatic
transition results, whereby the polarization direction immediately prior to passing through the windings is
preserved. In order to ensure this, the CC return fields are conducted sharply into an additional x-metal
shield that surrounds the inner ends of the coil, thus avoiding a gradual stray field gradient downstream that
could affect the polarization direction. Finally, the CCs (and hence the polarization direction) can be rotated
through 90° without loss of polarization. For the ILL “Zeta” instrument, both the polarizer field and the
initial polarization direction are vertical (parallel to z). The CCs are used to rotate the polarization to lie
along x for normal instrument operation, or along z for individual tests of the flipper coils.

|-—_________———'j—".
Y /.

m

Fig. 34. A coupling coil at the exit of a z~metal housing on the NRSE-TAS spectrometer at the FRM-I1, Garching, Germany (photo
kindly allowed by T. Keller). The windings are bent outwards at the exit to avoid contact with the beam and to ensure an adiabatic
transfer from the polarizer/analyzer field to the CC guide field.

7.5.1 Conditions for Adiabatic and Non-Adiabatic Field Transitions

“Adiabatic” and “non-adiabatic” spin transitions in spatially and/or temporally-varying magnetic fields
refer to two extremes:
(i) Adiabatic: the spin direction follows the field direction at all times.
(if) Non-adiabatic: the neutron passage is sufficiently fast that the spin cannot follow the change of
field direction and preserves its original direction.
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For the CC it is convenient to consider a magnetic field, of constant magnitude Bgyiqe, initially parallel to
the spin direction, which rotates uniformly through an angle y over a flight path length d. In its rest frame,
a neutron of constant velocity v, sees a magnetic field rotating at frequency £2, where

Q=yn, (298)

This situation has been represented by Ramsey [26] and other authors in terms of an effective field in a
coordinate frame fixed to the rotating field (see Fig. 35). In the adiabatic case, Bet = Bgyige (i.€., 6 — 0),
therefore s remains approximately parallel to By,ge in the rotating frame and consequently the spin follows
the change of direction of the guide field in the lab frame. In the non-adiabatic case, Bes ~ 2/,
(approximately independent of Byyige, § — #72), and the spins precess at a rate yBes~ £2. In the lab frame,
therefore, where Bgyiqe rotates with £2, the spins stand still, i.e., they do not follow the change of direction of
Bguice: We note that the angle &is given by

o=tan| —2|_tant| | (299)
7n Bguide 7n Bguided

£2seen from
n rest frame

Approaching adiabatic approximation: ~ Approaching non-adiabatic

Apparent field turn frequency (2 « approximation: Apparent field turn
Larmor frequency due to B, frequency £2 » Larmor frequency due
toB .
guide
yn guide
oy
}/uBgu.r'de

S

Fig. 35. The effective magnetic field in a coordinate frame fixed to the rotating field. Two situations are shown tending towards the
extreme adiabatic and non-adiabatic cases.
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An order of magnitude for the required guide fields is obtained by considering several examples of an
increasing approach to pure adiabatic rotation of spins (decreasing 6) through an angle = 7/2. The angle

w is brought about by a uniform rotation of a guide field (of constant magnitude |Bguig|) over a flight path
of 0.5 m (a typical spacing between the polarizer and the coupling coil). The results are shown in Table 10.

Table 10. Estimated minimum (fixed) guide field magnitudes, |Bguice|, required to produce a 772 rotation of a neutron spin that follows
a guide field rotation of /2 radians over a distance of 0.5 m. The actual conditions for adiabatic rotation are usually determined
experimentally.

[Bguice| for 6=
v(msh) AR)  Q2(y=rl2d=05m)=, /18 (10°) /180 (1°) /1800 (0.1°)
1000 ~4 10007 ~100 4T ~1mT ~10mT
500 ~8 5007 ~50 4T  ~05mT ~omT

7.6 Alignment of the B, Fields Using Coupling Coils

The coupling coils (Sec. 7.5) provide a convenient means of aligning the static fields of the coils in the
spectrometer. This is performed by rotating the field axis of the coupling coil such that the neutron spins
are aligned along the required B, field axis. The By, field of each coil is switched on one at a time and the
static field coil is adjusted until the maximum signal is measured in a detector placed downstream of the
analyzer.

7.7 Magnetic Shielding

It is essential to reduce net stray field integrals in the “zero-field” flight paths to the order of a few
x107 Tm (see Sec. 7.3.5). At high static fields By, this involves magnetic screening of the individual coils
units outside of the beam area. Significant sources of external magnetic fields must also be excluded. For
example, the action of the unshielded Earth’s magnetic field may give rise to a precession of several turns
over a typical 2 m drift path, which additionally is variable depending on the orientation of the
spectrometer arm. Uncompensated neighboring magnetic environments may cause worse complications,
especially if the field magnitude changes. Therefore, the neutron drift paths between the coils must also be
magnetically shielded.

One of the best magnetic shielding materials is so-called “z~metal”. 1-metal is an alloy with typical
composition 75 % Ni, 2 % Cr, 5 % Cu, 18 % Fe and density of about 8.75 gcm™. It has the property of
being very soft magnetically, having a very small coercive field, and an extremely high permeability at low
field strengths. With a single-skinned, 1 mm thick z-metal tube, Dubbers et al. [22] were able to obtain a
shielding factor for the Earth’s magnetic field of about 20, from about 40.T to about 24T. However, the
resulting several #Tm field integral over 2 m drift paths is insufficient by nearly an order of magnitude for
achieving the goals discussed in Sec. 7.3.5. The magnetic shielding factor is significantly improved by
using multiple-skinned shields with intervening air gaps [27]. The case of triple-skinned, concentric
cylindrical and spherical shields was first treated in an elementary way by Wills [24]. Dubbers [28] further
simplified the cylindrical geometry, multi-skinned z-metal case in the thin-shell approximation that agrees
with the rigorous calculations to about 1 percent in most cases. He reiterates that the shielding is most
effective when the shell diameters, D;, grow in geometric progression, i.e.,

g (300)
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where xis a constant. Using this approximation, the total shielding factor, S, for n concentric shells with a
constant diameter ratio x is given approximately by

n

2 —
S|t (o) (D | g 0L (301)

s Nk k-1 n

where 4 t1/Dy is the shielding factor of the innermost shell of diameter Dy, thickness t;, and permeability
4. Equation (301) demonstrates the value of using high permeability with n > 1, given that t; cannot be
large for practical purposes and D, cannot be smaller than is allowed by the enclosed instrumentation.
However, minimizing D not only increases shielding performance but also reduces the cost and weight of
the shield. Magnetic shields should also be closed wherever possible since magnetic field lines can
penetrate into openings by up to about five times the opening diameter. Closure maintains the reluctance
path continuity, increasing shielding performance. Shield closures should also be rounded where possible
because flux lines negotiate gentle radii better than sharp angles. One disadvantage with the high
permeability of z-metal is its low saturation field (the saturation field is inversely proportional to the
permeability). If necessary, the magnetic shielding layer closest to the high field is fabricated from a lower
permeability material to avoid saturation and successive shielding layers may be fabricated from
increasingly high permeability material, as the field magnitude at each layer reduces.

After fabrication g-metal shielding structures must be annealed in a dry hydrogen atmosphere at about
1200 °C for several hours. The hydrogen atmosphere helps remove carbon and other trace impurities. The
high temperature relieves stresses from fabrication and allows the nickel crystallite grain boundaries to
expand. The annealing can increase the permeability of the alloy significantly — typically by a factor of 40.
However, careful handling of the x-metal after annealing is required. Mechanical shocks readily disrupt the
nickel grain structure, negating the permeability gain.

7.8 Beam Optics for High-Resolution Operation

In order to achieve the highest resolution goals of the instrument, the neutron flight path length
distribution must be narrowed by corrective optics. Some evidence for this is presented in Sec. 8.5. A
detailed study of the beam optics will be presented in a separately.

8. Monte Carlo Simulations of NRSE Instrument Performance

Some Monte Carlo simulations are presented that illustrate and validate some of the analytical models
of the NRSE developed in the previous sections. Numerical techniques are invaluable for modeling
complex cases where coupled variables are involved, whilst the analytical models are useful for making
rapid predictions of the instrument parameters and performance.

8.1 General Description of the Monte Carlo Simulation Method

The time-dependence of zgrse is implicit in the simulations. The neutrons are treated as discrete
particles, each having a particular spin vector and all spin coordinate transformations are performed exactly
within the limitations of the following assumptions:

1. Ther.f. field is rotating in a plane perpendicular to the static field B,.
2. The interaction of the r.f. field component that is rotating counter to the direction of Larmor
precession in the static field can be ignored.

3. r.f. frequencies of successive coils are phase locked.

4. The magnitude of By is assumed large with respect to Byy.

156 http://dx.doi.org/10.6028/jres.119.005


http://dx.doi.org/10.6028/jres.119.005
http://dx.doi.org/10.6028/jres.119.005

Volume 119 (2014) http://dx.doi.org/10.6028/jres.119.005
Journal of Research of the National Institute of Standards and Technology

The neutron beam is assumed to be directed along the y-axis of a right-handed coordinate system with the
neutron spin initially polarized along the x-axis. The applied static fields of the coils are applied parallel or
antiparallel to the z-axis and the applied r.f. field is in the x-y plane. The simulation is built around a single
r.f. flipper coil module which transforms the entry momentum-spin state of the neutron into an exit
momentum-spin state with a main module which handles the spectrometer geometry, source distribution,
sample setup, and gathers statistics. The signs of static field directions (and hence the sense of the resonant
field rotations) are handled by explicitly applying sgn(Bo) to the frequencies and angles in each coil as
described below. For successive coils of a 4-N coil NRSE we choose

11 -1 -1 N=1
1 -1-11-111-1 N=2

sgn(Bo)={

The program allows asymmetric scans to be performed in which the coil separations in the incident arm Lag
are varied with respect to the second arm L¢p in addition to variation of the static field, By, for a specified
range of discrete values. The coil separation ranges are specified symmetrically with respect to (Lag — Lcp)
= 0 in terms of the number of minimum periods z/Ny, B , where N is the bootstrap factor. The option to
fix Lag = Lcp for a “symmetric” scan is also available.

The incoming wavelength distribution may be selected from rectangular, triangular, or Gaussian
distributions, or else a & function (pure monochromatic) symmetrically with respect to a specified nominal
(true mean) wavelength, 4,. Uncertainties in the coil lengths and the static field homogeneity are handled
by randomly selecting values from Gaussian distributions which are centered on the nominal values for
each coil. This means that for each Monte Carlo trajectory, the uncertainty is uncorrelated with the position
in the coil; however, this allows for comparison with the simple “beam-average” formulations for the
resolution contributions described in Sec.6. The beam divergence is considered to be uniform and
symmetric up to specified limits of the incoming beam at the entrance to the first coil and may be specified
independently for x and z for a beam traveling along y. Thereafter, the collimation is imposed by the
dimensions of the coil windows or sample (if present) though which the beam is required to pass. An option
to specify divergences according to the simplified model in Sec. 6.4 is also available.

The r.f. flipper module calculates the time spent in the each coil as te; = leoi /(v, C0S8), where

cosd =k, / ki +k?+k? , where ky () are the components of the trajectory k-vector (or something

proportional to it) and y is the nominal direction of the beam. To maintain generality, the r.f. phase on entry
to the first coil is generated randomly between 0 and 2z, simulating a continuous neutron beam, even if it
turns out that this phase cancels in the final result. The r.f. frequency, a, is assumed to have negligible
uncertainty with respect to the other frequencies in the problem (i.e., is fixed for a given spectrometer
setting). The magnitude of @y is not necessarily constrained have the value of the nominal Larmor

precession frequency in the static field, o}°", i.e., @, = sgn(BO)| fay™| but f =1 is the default. Also, as

0
mentioned previously, ay varies depending on a randomly selected value of 6By/B, from a Gaussian
distribution, where @, = sgn (B, )|w;"" (1+ 550/30”""’) . This value of ay affects the entire trajectory

passage through a given coil. In order to limit the number of variables in the problem, |By| is set to the
nominal value which produces exact #flips for the chosen nominal wavelength, Ao, and nominal coil
length.

The coordinate transformations are handled as follows:

1. The initial polarization at the entrance to coil 1 is defined parallel to the x-axis, i.e.,

1

0
|
o O
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2. The coordinate system is transformed around z so that x “points along the direction of the applied
resonant component of the r.f. field vector in the xy plane at the entrance to the coil, B!?, i.e., along the

in

= Sgn ( BO )|l//:?
generated value between 0 and 2z The transformation matrix (with the convention that a positive rotation
about the positive z-axis is “positive x axis moving towards positive y-axis”) is:

direction defined by the phase angle v,

. If this is the first coil it is simply the randomly

cosy! sinyl 0

T, =| —siny" cosy? O]

r

0 0 1

If ax¢ # an (Which is the case in general if 0By £ 0, even if f is set to 1), the effective Larmor precession
frequency, a);ﬁ , around the effective field in the rotating coordinate system and the corresponding angular

departure of the effective field from the xy plane, «., are calculated according to Ref. [15] as

f ff 2 2
o) =y, (B} =‘«/<a)0—wr,) +wp‘,
where w, =7, (B|, as before, and
Wy — @,
-1 70 rf
o, =tan
[0

p

Note that )" = 2w, in Ref. [13].
The coordinate system is then rotated by - about y’(where the —sign ensures that a positive value of
e rotates the +x“axis toward the +z“axis) such that x ”points along B*", according to

f

Cosa, O Sinay
T, = 0 1 0o |
—sing,; 0 coSay

so that the compound transformation from the lab frame to the rotating B frame is

COSy COSYW,  COSQ SiNw,  SiNa
T,T, = —siny cosy/,f 0
H in H H in
—sina, cosy,; —sina, siny,; COSay,

Its inverse, (T,T, )71, is also calculated to transform from the rotating frame back to the lab frame. (Note that
for exact resonance (¢ = an), T is just the identity matrix and T,T, = T,).
3. The total Larmor precession by an angle y, (B [t = @'t is performed around B (i.e., the x”

p “coil
is always positive but because we are now rotating the object (the neutron magnetic

axis). Note that o'

moment) rather than the axes, the transformation is like an axis rotation by —a);“ t.; ); the transformation

matrix is
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1 0
T,=|0 coswt

0 sine™t

p “coil

p “coil

so that the compound transformation of the spin is

0
—sinw®™t

p “coil

cos 't

p “coil

TTLT =
oSz, COSY/f Cos o, siny sina,,
sina,, cosy,; sine;' t sin o, sinyf sinwi't o
. . —cosa,, Sinw 't
f in eff in eff eff p ol
—siny cosaw "t , +COSy ¢ COSw, ty
Sina COSyf COS 'ty | [ cosy )y sine't, )
- , . cosa,, COsS@’ t_,
B in .3 eff H B in eff ©l pcol
+siny g sinoy t, —sina,, siny,{ cos o't

The coil dispersion is accounted for at this stage.
4. Returning to the lab frame the spin transformation thus far is (Tle)fl T.T,T,.

5. Finally, we add on the applied r.f. field rotation (around the z axis) to the position of the magnetic
moment during passage of the neutron through the coil via

COS ¢ tcoil —sin o tcoil 0
T, =| sinw,t,, cosao,t, O],
0 0 1

where o, = sgn(BO)|a)rf | which accounts for the sense of rotation of the resonant component in the

particular coil. Note again that the object is rotated and the lab frame coordinate axes are left alone so that
this matrix is equivalent to a coordinate rotation by — ax¢ teoi-
The output of the flipper coil module is the output polarization vector:

P

out — T4 (Tle )71 T.T,T, Pin
and the magnitude of the r.f. field phase at the exit of the coil:

out

l//rf

= |‘//rl;1 +|a)n‘ Leoit-
In the zero-field drift paths between the coils, no spin transformation is performed but the magnitude of the
r.f. phase is advanced according to the time of flight in the drift path, ty.n = L/(v, cos@), where L is

measured along the y-axis, (i.e., |¢//r'f | =y, () |y/rff| then becomes the input r.f. phase magnitude

for the next coil. The polarization represented by Eq. (140) is (in this case) the mean value of the
component P, at the exit of the final coil averaged over many trajectories. Stray field effects between coils
are not accounted for. For magnetically-shielded symmetric Bootstrap configurations, this is not a bad
approximation; for other configurations it assumes adiabatic passage of the neutron through these regions.

For quasielastic neutron scattering simulations, the specific case of self-diffusion at low Q is treated. In
this approximation the quasielastic half energy width at half maximum given by

+ wrf
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T'(Q)=hDQ?, (302)

where D is the (specified) diffusion coefficient in units of area per unit time (see Sec. 5.3). In order to
simplify the Monte Carlo selection of a quasi-elastic energy transfer from a Lorentzian distribution, Q is
calculated as the elastic Q value from the randomly selected incident wavelength and a specified fixed
scattering angle, @, according to

Q~Q, =4rsing, /4, (303)

i.e., for the selection of Q only, the very small change in wavelength due to the scattering is ignored. For
example, for an incident wavelength 4; = 8 A (E; = 1.278 meV) with a typical NRSE energy transfer of
0.025 1V, A4~ Y5 AEJE; ~ 10, i.e., the Q-value is accurate to about 10 % which is very much smaller
than the incident wavelength bandwidth, which is of order several %. Also the distribution of & in a real
situation would broaden Q significantly more than 10 %. With the chosen value of /{Q), a Lorentzian-
distributed energy transfer is randomly selected according to

ho=-T(Q)tan| z(ran{-05,05})], (304)

subject to the maximum sample energy gain restriction 7w < E;, where E; is the incident neutron energy.
Finally, the scattered neutron wavelength (velocity) is calculated from the incident wavelength and the
randomly selected value of 7w. The resulting value is used for propagation of the neutron downstream of
the sample position.

8.2 Numerical Verification of Analytical Approximations for Coil Dispersion

The approximations represented by Eqgs. (42-44) (see Sec. 2.2.2) describe dispersion-induced
depolarization after passage through M coils for rectangular, triangular, and Gaussian-shaped incident
wavelength spectra respectively. In order to isolate dispersive effects in the Monte Carlo simulations, all
other instrumental imperfections (coil dimension errors, field inhomogeneity, and beam divergence) are
switched off, and the model has “perfect” polarizers and no sample. Results for rectangular wavelength
spectra with Agy = A4/ 4) between 0.1 and 0.5 are shown in Fig. 36. For ease of comparison, results for
triangular and Gaussian wavelength spectra are plotted with values of Aryum = A4™M/( ) which give
equivalent rms wavelength deviations about the mean as the rectangular cases, i.e., the triangular spectra
have Apwum = Apw/V2, and the Gaussian spectra have Apwim = V((2/3)In2) Ay (see also Table 1). These are
shown in Fig. 37 and Fig. 38 respectively. The results corresponding to Agy = 0.1 (black symbols and
curves) show that the approximations made in Sec. 2.2.2 for extending the single coil case to the M-coil
case agree with the simulations to within about 0.01 % for all spectral shapes. For the results corresponding
to Apw = 0.2 (red symbols and curves), the agreement is at about the 0.1 % level, and for the Ary=0.5
family (magenta symbols and curves), the approximations agree to about 2.3 % for all spectral shapes. For
the perfect spectrometer, the loss of echo signal due to dispersion appears to be independent of By ( zrse)
for all practical cases.

8.3 Effects of Field Inhomogeneity, Coil Length Uncertainty, and Beam Divergence (Simplified
Divergence Model) in the Absence of Flipper Dispersion

For all calculations in Sec. 8.3 the simplified beam divergence model described in Sec. 6.4 is adopted
and incident and scattered beams are assumed to have uniform divergence of the same magnitude.
Furthermore, all effects of flipper dispersion are effectively switched off by choosing a purely
monochromatic incident beam with no subsequent energy changes. This means that the simulated
polarizations tend to unity as zyrse — 0. The spectrometer configuration in each case is 4-N=2 bootstrap
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4 Boot N=2, ()= 8 A, Al (FWHM)=0, AB(FWHM)/B =0, A6 = 0
) :
Symm scan S(w)=5(w) (RES FN) echo pt at L =L,=2 m, |; =0.03 m, Ig=1,0 mm
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Fig. 36. Simulated effects of flipper coil dispersion for rectangular incident wavelength spectra compared with analytical
approximations using Eq. (42) (see Sec. 2.2.2) for various values of Agy = A4 1), for a “perfect” instrument (4Bo= 0, Algy =0,
AB max = AGmax = 0) and for elastic scattering (resolution function).

coils, with Lo =Ly =2 m, Igo=0.03 m, and an incident spectrum 1(1) = 5(8A). Figure 39 to Fig. 43 show
instrumental resolution functions. Figure 39 shows the effect of 4B, in isolation. The Gaussian FWHM
AB/B, values for the simulations are estimated from Eq. (178) to give values of P, at By = 0.0393 T (zivrse
=30 ns) of 0.7 (red curves), 0.5 (blue curves), and 0.3 (green curves), which fix the ABy/B, values at

0.368 %, 0.527 %, and 0.722 % respectively. The simulation results are represented by the circular symbols
and the solid lines represent Eq. (176), with the chosen values of P’ at zyrse = 30 ns. Note that Eq. (176) is
the inverse representation of Eq. (178). Figure 40 shows the effect of Alg, in isolation. In analogy with Fig.
39, values of Alg, were chosen that yield P,’ = 0.7, 0.5, and 0.3 at By = 0.0393 T (ziwrse = 30 ns) according
to Eq. (184). The simulations are represented by the circular symbols and the solid curves are Eq. (185),
which is the inverse representation of Eq. (184). It is clear that Eq. (185) very accurately describes the
simulation results to quite low polarizations. Figure 41 shows the effect of A@in isolation. In this example,
the incoming and outgoing divergences are independent but identical in magnitude and generated according
to the simplified model. In analogy with the previous figures, values of A6, Were chosen such that P, =
0.7, 0.5, and 0.3 when By = 0.0393 T (zrse = 30 ns) according to Eq. (202). Note that Eq. (202) is an
approximate inversion of Eq. (197), as described in Sec. 6.4. The simulations are represented by the
circular symbols and the solid curves are Eq. (197), which very accurately describes the simulated points.
In Fig. 42 the simulation combines resolution effects with approximately equal contributions from field
inhomogeneity, coil length uncertainty, and beam divergence, calculated according to Egs. (203-205), with
P,% (Bo=0.0393 T) = 0.7, 0.5, and 0.3, such that the simulated polarization is expected to reach these

161 http://dx.doi.org/10.6028/jres.119.005


http://dx.doi.org/10.6028/jres.119.005
http://dx.doi.org/10.6028/jres.119.005

Volume 119 (2014) http://dx.doi.org/10.6028/jres.119.005
Journal of Research of the National Institute of Standards and Technology

4 Boot N=2, ()= 8 A, Al (FWHM)=0, AB(FWHM)/B,=0, A8 =A8,__ =0
Symm scan S(w)=58(w) (RES FN) echo ptat L =L,=2 m, |, =0.03 m, Ig=1,Cl mm
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Fig. 37. Simulated effects of flipper coil dispersion for triangular incident wavelength spectra compared with analytical
approximations using Eq. (43) (see Sec. 2.2.2) for various values of Arpyum = AL™M/( 2, for a “perfect” instrument (4Bo= 0, Algo =
0, A6 max = A6 max = 0) and for elastic scattering (resolution function). The values of Arwnm are chosen to give the same rms deviation
with respect to (1) as the rectangular spectrum cases shown in Fig. 36 and are numerically equal to Ap(rect)/N2.

values at zyrse = 30 ns. The specific values of ABy(FWHM)/B,, Algg (FWHM), and half-width divergence
(A6rax = Ab max = A6 max) SO Obtained are shown in the legend. The simulated data are very well described
by the products of Egs. (176), (185), and (197) with the chosen values of 4By, Algy, and A6, (solid
curves).

Using the same 4B, and Alg, that yields the P,° (8 A, zrse = 30 ns) = 0.5 case in Fig. 42
(4Bo(FWHM)/B,y = 0.305 %, Algo(FWHM) = 38.9 um), Fig. 43 shows the effect of changing wavelength.
The half-width divergence (With A6naxi = Abnaxs [See Fig. 16]) is determined by the same “half divergence
angle per unit wavelength” (=0.658 mrad A™), so that the green curve in Fig. 43 is equivalent to the blue
curve in Fig. 42. Note that 0.658 mrad A is a little less than is characteristic of polished glass (similar to a
neutron guide with no metallic coating). The curves are plotted for identical ranges of B, from 0.001 T to
0.0393 T, but because of the 4* —dependence of zrse, the range of the abscissa is a sensitive function of
wavelength. The echo signals corresponding to the cases shown in Fig. 43 at Bo=0.0393T (maximum
Tnrse) are shown in Fig. 44. Therefore, the polarizations at symmetry (Lo, = L,) are those of the curves in
Fig. 43 at maximum zyrse. Note that there is no modulation of the peak magnitude when Ly # L; because a
purely monochromatic incident beam is being simulated and that the periodicity is inversely proportional to
the wavelength, as predicted by Eq. (126). Using the same reference spectrometer setup that reaches zgse =
30 nsat 1 =8 A, Fig. 45 demonstrates the significant suppression of the echo signal as the incident and
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4 Boot N=2, (1,)= 8 A, Al (FWHM)=0, AB (FWHM)/B,=0, A8 8,120 =0
Symm scan S(w)=8(w) (RES FN) echo ptat L =L =2 m, I, =0.03 m, Ig=1,0 mm
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Fig. 38. Simulated effects of flipper coil dispersion for Gaussian incident wavelength spectra compared with analytical
approximations using Eq. (44) (see Sec. 2.2.2) for various values of Arpyum = AL™M/( 2, for a “perfect” instrument (4Bo= 0, Algy =
0, A6 max = A6 max = 0) and for elastic scattering (resolution function). The values of Arwnm are chosen to give the same rms deviation
with respect to (1) as the rectangular spectrum cases shown in Fig. 36 and are numerically equal to V((2/3)In2)Arw(rect).

scattered arm divergence approaches that of a natural Ni guide (= 1.73 mrad A™) at A = 8A. In this example
AB max = A6 max = Abnax (Simplified divergence model) in an otherwise perfect spectrometer (4B, =
Algy =0). The simulation is for a purely monochromatic incident beam, 1(1) = 5(8 A).

8.4 Simulations of Spectrometer Signal Revealing Flipper Coil Dispersion

All the simulations in this section adopt the same reference spectrometer configuration used previously,
namely 4-N = 2 bootstrap coils, Ly=L; =2 m, lgg=0.03 m, I;=1 mm, and (1)) = 8 A. Additionally,
ABo(FWHM)/B, = 0.305 %, Algo(FWHM) = 38.9 gm, and AGaxi = AGnaxs = 5.26 mrad, which are the
values from Egs. (203-205) that yield P, (8 A, 7urse = 30 ns) = 0.5 in the dispersionless case. However,
this time flipper dispersion is included by having a non-zero incident wavelength bandwidth.

Figure 46 shows the elastic resolution function for A4™"™M/( 1) = 10 % (triangular) with the above
instrumental uncertainties (black symbols). The red symbols represent the simulated resolution function for
dispersion in isolation when A4™V"/( 1) = 10 % (which is practically independent of zygsse — see Fig. 37).
The green symbols are the result of dividing the dispersive resolution function (black symbols) by the
effect of the dispersion in isolation (red symbols), which essentially reproduces the dispersionless
resolution function (verified by plotting the analytical approximation (product of Egs. (176), (185), and
(197) — green solid curve). If this product is further multiplied by the analytical approximation for the
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4 Boot N=2 I(1)=5(8.00A)
Symm scan S(w)=3(w) (Res in) echo ptat L=L,=2.00m | ,=1.00mm
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Fig. 39. Simulations of the effect of 4B in isolation for a 4-N=2 coil spectrometer with Lo=L; =2 m, lgo=0.03 m, and incident
spectrum 1(2) = §8A). The plot shows simulations (circular symbols) for three fixed values of ABy/B, with Gaussian distributions.
These were chosen such that the P,° predicted by Eq. (178) are 0.7 (red), 0.5 (blue), and 0.3 (green) when B, =0.0393 T
(corresponding to zrse = 30 ns for these instrument parameters). The implied values of ABo/Bo(FWHM) are 0.368 %, 0.527 %, and
0.722 % respectively. The solid curves are Eq. (176) which is the inverse representation of Eq. (178).

effect of dispersion for a triangular spectral distribution (Eq. (43)), the simulation results are very well
reproduced by the analytical approximation (solid black curve). Figure 47 is the exact analogue of Fig. 46
except that 44™""™/( ;) is increased from 10 % to 30 %, which exaggerates the effect of coil dispersion.
Figure 48 and Fig. 49 extend the simulations shown in Fig. 46 and Fig. 47 respectively to include
quasielastic scattering (with 77(FWHM) = 0.025 weV). The simulated raw quasielastic signals (black
symbols) divided by the resolution function (red symbols [also the black symbols in Fig. 46 and Fig. 47])
produce the green symbols. This function may be compared with the theoretical intermediate quasielastic
scattering functions (Eq. (137) — continuous green curve). The main discrepancies between the theoretical
functions and the simulations arise from the approximations concerning the effects of dispersion (Eq. (43))
and of 4B, (Eq. (176)) when the cumulative out-of-xy plane excursions of the spin increase as the neutrons
traverse multiple coils. However, even for very broad A4 (30 % A4™™/(4;) example) there remains quite
reasonable agreement between the resolution-corrected simulation (green symbols) and the analytical
approximation. The simulated elastic (resolution) spin-echo signal and quasi-elastic spin-echo signal
(asymmetric scans) at zyrse = 30 ns (By = 0.0393 T for this model - corresponding to the end points of the
red and black symbols respectively in Fig. 48 and Fig. 49) are shown in Fig. 50 and Fig. 51 respectively.
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4 Boot N=2 1(1)=5(8.00A)
Symm scan S(w)=5(w) (Res fn) echo pt at L =L,=2.00m Ig=1.00mm
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Fig. 40. Simulations of the effect of Alg, in isolation for a 4-N=2 coil spectrometer with Lo= L; =2 m, lgo=0.03 m, and incident
spectrum 1(2) = &8A). The plot shows simulations (circular symbols) for three fixed values of Alg, (FWHM) with Gaussian
distributions. These were chosen such that the P,® predicted by Eq. (184) are 0.7 (red), 0.5 (blue), and 0.3 (green) when B, =0.0393 T
(mrse = 30 ns for these instrument parameters). The corresponding values of Algo(FWHM) are 48.3 um, 67.3 xm, and 88.7 xm
respectively. The solid curves are Eq. (185), which is the inverse representation of Eq. (184).

8.5 Simulations with an Improved Divergence Model and Sample/Beam Size Effects (No Corrective
Optics)

In the preceding calculations (Sec. 8.3 and Sec. 8.4), the simplified beam divergence model (Sec. 6.4)
was used to verify the validity of the analytical approximations given in Sec. 6. This model is useful for
predicting order-of-magnitude divergence effects, however, the incident beam is usually provided by a
neutron guide that gives rise to approximately random x and z components of the trajectory angle up to
maxima of 6.°(4;) and (%) respectively. Furthermore, the scattered beam divergence, in the absence of
special optics, is usually defined by the sample size and the collimation between the sample and the
detector. This more realistic situation is sketched in Fig. 52 and is the basis of the model used in the
following calculations. For the polar angle & at the guide exit, we have

tan o = \/(tan 6,) +(tand,)’, (305)

or in the small angle approximation
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4 Boot N=2 I(A)=5(8.00A)
Symm scan S{w)=5(w) (Res fn) echo ptat L =L ,=2.00m Ig=1 .00mm
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Fig. 41. Simulations of the effect of A6y« in isolation for a 4-N=2 coil spectrometer with Lo=L; =2 m, lgo=0.03 m, and incident
spectrum 1(2) = &8A). In this case AB max = A max = Abnax, SUCh that Eq. (197) applies. The plot shows simulations (circular symbols)
for three values of A6y with uniform distributions of up to these values. The A6, were chosen such that the P, predicted by the
approximate inverse equation (202) are 0.7 (red), 0.5 (blue), and 0.3 (green) when By =0.0393 T (zrse = 30 ns for these instrument
parameters). The corresponding values of 46h.« are 5.86 mrad, 6.92 mrad, and 7.95 mrad respectively. The solid curves are Eq. (197),
with Fresnel integrals evaluated numerically.

0 =0’ +0°. (306)

If the spectrometer is designed to accept this angular range, the polar angle & also characterizes the beam
divergence in the incident arm of the spectrometer. In the small angle approximation (Eq. (306)), we can
readily calculate the probability density distribution of the polar angle & produced by an idealized guide.
This situation is illustrated in Fig. 53 for a general case where 6,= 6,. Equation (306) represents an arc of a
circle of radius @with origin (&, &) = (0, 0), confined within a box whose upper limits are g,= 6. and 6,=
;. Because the g, and @, distributions are assumed uniform, the probability density for a polar angle @is
just proportional to the length of the arc segment of radius 6. Therefore, we have

0
0:0;

for 0 <min (67,67 ), (307)

c!”c

P(@):%

166 http://dx.doi.org/10.6028/jres.119.005


http://dx.doi.org/10.6028/jres.119.005
http://dx.doi.org/10.6028/jres.119.005

Volume 119 (2014) http://dx.doi.org/10.6028/jres.119.005
Journal of Research of the National Institute of Standards and Technology

4 Boot N=2 I(A)=5(8.00A)
Symm scan S(w)=5(w) (Res fn) echo ptat L=L,=2.00m Ig:1.00mm
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Fig. 42. Simulations of the combined resolution effects of field inhomogeneity, coil length uncertainty, and beam divergence for a
4-N=2 coil spectrometer with Lo=L; =2 m, lgo= 0.03 m, and incident spectrum (1) = {8A). ABo(FWHM), Alg, (FWHM), and A6
(simplified divergence model with A& nax = A& max) Were chosen according to Eqgs. (203), (204), and (205) to yield P, values of 0.7
(red), 0.5 (blue), and 0.3 (green) when By =0.0393 T (zrse = 30 ns for these instrument parameters). The corresponding fixed
ABo(FWHM)/Bo, Algy (FWHM), and A6nax values are shown in the legend. The simulation results are represented by the circular
symbols. The solid lines are analytical approximations obtained by substituting ABo(FWHM), Algy (FWHM), and A6« into Egs.
(176), (185), and (197) respectively and taking their product.

min(6;,6:) )| o

P(6)=|Z—cos™ 6: i e for min(e;,e;)< 0< max(@cx,ej), (308)
and
. HCX — CZ 6 X 4 X 2 z 2
P(0)= {%—cos 1(7J_COS 1(?1} 77 for max(6;,6; )< 0<,/(6:) +(6), (309)

where the denominator 6.'6;” is the area of the rectangle, which normalizes P(6) to unit area for uniform
P(6&) and P(&).
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Fig. 43. Simulated wavelength-dependence of the spectrometer resolution function. In this example 4B, and Algo yield P,%(zirse =

30 ns) = 0.5 for A = 8A according to Eqgs. (203) and (204). The divergence (equal in magnitude for the incident and scattered beams
and proportional to wavelength) is calculated using a value of 0.658 mrad A™, which is the value inferred from Eq. (205) for =8 A
when P,%(zngse = 30 ns) = 0.5. Thus the curves for A = 8A (green) are equivalent to the blue curves in Fig. 42. The situation is roughly
equivalent to that of a beam from an uncoated polished glass neutron guide, with no scattering at the sample. The simulation results
are represented by circular symbols. The analytical approximations, represented by the solid curves, are obtained by substituting
ABo(FWHM), Algo (FWHM), and A6na into Egs. (176), (185), and (197) respectively and taking their product. The maximum zygse Of
each curve corresponds to B, =0.0393 T.

The probability density distribution, P(6), for the case illustrated on the left of Fig. 53 is shown on the
right of the figure. It is immediately obvious that P(#) is far from uniform, whence the principal weakness
of the simplified divergence model (Sec. 6.4). For the simpler case of equal horizontal and vertical

divergence 6= 6= 6, and the above equations for P(8) reduce to

P(H):—ei foro<o, (310)

and

P(0)= {%— 2cos™ [iﬂg for 6, < 0 <~/20),. (311)
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4-N=2, I(1)=8(8A), echo at B,=0.0393T, Al, (FWHM)=38.86um AB (FWHM)/B,=0.305%
S(w)=8(w) (Res fn), L=L,=2 m, I, =0.03 m, | =1mm
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Fig. 44. Simulated echo signals at maximum B,=0.0393 T (maximum zgse) for the curves shown in Fig. 43. The simulations are fitted
very precisely by the cosine form of Eq. (125) with a period inversely proportional to A (Eq. (126)), apart from a pre-factor that
describes the polarization loss due to the imposed instrumental imperfections.

The resulting function P(6) is illustrated in Fig. 54. Therefore, clearly an improved model is necessary for
more typical instrumental scenarios.

In the following all coils are assumed to have equally-sized beam-defining windows at their entrances
and exits. The entrance of the first coil is assumed to be uniformly-illuminated with a beam that has
uniform x-y and z-y plane angular distributions with |@|up to 8.*(4) = xAi and 67(4) = x4, respectively,
where x; and x; are independently-specified constants. The sample is assumed to be a thin cylindrical shell
of radius r with its axis parallel to the z-axis. The neutron trajectories arriving at the sample are those that
join random points on the first coil entrance window and random points on the sample without obstruction,
subject to the maximum divergence constraints |&| < &.‘(4) and |6, < 6(4;). The sample is assumed to
scatter isotropically without self-shielding so that all unobstructed trajectories between the scattering point
and the exit window of the final coil are equally probable and 100 % detected. Figure 55 shows example
resolution functions using this model for A = 8 A with 41/4 = 10 % (triangular) for three coil window sizes
(Wyin= hyin=1 cm, 2 cm, and 3 cm) assuming that a natural Ni guide (i.e., with &= x;=1.73 x
10 rad A is placed very close to the first coil entrance. The sample diameter, D, and height, hgam, in
each case are chosen so that the projected sample cross-sectional area is equal to the window size (i.e.,
Dsam = Wyin, hsam = hwin). FOr ease of comparison with previous results, the spectrometer dimensions are
identical to the reference (Lo=2 m, Izgo=0.03 m, N = 2) and 4By/B, and Alg, are those that yield PXO(/I =
8 A, zurse = 30 ns) = 0.5 with the simplified divergence model (non-dispersive case). The differences with
respect to the blue curves in Fig. 42 are then attributable to the different incoming and outgoing beam
divergence conditions. Note that the curve in Fig. 55 that most resembles the blue curves in Fig. 42 is for
the smallest window/sample size (1 cm x 1 cm), where wy;,/Lo~ 5 mrad (close to the value used
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4 Boot N=2 I(1)=5(8.00A) Al, (FWHM)=0, AB,(FWHM)/B,=0
0

Symm scan S(w)=5(w) (Res fn) echo L =L, =2 m, Ig=1 .0mm
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Fig. 45. The isolated effect of incident and scattered beam divergence on the spin-echo signal for the reference spectrometer setup.
The simulations (circular symbols) have A8 ma = A6 max =A6max (Simplified divergence model) with A6 = 0.25 (black), 0.5 (red),
0.75 (blue), and 1.0 (green) times the critical angle of natural Ni at 2 =8 A (. (1 = 8 A) = 13.84 mrad). No other spectrometer
imperfections are included (i.e., 1(1) = &8 A), 4B, = lg, = 0). The solid curves are the corresponding results of Eq. (197), which
provide excellent descriptions of the simulated data at all values of A6

[5.26 mrad] in the simplified model for P,° = 0.5). For each of the three cases shown in Fig. 55, Wyin/Lo <
0:(8A) for Wyin (Nwin) = 1 cm, 2 cm and Wyin/Lo = G(8A) for wyin (huin) = 3 €M, S0 we expect that the coil
windows/sample size more-or-less determine both the incoming and outgoing beam divergence in all three
cases. The Monte-Carlo-generated P(6) for the incoming (i) and scattered (f) trajectories of detected
neutrons, corresponding to the cases in Fig. 55, are shown in Fig. 56. For comparison, Monte Carlo values
of P(6) for Wy (hwin) = 3 cmand 4;= 1 A are shown in Fig. 57. In this case, Wyin/Lo = 96.(1 A), therefore
we expect that the incoming beam divergence is determined by the guide characteristics rather than the coil
window size. Indeed, from Fig. 57 we see that P(6) for the incident neutrons resembles that of the neutron
guide (c.f. Fig. 54), whereas the scattered divergence is determined more by wy;, (hyin) and resembles that
of the maroon curve in Fig. 56, as expected. It is clear from Fig. 55 that, without corrective optics to narrow
the flight path distribution, significant degradation of the resolution function is expected with typical
neutron beam delivery systems and beam sizes, if high instrument resolution is required. Reducing

Wyin (hyin) @nd the incident beam divergence could significantly compromise data collection rates.
However, corrective optics requirements will be considered elsewhere.
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4 Boot N=2, (1,)=8.00A, Tri FWHM=10%

Symm scan S(w)=8(w) (Res fn) echo pt at L;=L,=2.00m Ig:1 .00mm
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Fig. 46. Comparison of simulated and analytical resolution functions (S(w) = & w)) revealing dispersive effects resulting from a
triangular incident wavelength distribution with A2™""™/( 1) = 10 % and (4;) = 8 A. The simulations are performed for the reference
spectrometer setup (4-N = 2 bootstrap coils, Lo=L1=2 m, lgo=0.03 m, I;=1 mm): The black symbols represent the simulated
dispersive resolution with ABo/Bg, Algo, and A@ max = AG max = Abmax, Calculated according to Egs. (203), (204), and (205) to give a
combined (dispersionless) P, (8 A, st = 30 ns) of 0.5. The red symbols are the simulated effect of dispersion in isolation, obtained
by setting 4By, Algo, and Abhax to zero. The green symbols represent the simulated “dispersionless” resolution, estimated by dividing
the black symbols by the red symbols. This function is very well reproduced analytically by substituting the specified spectrometer
imperfections into the product of Egs. (176), (185), and (197) (solid green curve), as is the total effect (solid black curve) — obtained
by multiplying the green curve by Eq. (43).

8.6 Resolution Effects for Asymmetrical Configurations of the Spectrometer

This section deals specifically with instrumental resolution effects in the general asymmetrical
spectrometer case (5(BL) #0). In NRSE spectrometers, it is customary to fix By and vary 6L, hence results
are plotted in terms of 6L = L, - Ly. The resolution as a function of asymmetry relates to the range of
frequencies in the scattering function that can usefully contribute to the signal, which ultimately limits the
incident neutron wavelength bandwidth.

8.6.1 Simulated Versus Theoretical Resolution Curves and Asymmetry-Dependence of Flipper Coil
Dispersion

In these simulations the effect of flipper coil dispersion is isolated from other forms of instrumental

uncertainty by setting ABq = Algg = A6,ax = 0, i.€., flipper coil dispersion is the only instrumental
imperfection. Again, the reference configuration (4-N=2, L, = 2 m etc.) is used for ease of comparison with
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4 Boot N=2, (1,)=8.00A, Tri FWHM=30%
Symm scan S{w)=3(w) (Res fn) echo pt at L =L,=2.00m lg=1 .00mm
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Fig. 47. Comparison of simulated and analytical resolution functions (S(w) = & w)) revealing dispersive effects resulting from a
triangular incident wavelength distribution with 42™""™/(4;) = 30 % and (4;) = 8 A. The simulations are performed for the reference
spectrometer setup (4-N = 2 bootstrap coils, Lo=L1=2 m, lgo=0.03 m, I;=1 mm): The black symbols represent the simulated
dispersive resolution with ABy/Bg, Algo, and A8 max = AG max = Abmax, Calculated according to Egs. (203), (204), and (205) to give a
combined (dispersionless) P, (8 A, st = 30 ns) of 0.5. The red symbols are the simulated effect of dispersion in isolation, obtained
by setting 4By, Algo, and Abhax to zero. The green symbols represent the simulated “dispersionless” resolution, estimated by dividing
the black symbols by the red symbols. This function is very well reproduced analytically by substituting the specified spectrometer
imperfections into the product of Egs. (176), (185), and (197) (solid green curve), as is the total effect (solid black curve) — obtained
by multiplying the green curve by Eq. (43).

other simulations and the examples fix B, = 0.0393 T and 4, = 8 A (corresponding to zgse = 30 ns). In Fig.
58 to Fig. 61, the simulated echo signals (black symbols) are compared with least-squares fits (red curves)
of theoretical approximations to the resolution functions (Eq. (127) [rectangular] or Eq. (128) [triangular])
multiplied by a single, constant fit parameter. Figure 58 and Fig. 60 are for rectangular incident wavelength
distributions with full width 10 % and 30 % A4/{A;) respectively, whilst Fig. 59 and Fig. 61 are for
triangular incident wavelength distributions with FWHM = 10/~2 % and 30/N2 % AA/(4), respectively
(which give equivalent rms wavelength deviation with respect to the mean for both distributions). For the
narrower band simulations, where Eq. (42) (rectangular) and Eq. (43) (triangular) describe well the effects
of dispersion at 5(BL) = 0 (see Fig. 36 and Fig. 37), the fitted theoretical functions also describe well the
simulated echo functions (as evidenced by the relatively small oscillations in the residuals). Therefore, the
fitted constants are quite close to the values provided by these equations with M = 8 total coils (see also
Table 1). The theoretical echo functions do not account specifically for the cumulative dispersive spin
excursions out of the r.f. field plane as the neutron passes through multiple coils and the increased structure
in the residuals at larger A4i/(4;) is likely due to this shortcoming rather than a real asymmetry-dependence
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4 Boot N=2,(1.)=8.00A, Tri FWHM=10%
S(o)=(hT/2x°)[r*+(hw/2n)], T=hDQ%/(21)=0.025peV echo pt at Ly=L,=2.00m 1,=1.00mm
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Fig. 48. A simulated quasielastic experiment with 7"(HWHM) = 0.025 &V for a triangular incident wavelength band with
ALY = 10 %. The red symbols represent the simulated dispersive resolution function (equivalent to the black symbols of Fig.
46); The red solid curve is the analytical approximation to the dispersive resolution function (product of Egs. (176), (185), (197), and
Eq. (43)); the black symbols represent the simulated raw signal; the black solid curve is the analytical approximation (product of red
solid curve and the theoretical intermediate scattering function for 77 (HWHM) = 0.025 &V [Eq. (137)]); the green symbols are the
simulated resolution-corrected data (obtained by dividing the black symbols by the red symbols), which may be compared directly
with Eq. (137) (solid green curve).

of the dispersion. Nonetheless, the indications are that dispersion is only weakly dependent on the
spectrometer asymmetry, if at all, under typical conditions.

8.6.2 Asymmetry-Dependence of Static Field Inhomogeneity, Coil Length Uncertainty, and Beam
Divergence in Typical Circumstances

In the previous section it was shown that the depolarization due to flipper coil dispersion is roughly
asymmetry-independent for moderate A4i/(4;). The resolution function for the case of a rectangular incident
spectrum with A4/{ ;) = 10 % in an otherwise perfect spectrometer (one in which the only source of
instrumental imperfection is flipper coil dispersion) has already been shown in Fig. 58 for the reference
spectrometer configuration. Figure 62, Fig. 63, and Fig. 64 illustrate additionally the effects of applying, in
turn, the effects of static field inhomogeneity, flipper coil length uncertainty, and beam divergence
(simplified divergence model), respectively for the same basic spectrometer configuration. The magnitudes
of 4By, Algo, and A6, max = A6 max = Abnax are those obtained from Egs. (176), (185), and (197) respectively
that yield P,> = 0.5 (in the absence of flipper coil dispersion). Instead of fitting the echo signal function, the
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4 Boot N=2,(A)=8.00A, Tri FWHM=30%
S(w)=(hr72x°)[r*+(hw2x)’], T=hDQ?(27)=0.025u€V echo pt at Ly=L,=2.00m | =1.00mm
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Fig. 49. A simulated quasielastic experiment with 7" (HWHM) = 0.025 £V for a very coarse incident wavelength band (triangular
distribution with A27™"™/( 1) = 30 %). The red symbols represent the simulated dispersive resolution function (equivalent to the black
symbols of Fig. 46); The red solid curve is the analytical approximation to the dispersive resolution function (product of Egs. (176),
(185), (197), and Eq. (43)); the black symbols represent the simulated raw signal; the black solid curve is the analytical approximation
(product of red solid curve and the theoretical intermediate scattering function for 7-(HWHM) = 0.025 &V [Eq. (137)]); the green
symbols are the simulated resolution-corrected data (obtained by dividing the black symbols by the red symbols), which may be
compared directly with Eq. (137) (solid green curve).

simulations are compared directly (with no fit parameters) against the product of the theoretical “perfect
(dispersionless) instrument” resolution function for the rectangular incident wavelength spectrum (Eq.
(127)), the estimated dispersion depolarization (Eq. (42)), and the estimated effect of 4B, (Eq. (176)), Algg
(Eq. (185)), or 4G (Eq. (197)). The figures below demonstrate that the simulated resolution functions is
predicted analytically to a good degree of accuracy for moderate beam monochromatization and that there
are no strong asymmetry-dependent effects of ABg, Algg, OF AGax.
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QENS echo at 1, ,,.=30 ns, triangular AL/(A)=10%
A=8 A, L,=L,=2 m, I =0.03 m, B,=0.0393 T, ;=1 mm
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Fig. 50. Simulated elastic resolution (red) and quasielastic (black) spin-echo signals at zrse = 30ns — corresponding to the simulations
shown in Fig. 48 with A4™"/(4) = 10 % (triangular). The peak polarization at zero asymmetry should match the values at zygse =
30 ns for the resolution (red symbols) and quasielastic (black symbols) in Fig. 48 within statistics. For comparison, the theoretical
resolution function (product of Eqs. (128) [perfect instrument resolution echo, triangular incident spectrum], Eq. (43) [depolarization
due to coil dispersion, triangular spectrum], Eq. (176), Eq. (185), and Eq. (197) for the depolarizing effects due to ABo, Algo, and A6max
respectively) is shown (red solid curve). The black solid curve is the theoretical resolution function (red solid curve) multiplied by the
theoretical depolarization due to the QENS at 8L.=0 (Eq. (137)), which describes quite well the simulated quasielastic data for this
moderate value of A4™™/(4).

QENS echo at 1, ,,.=30 ns, triangular AL/(A)=30%
A=8 A, L,=L,=2 m, I =0.03 m, B,=0.0393 T, ;=1 mm
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Fig. 51. Simulated elastic resolution (red) and quasielastic (black) spin-echo signals at zrse = 30ns — corresponding to the simulations
shown in Fig. 49 with A4™"/( 1) = 30 % (triangular). The peak polarization at zero asymmetry should match the values at zgse =
30 ns for the resolution (red symbols) and quasielastic (black symbols) in Fig. 49, within statistics. For comparison, the theoretical
resolution function (product of Egs. (128) [perfect instrument resolution echo, triangular incident spectrum], Eq. (43) [depolarization
due to coil dispersion, triangular spectrum], Eq. (176), Eq. (185), and Eq. (197) for the depolarizing effects due to ABo, Algo, and A6Ghmax
respectively) is shown (red solid curve). The black solid curve is the theoretical resolution function (red solid curve) multiplied by the
theoretical depolarization due to the QENS at 8L.=0 (Eq. (137)), which approximately describes the data at small asymmetries.
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Fig. 52. A more realistic situation for defining path length differences in the NRSE spectrometer.
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Fig. 53. Calculation of the probability density for a polar angle & from an idealized guide characterized by uniform horizontal and
vertical divergence angles in the range 0 — @ and 0 — & respectively.
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Fig. 54. Probability density for a polar angle € from an ideal neutron guide characterized by uniform and equal horizontal and vertical
divergence angles in the range 0 — €.

4 N=2 ,<x|>=3,2\‘ Tri FWHM=10%, nat. Ni guide: A6, =13.84mrad A6, ,=13.84mrad
Symm scan S(w)=5(w) (Res fn) echo pt at L =L ,=2m Ig=1 mm
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Fig. 55. Resolution functions (4 = 8 A) for the coil window and sample sizes given in the legend. For ease of comparison with
previous results, the values of ABo/By and Algo, Lo and lgo are exactly those that give P,%(1 = 8 A, mgse = 30 ns) = 0.5 in the simplified
model case. The difference here is in the incoming and scattered beam divergence.
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Fig. 56. Simulated P(6) of incident and scattered neutron trajectories that exit the final coil each side of the sample for the 1 =8 A
cases shown in Fig. 55. It is expected that the divergence is largely limited by the coil window sizes on both sides.
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Fig. 57. Simulated P(6) of incident and scattered neutron trajectories that exit the final coil each side of the sample for A = 1 A with
Wuin = Hyin = 3 cm. At this short wavelength it is expected that the divergence on the incident side is largely determined by the
characteristic P(6) of the neutron guide, whereas the scattered beam divergence is determined by the coil window size. The inset
shows P(&) on a scale that is more easily compared with Fig. 54.
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Fig. 58. Resolution (S(w)=& @)) echo signal at B, = 0.0393 T for the reference spectrometer configuration (4-N=2, L;= 2 m etc.) with
a rectangular incident wavelength distribution of full width (FW) A2i/(4;) = 10 % and (4;) = 8.0 A. The simulation is performed with
AByg = Algo = A6nax = 0, s0 that the only spectrometer imperfection is that due to flipper coil dispersion. The simulated signal is
represented by the black circular symbols, the red curve is the least squares fit of a theoretical resolution function for a rectangular
incident wavelength spectrum (Eq. (127)), multiplied by a single constant fit parameter to account for depolarization due to the
combined effect of flipper coil dispersion through the eight coils. The fitted constant value (0.9854) is within 0.2 % of the value
predicted by the approximate theory (Eq. (42)) of 0.9838 — see Table 1 and Fig. 36. The small residual fluctuations about zero
(turquoise curve) imply that the effect of dispersion is approximately independent of the spectrometer asymmetry in this case.
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X

Polarization along x, P

Fig. 59. Resolution (S(w)=& @)) echo signal at B, = 0.0393 T for the reference spectrometer configuration (4-N=2, L;= 2 m etc.) with
a triangular incident wavelength distribution of FWHM given by A4L/(4) = 7.071 % and {4;) = 8.0 A. As in Fig. 58, ABq = Algp = Abhax
=0, to isolate effects due to flipper coil dispersion. The simulated signal is represented by the black circular symbols, the red curve is

4-N=2,(,)=8A, Tri FWHM=7.07% Al, (FWHM)=0pm AB (FWHM)/B =0% A8
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the least squares fit of a theoretical resolution function for a triangular incident wavelength spectrum (Eq. (128)), multiplied by a

single constant fit parameter. The fitted constant (=0.990) is within 0.7 % of the value predicted by the approximate theory (Eq. (43))
of 0.984 — see Table 1 and Fig. 37. The small residual fluctuations about zero (turquoise curve) imply that the effect of dispersion is

approximately independent of the spectrometer asymmetry in this case.
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Fig. 60. The exact analogue of Fig. 58 but with the full width of the rectangular incident wavelength spectrum increased to 30 %.
Again, the black circular symbols represent the simulation, the red curve is the least squares fit of Eq. (127), multiplied by a single
constant fit parameter. The fitted constant value (0.8741) is within 0.6 % of the value predicted by the approximate theory (Eq. (42))
of 0.8692 — see Table 1 and Fig. 36. The increased structure of the residuals (turquoise curve) is probably due to cumulative out-of-
rotating plane excursions of the spin that is not accounted for in Eq. (127), nonetheless, there appears to be no strong asymmetry-
dependence of the dispersion, even at these large values of A4i/{1;).
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Fig. 61. The exact analogue of Fig. 59 but with the FWHM of the triangular incident wavelength spectrum increased three times to
21.21 %. Again, the black circular symbols represent the simulation, the red curve is the least squares fit of Eq. (128)), multiplied by a
single constant fit parameter. The fitted constant value (0.922) is within about 6 % of the value predicted by the approximate theory
(Eq. (43)) of 0.874 — see Table 1 and Fig. 37, although clearly the data is much less well represented with only a constant fitting
parameter. The increased structure of the residuals is probably due to cumulative out-of-rotating plane excursions of the spin that is
not accounted for by Eq. (128), nonetheless, there appears to be no strong asymmetry-dependence of the dispersion, even at these
large values of A4i/(4i).
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Fig. 62. Simulated resolution echo at B, = 0.0393 T for the reference spectrometer configuration (4-N=2, L;= 2 m etc.) with a
rectangular incident wavelength distribution of full width (FW) given by A4/(4) = 10 % and (1) = 8.0 A. The simulation is performed
with Algo = Afnax = 0, but with 4B, calculated according to Eq. (178) with P,° = 0.5, such that the peak signal should be about 0.5
multiplied by the depolarization due to flipper coil dispersion. The red curve is the product of the theoretical “perfect instrument”
resolution (Eq. (127)) multiplied by the estimated constant depolarization due to 4By, i.e., 0.5, (also obtained by substituting the
chosen value of ABy(FWHM) back into Eqg. (176)), multiplied by the estimated (constant) depolarization due to A4 (Eq. (42)) with no
fit parameters. The success of this analytical description of the simulation results in this example is revealed by the small residuals
(blue curve). There is apparently no strong asymmetry-dependence of the effects of 4B, in this case.
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Fig. 63. Simulated resolution echo at B, = 0.0393 T for the reference spectrometer configuration (4-N=2, L;=2 m etc.) with a
rectangular incident wavelength distribution of full width (FW) given by A4/ = 10 % and (1) = 8.0 A. The simulation is performed
with 4By = A6 = 0, but with Alg, calculated according to Eq. (184) with P,° = 0.5, such that the peak signal should be about 0.5
multiplied by the depolarization due to flipper coil dispersion. The red curve is the product of the theoretical “perfect instrument”
resolution (Eq. (127)) multiplied by the estimated constant depolarization due to Alg, i.e., 0.5, (note: also obtained by substituting the
chosen value of Algy (FWHM) back into Eq. (185)), multiplied by the estimated (constant) depolarization due to A4 (Eq. (42)) with no
fit parameters. The success of the analytical description of the simulation results in this example is revealed by the small residuals
(blue curve). There is apparently no strong asymmetry-dependence of the effects of Alg, in this case.
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Fig. 64. Simulated resolution echo at B, = 0.0393 T for the reference spectrometer configuration (4-N=2, L;=2 m etc.) with a
rectangular incident wavelength distribution of full width (FW) given by A4/ = 10 % and (1) = 8.0 A. The simulation is performed
with 4By =Algy = 0, but With A8 mex = A6k max = Abax (simple divergence model) calculated according to Eq. (202) with P,% = 0.5, such
that the peak signal should be about 0.5 multiplied by the depolarization due to flipper coil dispersion. The red curve is the product of
the theoretical “perfect instrument” resolution (Eq. (127)) multiplied by the estimated constant depolarization due to A6, i.€.,
approximately 0.5, (“approximately” since Eq. (202) is only an approximate inversion of Eq. (197)), multiplied by the estimated
(constant) depolarization due to A4 (Eq. (42)) with no fit parameters. The success of the analytical description of the simulation results
in this example is revealed by the relatively small residuals (blue curve). There is apparently no strong asymmetry-dependence of the
effects of A6y in this case.
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9. Towards the Definition of the NIST NRSE Instrument
9.1 Possibilities Using MIEZE-I1 Configuration
9.1.1 General Instrument Features

The general features of a so-called MIEZE-I11 spectrometer [29] are shown in Fig. 65. The configuration
shown is equivalent to a multi-arm conventional arrangement of flipper coils, but with the fourth coil unit
replaced by a “thin” detector at exactly the same location. The second and third bootstrap coils are created
from the annular coil surrounding the sample area. In contrast to the similarly-named MIEZE spectrometer
(see Ref. [16]), the r.f. frequency of all coil units is identical. The discussion in Sec. 4.2.1.3 illustrates the
effect of eliminating the fourth coil: When the r.f. angular frequency is tuned to the Larmor frequency, ax,
the neutron spin-up and spin-down states retain their kinetic energy splitting after leaving the third coil unit,
corresponding to a Larmor precession of angular frequency 2y (for N = 1 coils), or 4ax (for N = 2 coils).
Because the quasielastic echo point occurs at Ly = L, for the 4 identical coil unit arrangement, the
polarization at L; = L, (the detector plane in the MIEZE-I1I) is modulated at angular frequency 2ay (N = 1),
or 4axn (N = 2), with maximum amplitude.

9.1.2 Toroidal r.f. Solenoid

An annular z-flipper illustrated in Fig. 65 would be a new development for NRSE. The design of the
r.f. coil depends on maintaining voltages within reasonable limits.

Ring coil = Polarizing
. bootstrap coils mirror
Bootstrap NQH—pOlﬂﬂZlﬂg B&C
coil A MIrror

¥ L]
. i t:‘:l Fast detectors
Magnetically [y I e Y (scintillator-+PM)

screened area

Fig. 65. Schematic of a possible MIEZE-II NRSE instrument configuration (as proposed by Géhler). In the annular coil, the static field
is perpendicular to the plane of the drawing and the r.f. field is in the plane of the drawing.
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9.1.2.1 Self-inductance of the toroidal r.f. solenoid

The self-inductance of a toroidal r.f. solenoid, radius reig, IS approximately

_ /uONerA'f _ /UOerfArf

rf ’
Iaxial 27z-rt0roid

L

(312)

where Ny is the total number of turns, 1™, is the axial length of the solenoid (in this case the mean
circumference - Iy = 27 loroid), and Ay is the cross-sectional area of the r.f. solenoid (the area enclosed
by a single r.f. winding — i.e., the equivalent of a;; x l; in Fig. 30). Substituting the winding density n; (=
N /") into Eq. (312), we have

Ltc)roid [H] = 27Z-rt0r0id :uOnrzf Af = 87[2 X10_7 (nrf ':m_l:')z rioroid [m] A’f |:m2j|

2 (313)
=7.9%x10° (nrf [mflJ) Foraia [M] A [mz].

We now consider the dimensions of the toroidal coil. The tolerable uncertainty on By x I ;s is somewhat
relaxed for the r.f. coils when compared with the static field coil requirements at the highest values of B,
because only a zrotation of the spin is required around B, The flipping efficiency is naturally limited by
coil dispersion so that relaxing the tolerance on A(Byl) is usually accompanied by a restriction of the
bandwidth, A4 (see Sec. 7.3.4.8). Nonetheless, it is likely that the r.f. coil height does not have to greatly

exceed the beam height. For a toroidal coil, we substitute 2 ztoig fOr laiar in EQ. (266). If we impose a high
voltage restriction, V< 1500 V, we end up with

n, [m'l} Foroia [M] @y [M]

()| A

As an example, we assume that a coil height (side of the rectangle perpendicular to the beam direction) a, ~
0.1 m provides sufficient r.f. field homogeneity within the beam area. The toroid radius, rireig, Must be
sufficiently large to accommodate typical scattering sample environments. A reasonable value is g ~

0.3 m. The choice of ry,.iq does not affect the instrumental resolution significantly, but it affects the usable
solid angle. In order to estimate a worst case, we use the maximum value of By and the minimum value of
(A) from the previous discussions (about 0.04 T and 2 A, respectively). It follows, from Eq. (314), that
satisfying n (Bo = 0.04 T, (4) = 2 A, Fioreig = 0.3 m, a;=0.1 m) < 16 m* (1 turn every 6.3 cm) maintains
the r.f. voltage below 1.5 kV in this case.

B, [T]<9.5%10°. (314)

9.1.2.2 Resistance and inductive reactance of the toroidal r.f. solenoid

The resistance of the r.f. coil winding is

rf

roid — T %’ 315
Reraia = 2 )AN (315)

where 1, is the total length of the winding and A, is the cross-sectional area of the r.f. wire, i.e.,

I\:vf ~ 47[rtoroid nrf (arf + Irf ) (316)
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and
Al =teh, (317)

so that Eq. (315) may be rewritten as

A Ny (2 + 1)

toroid " 'rf

trf hrf

Rtoroid = p(T) (318)

Using the above example with ;s = 0.025 m and ryo0ig = 0.3 m, the perimeter of one winding is 2(a,+ly) =
0.25 m and the total length of the winding, for n = 16 m™, is I, (N = 16 m™, a; = 0.1 m, I,y = 0.025 m) =
25rr0id = 7.5 m. Tightly-wound, rectangular cross-section wire has width perpendicular to the beam, hy; =
h"™ = 1/n,; = 0.063 m. Choosing the winding thickness parallel to the beam direction, t;f = tya = 0.4 mm
(as given in Sec. 7.3.2 for aluminum), the cross-sectional area is A, = 4 x 107%/16 = 2.5 x 10° m? (0.25
cm?). The minimum resistance of the winding is therefore

R [©2] = 3x10° p(T )[Qm]. (319)
Specifically for pure aluminum windings (using Eqg. (234)), we have

Forod [M] Nt [m'l}(arf +1 )[m]

R (T)[Q]=(1.43x10°T[K]-8.7x10°® : 320
Al ( )[ ] ( X [ ] X ) trf [m]hrf [m] ( )

and for this specific geometry
s {AL(T)[Q] = 3.44x10°°T (K) - 2.08x10°". (321)

Around room temperature, pa = 2.73 x 10"® Om and the resistance of the winding is approximately
Rioroid™ "{AI}T = 300 K, rioroig = 0.3 M, tr =4 x 10" m, ns =16 m™) = 8 mQ.
The inductive reactance of the r.f. coil is

X, [Q]= o, [s*]L[H]. (322)

On resonance, with By = 0.04 T, we have @~ 7.3x10%rad s™* (= 1.17 MHz) (Eq. (9)). For ns= 16 m™,
Foroia = 0.3 M, and choosing a typical A= 0.1 x 0.025 = 2.5 x 10 m? we have (from Eq. (313)) L ~

1.5 pH, from which we obtain X, ~ 11 Q. Therefore, X; > Ryoroig at the highest frequencies (in this example,
by more than three orders of magnitude).

9.1.2.3 Current and power dissipated in r.f. coil

With a maximum required r.f. field magnitude of about 2.7 mT (see Sec. 7.3.4.3) and a winding density
Net = Nyt (Noroia = 0.3 M) = 16 m™, Eq. (213) implies that a peak current Iy~ 2.7 x 10°%/(1.26 x 10°x 16) =
134 A is required. Therefore, having eliminated the high voltage problem we appear to run into problems
with peak current. This is mitigated by increasing the minimum operational wavelength. Nonetheless,
because the r.f. coil load is almost entirely inductive at high frequencies (see previous example), the high
frequency current in the coil lags the voltage by approximately 90°. The heat dissipated in the r.f. coil is
only that due to the resistance. In the example given in Sec. 9.1.2.2, for room temperature aluminum
windings of enclosed area 0.25 cm?, Reroia * 8 M, therefore the maximum rms power dissipated in the coil
is Prws {AIHT = 300 K, Fioroia = 0.3 M, Ny = 16 m™, A, "= 2.5 x 10° m?) = (134/42)2 x 8 x 10° =~ 72 W.
This is not excessive.

188 http://dx.doi.org/10.6028/jres.119.005


http://dx.doi.org/10.6028/jres.119.005
http://dx.doi.org/10.6028/jres.119.005

Volume 119 (2014) http://dx.doi.org/10.6028/jres.119.005
Journal of Research of the National Institute of Standards and Technology

9.1.3 Requirements for the MIEZE Detection System

As demonstrated in Sec. 6.6, accessing high-resolution requires flight path length uncertainties in the
several tens of microns range, with frequencies in the 1 MHz range. Therefore, the active part of the
detector must be flat and capture neutrons within tens of micron thicknesses with reasonable efficiency.
The most suitable detector type appears to be a scintillator-photomultiplier combination. The charged
particles for activation of the scintillation originate from a nuclear reaction produced by the absorption of
thermal neutrons. The very small absorption depth probably requires a °Li-containing compound such as
®LiF, which produces negligible gamma radiation. Scintillator material such as ZnS:Ag, ZnS:Cu,Al, Au
have the advantage of rapid decay times (no afterglow). The data acquisition response time should be
preferably within the 1 ns to 10 ns range with signal handling up to about 4 MHz, if N = 2 bootstrap coils
are used. (Note that the signal frequency is 4ay for N = 2 — see Sec. 9.1.1).

9.2 Criteria for Permanent Magnet NRSE Options

An important limitation on the static field coil is the restriction on the winding thickness parallel to the
beam, imposed by neutron absorption and scattering. In Sec. 7.3.3.1 we saw that this may lead to
significant heat generation at high fields, unless the coils are cryogenically cooled. We now consider the
feasibility of replacing the static field coils by a ferromagnetic or anti-ferromagnetic material that transmits
neutrons. The static field magnitude is fixed in this scenario, therefore, a scan of zrse Might involve a scan
of the r.f. unit separation in each arm of the spectrometer, such that that 5(BL) is maintained at zero (the
echo point). This contrasts with varying the static field magnitude at fixed L in the coil case. A quasi-elastic
NRSE spectrometer using permanent magnets to provide the static field (N = 1) is shown in schematically
in Fig. 66.

NRSE (N=1)
Scan Scan

OsC O5C osc [FATS

@Ba @Bo @Bn @Ba

Ly
Fig. 66. Schematic of a quasi-elastic NRSE instrument using electrically-insulating permanent magnets to provide the static field with
a superimposed r.f. field.
9.2.1 Comparison of Static Field Coil and Permanent Magnet NRSE
(a) Cail
e 7yrse SCan usually fixes Lo, L; and varies B,,.

e Requires anodized aluminum windings.
e High resolution applications typically require very flat and parallel windings.
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e Production of (0.03 to 0.04) Tesla fields with thin (in the beam direction) Al windings is
challenging. Heat dissipation is proportional to the coil surface area and can reach several kW with
typical windings, unless cryogenically cooled.

e Maintaining adequate coil cooling without interfering with the beam path is challenging.

(b) Permanent magnet
e 7yrse SCan has fixed By, By, vary both L, and L;.
e High resolution applications require similar dimensional tolerances to the coils (but probably
easier to achieve).
Field homogeneity is very good inside the magnet and field boundaries are abrupt.
Requires a neutron-transparent magnetic material.
Magnet must reside inside the r.f. coil — requires magnetic material to be electrically-insulating.
Magnet likely requires an externally-applied saturation field.
Fixed r.f. frequency — (no r.f. circuit tuning, fixed impedance).
Resonance width requires field magnitudes in each unit to be similar to within a few tens of 4T.
Significantly reduced heat removal problem.
Compact, with no electrical coil circuitry.

9.2.2 Definition of the Required Instrument Parameters Using Permanent Magnets

In the following, we develop a set of inequalities defining the major parameters required to achieve the
desired spectrometer performance using permanent magnets.

9.2.2.1 Coil unit geometry

The coil unit consists of a permanent magnetic material enclosed by an r.f. coil (with a perpendicular
field axis) as shown in Fig. 67. Henceforth, we refer to the dimensions defined in Fig. 67.

9.2.2.2 Byl magnitude criterion for accessing zrse =30 nsat A =8 A
The criterion for accessing mgrse = 30 ns at A = 8 A is expressed by Eq. (206). Assuming that there is a

practical upper limit on L, imposed by spatial constraints (represented by L"), we define a minimum
required value of B, criterion according to:

By [T]= _0157 minimum B, magnitude to reach zgse =30 nsat 1 =8 A. (323)

NG )
9.2.2.3 Minimum wavelength (4 = 2 A) r.f. voltage criterion

An approximate expression for the peak r.f. voltage in terms of the r.f. coil parameters and the neutron
wavelength is given by Eq. (266), where a, and 1™, are shown in Fig. 67:

Irf

Vv [V] ~25%10° Ny [m’1] " [Dm]arf [m]
M){A}

We know that a,; cannot be smaller than the beam height, say a™" ~ 0.03 m. For compatibility with typical
high voltage cable ratings (see Sec. 7.3.4.3), we have

B, [T]. (324)

V"™ <1500V, (325)
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Fig. 67. Schematic of a flipper coil unit using a permanent magnetic material to provide the static field.

which, combined with Eq. (324), equates to

n, [m'l}lg;a, [m]a, [m]
()| A

as it was in Sec. 7.4. This is most demanding at the minimum operating wavelength, which we assume to
be 1 =2 A, therefore

By [T]<0.06, (326)

N [m* 15 [m]a, [m] B [T]<0.12. (327)
We remember that By is also subject to the constraint expressed in Eq. (323), therefore we require

Lo~ [m] 5130 [ ]t [m] s [m]

N maximum r.f. voltage at min A (= 2 A) criterion. (328)
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9.2.2.4 Required Resolution: Tolerance criteria for By, Iz, and beam divergence

If the elastic signal magnitude must equal or exceed P,’ at zrse(A = 8 A) = 30 ns, this imposes
maximum tolerances on the values of By, Igo, and the beam divergence, 46 which are expressed in Egs.
(203-205) (for equal contributions). We assume that the field variation inside the permanent magnet, 4B,
is a fixed property of the material and that the minimum dimensional uncertainty in the beam direction is
Al 1f we choose P2(zrse = 30 ns, 1 =8 A) > 0.5, Eq. (203) can be rewritten in terms of a condition on
the variable lg, i.e.,

-6
lg, [m] < _2.2x10° originating from 4B, criterion, (329)

VNAB,, [T]

where we have set (1) = 8 A. Note that this condition is not especially demanding for any realistically
attainable ABp:. Likewise, for P,2(zrse = 30 ns, 2 =8 A) > 0.5, Eq. (204) imposes a condition on the
magnitude of By, i.e.,

6
B,[T]< 2210 (330)

\/ﬁAlmat [m] ,

subject to the minimum required B, condition (Eq. (323)), from which we have:

Al _ . . L
L™ [m] > 7.1x10* % from Alg, criterion and minimum required By criterion. (331)
Applying the P,.%(zgse = 30 ns, =8 A) > 0.5 to Eq. (205), we have

(a6

max

[rad])’ (,1 :8,&]3%, (332)

subject to the condition (323), which leads to

Al (i = 8&) <5.2x107 rad maximum divergence criterion for P,%(zyrse = 30 ns, 1= 8 A), (333)

(For reference, this is about 37.5 % of the critical angle of natural Ni at A = 8A).

9.2.2.5 Tolerance criterion for B, — r.f. penetration of the permanent magnet and absorbed r.f.
power

Variations of the magnitude of B,; within the static field region lead to reduced flipping efficiencies and,
consequently, reduced signal magnitudes. One source of attenuation of B, is absorption of the r.f. field by
the magnetic material with the associated heating. In the medium-wave (MW) to short-wave (SW) band
that is relevant to the NRSE (far from molecular vibrations that reside in the > 100 GHz microwave range),
the average magnitude of the Poynting vector (which, for a plane wave, is the energy density x the phase
velocity) in a material of conductivity, o, permeability, 1, and permittivity, &, may be expressed as
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1/2

H ( we+Vw’e? +o° 20 — V2
S, =— exp f|:2w,u(\/w & +o 7(06‘)j| y
4 Vo's® +o° (\/wzgz +o’ +a).9)

2

Y
B Hff (a}g+\/w2€2 +o’ J 20u exp(—le
( o

(334)

2 2 2
4 Vo'’ + o Vo'et + o’ +we

where Jis the attenuation length and w is the angular frequency of the electromagnetic radiation. There are
two obvious limiting cases:

(i) Perfect insulator: o— 0 and § — o (no electromagnetic radiation is absorbed).
(i) Good conductor: o> weand & — (2/ucw)"? (otherwise called the skin depth [see Eq. (274)]).
For the good conductor,

1/2
S =H? ﬂ} ex [—21) 335
av rf |:8G p 5 ( )

For an applied r.f. H-field as shown in Fig. 68, with a slab thickness Iz > &in the direction of S,,, and slab
area ac, the Poynting vector is interpreted as follows:

_ Energy. phase velocity = energy d_y _ Power
vol acdy dt ac

(336)

av

which is the power per unit slab area, ac. From Eq. (335) we note that almost 90 % of the r.f. energy is

absorbed in the initial thickness &, as indicated in Fig. 68. In fact, after a thickness lgo, the power absorbed
per unit slab area is

A J

S

Fig. 68. With the r.f. H-field oriented as shown in a good conductor, most of the r.f. power is absorbed perpendicular to the plane
containing E and H (in the direction of the Poynting vector, S) within the skin depth, &, if lgo > 6.
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1/2 | /2
AS,, =H? {’g—w} |:1—exp(— %ﬂ ~H? {g—w} forl, > 0. (337)
O (o}

The power absorbed per unit area increases as the square root of the frequency.

The required electromagnetic properties of the magnetic material are estimated by assuming that the r.f.
field attenuation corresponds to a value ABs which produces a precession angle 74 around By (see Sec.
2.2), in which g must not exceed + 2.5°. This ensures that AB,; does not significantly compromise the
usable bandwidth AA/A4, (£ 2.5° corresponds to the equivalent effect produced by A4 = 3 % FWHM).
Thus, by setting

AB
—1 <0.03, (338)

rf

we require that the exponential in Eq. (334) is greater than (1-0.03) = 0.97 over the thickness of the crystal,
IBo, ie.,

I
exp [—2%} >0.97, (339)
Which, in turn, implies
62657, =65.71 ~65.7l, (340)
where
12
5= 2 . (341)

wﬁy(1/m§52 +o’ —a)rfs)

Combining Egs. (340) and (341) with the resonance tuning condition for the r.f. frequency (Eqg. (9)), we
obtain:

I, [m]=1.[m]
< 1.59 ><:|.076 (342)

[BO [T]ﬂ[NA'z](\/(l.ssxlo‘* B,[T]) o[Fm* ] +o[me" | ~1.83x108, [T]g[““m 2,

subject to the minimum By, criterion (Eq. (323)). If the criterion in Eq. (342) is satisfied, the r.f. power
absorption is almost uniformly distributed over the slab thickness and the power absorbed in the slab
volume is

(343)

2

we +\No’s? +o° 20u

2 2 2 ’
Jole® +o (\/wzgz +0° +a)£)

H 2
P <0.03ac 4‘* [

The remaining issues are those of providing adequate cooling to the magnetic material.
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9.2.2.6 Examples
Some simplifications

The instrument parameter envelope is defined by the solution of Egs. (323), (328), (329), (331), (333),
and (342), whilst ensuring that the r.f. power absorption (Eq. (343)) and neutron absorption/scattering
remain under control. In these examples, we make the following simplifications:

e We fix N = 2 —the preferred bootstrap factor for the spectrometer (see Sec. 3.4.2).

e Because there are two conditions involving L™, one concerning materials length tolerances (Eq.
(331)) and the other involving parameters influencing the r.f. coil inductance (Eq. (328)), we
impose limits on Ly™ using Eq. (331), then examine the consequences for the r.f. coil parameters
in Eq. (328) — specifically the coil winding density, given limitations on the r.f. coil dimensions.

e The permanent magnet material is one that satisfies Egs. (342) and (323) simultaneously, has low
r.f. power absorption (Eq. (343)), and is transparent to neutrons. The conditions associated with
Egs. (342) and (343) amount to finding a sufficiently electrically-insulating material. Satisfying
Eqg. (323) requires the material to have a suitably large B field at saturation.

e Satisfying Eq. (333) for high-resolution operation likely requires placement of neutron optical
elements that reduce flight path length differences between coil units to a factor not grossly
exceeding A6ya’/2.

The above simplifications lead to the following set of conditions that must be satisfied simultaneously:

1.56x10°

I, Im|s————— from Eq. (329)). 344

5, [M] 2B, [T] ( q. (329) (344)

L5™[m]=5.0x10% Al [m] (from Eq. (331)). (345)
Combining Egs. (345) and (328), we have

N [m™ |15 [m]a, [m] < 7.7x10° Al [m]. (346)

AG,. (/1 _ 8,&) <52x10%rad  (from Eq. (333)). (347)
lg, =1, [m]

1.59x10°

<

T (from Eq. (342)),

[Bo [T]u [NA'Z](\/(1-83X1OBBU [T]) e[Fm* ] +o[m'@'] ~1.83x10°8, [T]g[Fm'l]):r

(348)

subject to

S 7.85x107?

By [T]> = ] (from Eq. (323)). (349)

195 http://dx.doi.org/10.6028/jres.119.005


http://dx.doi.org/10.6028/jres.119.005
http://dx.doi.org/10.6028/jres.119.005

Volume 119 (2014) http://dx.doi.org/10.6028/jres.119.005
Journal of Research of the National Institute of Standards and Technology

Example with N =2, 0.01° slab parallelism, a =c =0.1 m, and 4B, = 50 uT

The slab parallelism of 0.01° is based on what is considered reasonably achievable. Over a slab
dimension of 0.1 m, this corresponds to Al.,.; = 20 um. Using these values in Eqgs. (344-349), we obtain:

-6

| [m] <2810 1, <0.031m.
AB . [T]

Lg™[m]>5.0x10°Al , [m] = L™ >1m.

For this range of L,"® we have, from Eq. (349):

-2 B,(Li™ =1m)>0.0785T
] 18107 By (5 )
L™ [m] B, (L5™ =2m)>0.0393 T
and, from Eq. (346):
N, [m'l}lg;al [m]a, [m]<1.54.

Assuming a,~c¢=0.1 mand M ~a=0.1m (see Fig. 67), this condition is expressed in terms of a
maximum winding density of the r.f. coil by

> [m*]<154m™,

Using the above range of Ig, (1,), Eq. (348) becomes:

By [T],u[NA‘Z](\/(l.BsxlOs B,[T]) e[ Fm* ] +o[m'Q*] ~1.83x10°B, [T]E[Fm'l]) <2.6x10°

7.85x1072

subjectto By |T|> —————
T

(Eq. (349)).

As an example, room temperature FeO has z=(1 + ) o = 1.27 x 10° NA? and & = 14.2 (¢ = 1.26 x
10" Fm™). The conductivity of FeO [30] is o=~ 2000 m™*Q™. In this case, the left hand side of the

inequality is approximately B, [T]y[NA'Z]o[m'lg'l] ~10™, making it impossible to satisfy. However,

at liquid nitrogen temperature the band conduction is such that o drops below about 0.3 m™Q™ (see also
Ref. [30]). The left hand side in this case is about 1.5 x 108, which is much closer to the requirement.
Alternatively, the 4B /B, condition must be relaxed. Nonetheless, the materials issues for a permanent
magnet option appear to be the principal challenge, especially in view of the neutron transmission
constraints.

9.2.3 Potential Problems with the Multi-Angle Permanent Magnet Configuration
In a permanent magnet, multi-angle NRSE arrangement, a potential geometrical issue is either that of
crowding of the fourth flipper coil units (or detectors in a MIEZE-II configuration) as zrse (and hence L)

is reduced, or that of mechanical interference of the coil units with the high-resolution optical elements
(Fig. 69). Both problems reduce the Fourier time range. If corrective mirrors are installed, they are
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Polarizing mirrors

1. Coil crowding

2. Mechanical interference '
with optical elements

Fig. 69. Possible mechanical interferences when using permanent magnets in a multi-angle NRSE arrangement.

optimized for the highest resolution (i.e., for Ly = Ly™™) and may not be required when measuring shorter
Fourier times. An NSE mode of operation could also take over at short Fourier times. Because the magnetic
field magnitude is fixed, one cannot adopt the method described in Sec. 7.3.6.2 for the NSE mode. A
possible solution consists of rotating the magnets to change the field integral (see following section).

9.3 An NSE Permanent Magnet Configuration?

One may compare the Fourier time ranges of a NRSE spectrometer with that of the NSE configuration
using permanent magnets. As there is no oscillating field in the NSE, the precession field integral is varied
by changing the magnet tilt, as opposed to the magnet separation. However, the spin-up and spin-down
neutron k-vector components that are normal to the field boundaries are split in magnitude inside the field,
whereas the parallel components are not. The result is that the locus of constant spin-echo phase is
Q-dependent. Whilst this property is exploited for measuring widths of dispersive excitations [29], it is
problematic for quasielastic scattering, where a given spin-echo phase is obtained for a range of energy
transfer-Q magnitude combinations allowed by the broad incident wavelength band and the beam
divergence. A possible mitigating solution uses opposing symmetric tilts (as opposed to tilts in the same
sense), as shown schematically in Fig. 70. The upper Fourier time limits for the NSE and NRSE
configurations are obtained by comparing the effective field integrals 2NB,""*FL, for the NRSE with
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Fig. 70. A possible NSE configuration for quasielastic scattering using permanent magnets. The total field integral in each arm =
Bol/cosg . The symmetrically opposing tilt scheme allows the net locus of constant ¢nse to remain parallel to the Q-axis in Q- space.

g

Bo *F1/c0s @max for the NSE, where ¢nay is the maximum tilt angle of the magnet. For an NRSE instrument
capable of reaching zrse =30 nsat 1 =8 A, we have

2NB)™FL, ~0.32 Tm. (350)

Ferromagnetic materials might have By in the range (1 to 2) T. Therefore, reaching a field integral of
0.32 Tm with the NSE configuration requires

|
COS ¢max

~(0.32t00.16) m. (351)

For any ¢nma this is unacceptably thick for thermal neutron transmission, therefore a permanent magnet
NSE configuration is feasible only for measuring the lower Fourier time range (as was the case with the
coils — see e.g. Fig. 33).

9.4 Neutron Guide Requirements

The static field homogeneity and corrective optics requirements demand a small area, low divergence,
cold neutron beam. This may be provided by a curved or curved-straight polarizing neutron guide or a
conventional neutron guide followed by a polarizer. If the beam monochromatization is provided by a
velocity selector, the polarizing elements are placed downstream. A polarizing neutron guide at FRM-I1 is
shown in Fig. 71.

A curved-straight neutron guide arrangement, designed according to the prescription for “Phase-Space
Tailoring” (PST) [31,32], is particularly suitable for this application. Despite the curved section, a PST
guide is capable of delivering a beam with optimal intensity and uniform spatial and angular distributions,
for all wavelengths exceeding a threshold, 4 determined by the guide geometry and reflective coatings.
From the estimates given in Table 7, it is likely that the incident beam divergence tolerances are stringent
for high-resolution operation. Even if beam divergence dominates the instrumental depolarization, the
tolerances in Table 7 are relaxed by only a factor of V3. This requires a critical angle of reflection of about
50 % of natural Ni — about that of polished glass — to obtain PY=05at (zwrse = 30 ns, =8 A) in this
example. This degree of beam collimation is not required for lower resolution measurements, therefore a
likely design would introduce additional collimation, as necessary, into a more divergent beam.

To illustrate the implications of the high-resolution limits for a PST guide design, we choose a beam
size W x H = 3 cm x 3 cm with a total length of the curved-straight guide combination, Loy = L + Lgy =
50 m, where L. is the length of the curved section and Ly, is the length of the straight section. The short
neutron wavelength filtering ability of the curved section (assuming no direct line of sight) is expressed in
terms of the “characteristic wavelength”, A.. In the small angle approximation, A is given by
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Fig. 71. A section of the polarizing neutron guide feeding the 3-axis NRSE at the FRM-I1. The vertical bars are permanent magnets
providing a guide-field. The neutron guide is contained inside a vacuum casing in this example (photo kindly allowed by T. Keller,
FRM-II).

PIO LI B (352)

p 7Ni mout

where W is the guide width, p is the radius of curvature, my is the factor by which the critical angle of the
reflective coating on the outer radius of the curved section exceeds that of natural Ni, and y; is the critical
angle per unit wavelength of natural Ni (4 ~ 1.73 x 10° rad A™). For an ideal (perfect reflectivity and
circular curvature), long (no line-of-sight) curved guide, A, defines:
(i) The wavelength below which the transmitted beam consists only of neutrons that have had no
contact with the inner radius.
(if) The wavelength at which the 2-D transmission is 2/3 that of the ideal long straight guide with side
coatings Moy
(i) The wavelength below which the transmitted 2-D phase space area decreases oc A° (c.f. oc A for the
2-D straight guide).
A compromise between good epithermal neutron suppression and reasonable transmission at Amin = 2 A is
achieved by setting A, = 4 A. If the required conditions for PST operation are met (see Ref. [32]), 1”is
given by

m
M= g, (353)

()

out in
where m;, characterizes the inner radius critical angle for the curved section. Note that 4’exists within the

range between A (when myy > mj,) and oo (when m;, = m,,;). Consequently, ideal PST conditions are not
obtainable for A < A, however, curved-straight configurations can significantly reduce spatial-angular
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asymmetries introduced by the curved section [33]. A curved guide is considered “long” if it has no direct
line-of-sight [LOS]. For this to be true, L, must satisfy:

L, > Lo ~/BWp. (354)

Particularly favorable gamma-ray filtering occurs when L > 2L, os, Since neither the direct nor the once-
scattered gamma rays from the source are viewable from the guide exit. Thus, in the following examples
we set a desirable (but not necessary) constraint L, = 2L, g, i.€., L, = 4\/(2Wp).

The lateral displacement of the curved-straight guide exit with respect to the projected axis at the guide
entrance (a useful quantity when considering instrument placement) is given by

dy =d, +dg, = p[l—cos [i]}L L, sin (ij (355)
P P

Parameters for several guides that satisfy the PST guide conditions with the above constraints are
summarized in Table 11.

Table 11. Parameters for guides satisfying idealized PST guide conditions for A > A7, given the constraints . =4 A, Lix =50 m, W =
3.cm, L = 2L 0s With mi, > 0.5 and mg, > 0.5, for several radii of curvature of the curved sections.

Lsr(min) [minimum
p(M) Los(m) Lo(m) Ly (m) for ideal PST
(2> (m)

, Displacement of
(e=ah) M M A7) gide exit do (M)

100 4.90 9.80 4020 8.58 354 05 05 404 4.41
150 6.00 1200  38.00 8.54 289 05 05 406 3.52
200 693 1386 3614 8.50 250 05 05 408 2.98
300 849 1697  33.03 8.41 204 05 05 413 2.35
500 1095 2191 2809 8.23 158 10 05 422 171
500 1095 2191 2809 336 158 10 10 516 171

The guide systems described in Table 11 are illustrated schematically in Fig. 72. Their simulated
performance (with no velocity selector or polarizer) at the NCNR Unit 2 liquid hydrogen cold source is
shown in Fig. 73. The simulated intensity of the NG-5 guide (a **Ni-coated optical filter) at the NSE
instrument is also shown under the same conditions of no velocity selector and no polarizing cavity. Figure
74 shows the horizontal angular distributions at 4 = 8 A (greater than A~ for all models in Table 11). The
horizontal angular distributions show the expected uniformity within the critical angle limits of the straight
sections (indicated by the vertical lines). Figure 75 shows simulated integral fluxes that could be expected
at the guide exits when using a typical Dornier-type velocity selector operating at 10 % AA/A (FWHM),
with a polarizing cavity of wavelength-independent transmission 0.45. The predicted flux of the mg, = 1
guide is comparable to that of the NG-5 under similar conditions, with a slightly reduced beam divergence
(see Fig. 74).
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Fig. 72. Modeled curved-straight guide geometries for simulation of the PST guide systems described in Table 11.
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Fig. 73. Simulated differential flux spectra (dg/d2) at the exits of the PST guide systems described in Table 11 and for the NCNR
guide NG-5 (a *Ni-coated optical filter), all assuming no velocity selector and no polarizer. The source model is the NCNR Unit 2

liquid hydrogen cold source.
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Fig. 74. Horizontal angular distributions for the PST guide systems described in Table 11 and for the NCNR guide NG-5 (a ®*Ni-

coated optical filter) at A = 8 A. Note that A = 8 A is greater than A” for the PST guides. The vertical solid lines show the idealized

critical angles of natural Ni (solid lines) and for m=0.5 (dashed lines).
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Fig. 75. Simulated integral fluxes at the exits of the PST guide systems described in Table 11 and the NCNR guide NG-5 (a ®*Ni-
coated optical filter), assuming a Dornier-type velocity selector with A4/1 (FWHM) = 10 % and a polarizing cavity of wavelength-

independent transmission 0.45 are placed in the beam.
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10. Appendix A: Summary of Useful NRSE Formulas

(Lo = length between coil centers, I=total coil length, 15, = length of one zflipper coil assuming the static
field region encloses the r.f. field region, I,=length of combined r.f. and static field region (usually=I, for =
flipper coils), N=number of 7z flipper coils in Bootstrap, M=total number of z-coils traversed by the beam in
the instrument).

Larmor anqular frequency (=@ at resonance)

2
w,=7,B, Eq.(5 with y, =% =1.832472x10° rad s*T*  Eq. (6).

Larmor frequency (=r.f. frequency at resonance)

v [MHz] = v [MHz] = 75—30 =29.1647B,[T]  Eq. (8).

Larmor period=r.f. period at resonance

1 0.03429
= - from Eq. (8).
7o) vo[MHz]  B,[T] fom Eq. (8)

“Effective” 4-coil NRSE precession frequency with bootstrap factor N

Ver [MHz] = 2Nv, [MHz] = 58.3294NB, [ T].

Actual number of precessions in one zflipper coil length lg,, static field By

Vols, o V., M 3 |:°}
NZ = * =L =S0_1B | A=73722x10°B,|T|l, Im[A]| A |.
prec v o0 o0 h 0By 0[ ]Bo[ ]

n

Approximate full width at half maximum of resonance curve (i.e., a 50 % drop in polarizing
efficiency) for a general value of | is very well fitted by:

3.16x10°

| [m]4, W

AV [HZ] = Eq. (50).

Frequency shift for 1 % drop in the polarizing efficiency is well fitted by

198
—0} Eq. (51).

ALl | [m]4, [A

Effects of Dispersion: Flipping efficiencies

Flipping efficiency for a wavelength A; for single flipper tuned for resonance and for exact = flips for the
mean neutron wavelength (4;).
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=
dsp :sinz[%iJ Eq. (30).

Averaged over various incident wavelength distributions:

(i) Rectangular

Pdisp 1 1 . T ]
— =—+ sin| —A Eq. (34), with A, =AA 2 Eq. (33).
<Pideal >100|I 2 AFWﬂ- (2 ij a ( ) Fw FW/< '> q ( )

(if) Triangular

Piis 1 1 .
< ‘ p> =Z+——[1-cos(mApyw )]  EQ.(37), With Apyy =Adng /(4)  Eq. (36).
Paeat 11 2 7 Aruru

ideal

(iii) Gaussian

P 2
Zos ) e ( j Avwn || Eq(40), With Ay = Adeurns /(4)  EC. (36).
Poea /1 2 4) 2

ideal

Approximate instrumental tolerances to achieve resolution goal P,° (equal contributions from AB,,
Algy, and Afa) — see Sec. 6

(i) Tolerance on B, field in each zflipper for a 4-N coil instrument (Gaussian -equal contributions)

K

AB;WHM ~ 3N

( +2j Eq. (203) with x=In2In(1/P?).

(if) Tolerance on coil flatness in each #flipper for a 4-N coil instrument (Gaussian — equal contributions)

fln2|n 2.08x10°° /In
Alg"™ = meters Eq. (204).

m . «/SNB/I N JNB,[T]A

(iii) Tolerance on beam divergence in each arm of a 4-N coil instrument (uniform incident and scattered
polar angles up to Aé.x — equal contributions)

h [451n (Plo) |n[P10]
X7 £491x10° X

6N, 7, By Lo N, 7] [m]4[ A

AG_ =~

max

[rad]  Eq. (205), for
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6.7x10°°

N miL )4 [4]

|G| <- [rad]

Net phase change in 4 equal coils, midpoints of coils in first arm separated by Lo, midpoints of coils in
second arm separated by L,

B B 2Nm
Prrse = 2N7n|: SILO - \iL1:| = hn}/n |:BOL0/1| _BlLlﬂ’f] Eq. (69).
f

When tuned for QENS with ByoLo = B1L:
e racs] 5204160 B,[T]L, [ A ] -8 [T]1 m], 4] |

NRSE Fourier time (v; = v; + dv, dv « v; approximation)

TNRSE

2Nny,Bily 7, (m ’ 3 m, \ 3
=—"1 2= =20 1| NBL,A’=2Ny | A Eqg. (119),
mnvi3 T h OLO i OLO h i q ( )

where

Tymee [18] = 0.37271N B, [T]L, [m](,il [,&Da
Eqg. (120).

3

=1.27794x10N v, [MHz] L, [m][i' [AD

Resolution function approximations for no sample, isotope incoherent elastic scattering, or small &,
small divergence (apart from depolarizations resulting from instrumental imperfections and flipper

coil dispersion)

M& (Eq. (124)):

Defining A=

(i) Purely monochromatic (“perfect instrument™)
P.(w—0)=S(Q)cos(A4,)  (Eq.(125)),
with a periodicity given by

h = 1 #v
5(BL)zﬂ=m—7—NZ=7,f|

(Eq. (126)).

(if) Rectangular incident wavelength spectrum (“perfect instrument’)

205 http://dx.doi.org/10.6028/jres.119.005


http://dx.doi.org/10.6028/jres.119.005
http://dx.doi.org/10.6028/jres.119.005

Volume 119 (2014) http://dx.doi.org/10.6028/jres.119.005
Journal of Research of the National Institute of Standards and Technology

P(0—0)~ Msin[AM%jcos(A(/ﬂ)) (Eq. (127)).

FW

(iii) Triangular incident wavelength spectrum (“perfect instrument”)

P(0—0)= %{2 cos(A(4))[1-cos( AAApyuy )]} (Eq. (128)).

Quasielastic signal approximations, symmetric S(Q, &), J/1Q) = #DQ,’, L — 0, small divergence
(apart from depolarizations resulting from instrumental imperfections and flipper coil dispersion)

2 21 cin?
Defining K =167y, (mTj NBOLODsinZG:WrNRSE (Eq. (134)):

(i) Purely monochromatic (“perfect instrument”)
P (6L —>0)~exp(-K4,)  (Eq. (135)).
(if) Rectangular incident wavelength spectrum (“perfect instrument’)

_sinh(KAZ, /2)

P,(SL—0)~ (Ko, /2)

X

exp(-K (%))  (Eq. (136)).

(iii) Triangular incident wavelength spectrum (“perfect instrument™)

2(cosh (K AZpyy ) —1)

PX(EL—>O)~ TIVE
FWHM

exp(-K(4))  (Eq.(137)).

(iv) Gaussian incident wavelength spectrum (“perfect instrument”)

o .

i ’ 20 (Eq. (138)).
— Aj’FWHM
~ J8In2

Approximate maximum achievable static field for n turns cm™ (long solenoid approximation)

B,[T]~ 47107 n[m*JI[A]=1.26x10°n[m*]I[A]  Eq.(213).

Required current in static field coil to produce a static field By

6
_25x10° Bo[T] o 105 &1 gq (219).

r n[m'1] n[m'l]

H[A]
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Magnetic pressure acting outwards on B, coil windings

B[T])’ )
Prag [ NM” | :%z 4x10°(B[T])"  Eg.(241).

Approximate deflection of unconstrained rectangular wire (thickness t) winding, length |, due to
magnetic pressure

Ve [M] z1.25xlo4% Eq. (246).

Resistance of static field coil of external surface area Ay with tightly-wound, rectangular cross-
section wire windings of thickness t

R :m Eq. (222).

Required voltage across static field coil of external surface area Ay, with tightly-wound, rectangular
cross-section wire windings of thickness t

25x10° p(T)[@m]n[m™* ] A, [m’ ]

VIV]-1[AJR[0] - 22 o

B,[T]  Eq. (224).

Power dissipated in static field coil of external surface area Ay, With tightly-wound, rectangular
cross-section wire windings of thickness t

PIW]=I[AN [V]=(I[A]) R[Q]

6.25x102 p(T)[Qm] A, [m?] . Eq.(226).
- 2 t[m] (BO [T])

Specifically for Al windings downto T ~ 80 K

P, [W]=(B, [T])ZM(n.zT (K)-4.37x10°)  Eq. (235).

t[m]

Byt required for zflip (amplitude of r.f. field=2B )

6.782232x10° _ 6.782232x10°°

L, [m]4, W L[m]s, m

B [T]= Eq. (14).
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Required peak amplitude of r.f. field

1.35645x10*  1.35645x10°

L, [m]4, W L [mlA, W

BrFf)k [T] = ZBrf [T] = Eq (15)

Approximate skin-depth in aluminum

83
v Hz

Sy [mm] = Eq. (275).

z

Approximate ratio of resistance at frequency vto D.C. resistance for rectangular cross-section wire
windings with h » t

Ré:)zza[l t( tﬂ Eq. (276).
—exp| -

Approximate required peak current.in r.f. coil

15 [A] = BY[T] 1.356x10°*
" #[NAZ ]n, [m* ] u[NA?]n, [m* ]I, [m](i,)[/&}
108 Eq. (260).

(in air/vacuum)

oo [ i) A]

rms current in r.f. coil at exact impedance matching (Z, usually 50Q)

Irrfms [A] _ Ir?k [A] - 9.592x107°
V2 H[NA? ] [m™* ]I, [m](i,)[A}
76.3 Eq. (261).

- - (in air/vacuum)

N [m™ 1 [m](4 ){A}

Approximate maximum voltage in r.f. coil (long solenoid approx, length I, thickness in beam
direction I, width perpendicular to I, and l,s= ar)

VX [V]~25x10° [ s [0 Ja. [m] B,[T]  Ea. (266).
()| Al

using L = zonliaiArt (EQ. (264)) which can be restated as:
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Approximate self-inductance of long solenoid

L[H] =4zx107 (n, [m*]) 1% [m]A, [m?]

i Eq. (265).
~1.26x10° (nrf [m’l]) e [M] A [mz]

Required rms power supply voltage at exact impedance matching

Vel 152.7,(7,[Q]R[Q]  1079.4R[Q]

V)= = Eq. (269).

[ fmi2)] A| [ ml{a)| A

Heat dissipated in the whole r.f. circuit at exact impedance matching

Prf circuit — 2<Irpn‘?s )2 ZO = Eq (270)

Power dissipated as heat in the r.f. coil at exact impedance matching

2 s \2
)
4z,

\AR .
— |Ims_ i+ JCOCZ
2 |z,

Approximate maximum rate of change of current in r.f. coil

coil

— (Irrfms )2 R = Prf 02ircuit Eq (273)

(di/dt)  [As*]= 17 [A]o,[s*]|~1832x10°1 ¥ [A]B,[T]  Eq. (263).

Approximate tolerances on r.f. coil

2 2
Using the criteria A%, = A(B”Irf) +(A/1FWHM ] <1.05 Aewn gng Aswr <10 %,
Brf Irf <ﬂ’|> <ﬂ'l> <ﬂfl>

A(Brf Irf ) _ \/EABrf _ \/EAIrf <
Brf Irf Brf Irf

with ~0.03

for equal contributions to resolution function (Eg. (282)), we have

e Al
2.9x10 Eq. (283)  and "<~ 0.02.

L [m(4)| A :

ABF[T]=

Length of toroidal r.f. coil winding, toroid radius r, cross-section a; x by

I % 47 Ny (84 +1 ) Eq. (316).

toroid " 'rf
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Self-inductance of toroidal solenoid of mean radius r and cross-sectional area A

L[oroid [H] = 27Z'rtoroid luonrzf Af = 87[2 Xloq (nrf |:m71:|)2 rtoroid [m] Af [mZJ

; Eq. (313).
= 7'9X1076 (nrf |:m71:|) rtoroid [m] A’f [m2:|

Resistance of toroidal solenoid of mean radius r

4ﬂr;oroid nrf (arf + Irf )
trf hrf

Rorais = 2(T) Eq. (318).

Specifically for Al rectangular windings t;sx hy :

Foroia [M]N [ M ] (2 +14 )[m]

RS (T)[Q2] = (143x10°T [K]-8.7x10°) t, [m]h, [m]

Eq. (320).

Stray field for total precession in arm of length L <10°

()| A

Unshielded “zero field path” precession due to average stray field By, along path length L

B

sy [ T]L[M] < Eq. (285).

(MA@, )[rad] = 4 :’ By L (4 ) = 4.63x10° B, [T]L[m](4 )[K} Eq. (284).
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