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1. Imntroduction

To accurately characterize imperfections of pre-
cision coaxial air lines, skin effect and surface
roughness need to be considered. Skin effect is now
well documented [1] and conductor surface finish
has been studied in detail by Rice [2] and Ament [3]
through the use of Fourier series methods. While
Karbowiak [4] points out that Fourier analysis re-
veals useful knowledge of the spectral components
which principally affect scattering parameters, it is
also appropriate to examine local pointwise influ-
ence along the axial (z) coordinate. In this connec-
tion, Hill [5] developed perturbation expressions
for the scattering parameters-for a lossless circular
air line. When the conductor surface exhibits trans-
verse angular variation, Rouneliotes, Houssain and
Fikioris report the effects of ellipticity and eccen-
tricity on cutoff wave numbers [6].

The purpose of this paper is to develop numeri-
cally accurate pointwise coaxial air-line scattering
parameters that account for skin effect loss and
conductor surface variations in the transverse an-
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gular and axial directions. Following Schelkunoff
[7], Reiter [8], Solymar [9] and Gallawa [10], gener-
alized telegraphist equations for the principal mode
are derived in section 2 for a circular air line.
Transformation to forward and backward wave
differential equations enables general solutions for
the scattering parameters in section 3. To allow for
conductor surface measurements along the z-axis,
cubic spline polynomials provide a starting point
for establishing pointwise recursion formulas of
forward and backward waves in section 4. In sec-
tion 5, the Bergman’s kernel technique is used to
establish a conformal mapping for transforming
noncircular conductors into equivalent circular
conductors in correspondence to the principal
mode. Computational results illustrating |Sy;| ver-
sus air-line length are given in section 6. An error
analysis of the computational algorithms for the ac-
curacy resolution of the measurement system is de-
veloped in section 7.
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2. Generalized Telegraphist Equations for
the Principal Mode

Consider the coaxial air line in figure 1. With
inner radius @(z) and outer radius b(z) the field
components of primary interest are radial electric
field (E,), angular magnetic field (H,), and axial
electric field (E,). We assume the fields E,, H,, and
E, are composed of TEM and TM modes, and cou-
pling of the modes is caused by skin effect with
variations of the conductor surfaces. From Ap-
pendix A boundary conditions for TM modes pos-
sess the form

E,=—Z,K{$y(2)}H, atr=>b(2), (1.0)

E,=+Z K{$.(z)}H, atr=a(z), (1.1
where for instance,

K{$s(ay} =TS e@] (1.2)

1+tan [dy(2)]

Appropriate Maxwell equations for determining
transverse fields E, and H, in the air dielectric re-
gion of the air line are [11]

E

=—jweE,. (1.4)

oz
AH,
9z
The parameters o, i, and € are defined as radian
frequency, permeability and permittivity, respec-
tively, In addition the fields are assumed to vary
with time according to the complex exponential
function e,

To find the generalized telegraphist equations it
is convenient to assume the fields possess orthogo-
nal expansions in 7 and 6. In view of TEM and TM
modes together with impedance boundary condi-

Figure 1. Coaxial air line.
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tions a set of orthogonal basis functions needs to be
constructed from the Gram-Schmidt process. As-
suming E,, H,, and E, possess continuous first and
second derivatives implies their expansions are ab-
solutely and uniformly convergent [12]. In Ap-
pendix B these properties are used to rearrange the
expansions into the form

(s0120)
E(r0z)= Y V3 @)el r.0.2)
@p)=(0,0)
+VD(z) €2, (,0,2) (1.5)
(a0,20)
Hyr,02)= 3 I9@) ki), (r,0,2)
p)=(0,0)
+I9)(z) hé), (r,0,2) (1.6)

where the superscripts (1) and (2) represent even
and odd modes, respectively. We have

[:Zri: E::Z:Z} 1(f"-)f""’( ’z)[ sin k6 ] (1.7

In addition,
2, hi), (r,0z)=a,Xa, e¥, (r,0,2);i=12 (1.8)
and NV,,(z) denotes the norm of f,,(r,z), that is,

A2)

an(z)= {fmp(r’z)jmp(ryz)}lﬂdr: (1.9
a(2)
where ~ stands for the complex conjugate. In par-

ticular for the TEM mode

e (rz)—m %, (1.10)

Neolz)= [27r In % }m.

Higher order modes are usual linear combina-
tions of the first derivative Bessel functions J; and
YI

Following Reiter [8] by taking the inner product
of eq (1.3) with the basis function &, yields

3E,

= r &0 dS = —jwp f a.H, - {aohf), X a,}dS
3 5@)
oF, .
+j g &D ds 1.11)
8tz

where S(z) denotes the cross sectional air dielec-
tric region between the conductors. The left side
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calls for differentiation of a variable surface inte-
gral and the second member of the right side inte-
grates by parts.! Hence, eq (1.11) evolves into the
form

d (- )
f E, %dS—f E,L&pds
5(2) S50)

—ﬁ tan{0,(z)}E, 8}, ds

—§ tan{.()} B, &0,ds —jwp.f H, g),ds
32

+ 6, {E.[6(z),0,z] — E.[a (2),0,z]}&{, ds

_f Ea—ar &.ds. (1.12)
5

To express E, in terms of the constructed basis

function (f,,), let the component of E, correspond-

ing to k=0 (TM,, modes) be expressed as

Eo=mY bo,,(z)f fopu) due. (1.13)

From Mazxwell’s equations the (Op) mode relation
between E, and E, is

lL

c Op

B, (r.2)=— 1.149)

ar
where o, and k., are the propagation constant and

cutoff frequency numbers, respectively. Using eqs
(1.5), (1.13), and (1.14) yields

bop(z)———“*QEN"‘(z) VY (2). (1.15)

Now substituting basis function definitions eq
(1.7) and calling for the principal mode yields

" foolr2)
a(2) N Op (Z )

dVo() 0 fo()(r,Z) rdr

Vo®@ 2 Ny "

_22

= jop I 2 Z, K (s 2o @] }é’(f)’)z]b(z).

1) Jo [b(z),z]
2 I ()= Noy@)
wla (2),2]

—27TZ.\=K[¢a( )]fN ( )

az).

! Since S(z) is differentiable and the field components are con-
tinuous, interchange of differentiation and integration is justi-
fied.
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2 VG )foj£f,1(232]

J'b(z)
a(2)

+ 27 tan[¢,(2)

2w < /_cﬁzgz 12)(2)
Noo(z)p=1 Yop Nop(2) '

fr Joo(u) du a—i}'m(r,z) rdr

wlb(2),z]
Noolz)

Jula(z).2]
Noolz)

]f b(z )sz [b(Z),Z]

Ny, (2)

[a(z)z]
No,(2)

Ve @)

fo

— 2 tan[$, (@) 222 VRG).

(1.16)

()E

To derive the companion generalized telegraphist
equation from eq (1.4), the procedure is almost
identical. Taking the inner product of eq (1.4) with
héY, from eq (1.8) yields

f 2H, A}, dS = —jwe f a,E, - a, Xa,&}, dS.
@) (1.17)

52
For the left side

[ e ry as =5 1., zzk,, [ taxa).

L) e

& [pxash) as—6, tan (oue) H B as
+ ¢, tan {d.(z)} H, A, dS. (1.18)

Since integration by parts obtains the relation

[ ehes=—] sy,

5o 5o
eq (1.17) takes on the form (setting k =g =0)

a) = d ed 4q¢

d
< zm e, ds

e gy & (1.19)

d
sy &5 e as

= —jwe Vy(z) =27 2 Iop(z)f iz

p=0 3

+b'(z) $, Hy hln dS —a'(z) §, H, ki dS.
(1.20)

Substituting eqs (1.6) and (1.10) into eq (1.20) gives

dI&?

¢, 4
N w0 (Z) 2z No,(z) ~

—jwe V&?(Z)

N (z)

—2ma (z)M a(z) 2 I )fb [a(z),z]



Volume 94, Number 2, March-April 1989
Journal of Research of the National Institute of Standards and Technology

Examining egs (1.16) and (1.21) reveals that con-
tinuous mode coupling occurs through the voltage
and current transfer coefficients (left side), respec-
tively, a phenomenon observed by Schelkunoff [7].
Skin effect coupling on the conductor surfaces was
also reported by Schelkunoff and Gallawa [10].
When the air line is operated at frequencies appro-
priate to the principal mode, all TM modes attenu-
ate rapidly below their cutoff frequencies.
Consequently, dominant coupling occurs between
the forward and backward waves of the principal
mode.? In this regard, eq (1.16) assumes the form

Voo —277'{ Jb@ S — 1/2 13
dz w 27 1 2D 7 02
a(z)

1 .
=12 rdr} V(z)=—jop Iwkz)
ETES |

a(z)
-z Kb — s
b(z)In m
+K[ba(2)] —— 75 Hool2)
a(z)In bEZ;]
+ [b e - e, a2
) ln b(z) In @

where the superscript, (1), has been dropped since
only one mode is involved. Rearranging terms pro-
duces the expression

dV;

G+ Uop+Z, k@He=Tu"@) Voo, (1.23)
where
_Kld:@]  K[d.(2)] 1
K(z)= b(‘;) +o® o (1.24)
n
a(z)
o 1[0')  a'@) 1
T8O=2156) ‘a(z)] Io) (129
"2

The equation for current proceeds similarly. Equa-
tion (1.20) yields

dz —joe Voo+ TH(2) I

(1.26)

2 Higher order mode influence on the TEM mode will be re-
ported in a later issue of this journal.
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where the current transfer coefficient is defined as

a'(z) }

aiz)In ‘% '

b'(z)
b(z )lnb(z)

TG )——[ (1.27)

3. Conversion of Generalized Telegraphist
Equations to Forward and Backward
Wave Equations

Following Solymar [9] we define the amplitudes
of the forward and backward waves A and Ay
from the relations

Vo= kollz{A +Ap},
To=ko "{dgH—Ax},
where ky=p/€, the wave impedance. Substituting

eq (2.1) into egs (1.4) and (1.20) produces the ex-
pression

dd | [,B+Z “(z)]A S=Tw(2) A%

~Z58) 45— Tule) 45, 22)
ddw —[/B+Z "(z)}Aao=Tm(z)Aao
Zz',‘fz)A b —3 Tu2) A, @3)
where 3 =w\/p,e,
To2) =HTR@) + TH)}. @4)

In view of egs (1.25) and (1.27) the last expression
possesses the form

_ 1 b'(z) a'(2)
o=@ (56~ 56 @3)
a(z)

For a lossless airline, voltage and current trans-
fer coefficients assume the form,

1 1 (@ ad@
—T8(z)= T&(Z) b(z) b(2) a(z)}'
a(Z)
(2.6)
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Also, using Solymar’s assumption that reflection of
the principal mode does not affect forward propa-
gation of the principal mode yields expressions

%HBAB“FO, @.72)
and
ddd .5 4-__1 1 [ _a'@)
az —IPAw=Tg 4@ (56 e
ae)
(2.7b)

which agree with Hill’s results [5].

Returning to egs (2.2) and (2.3) and retaining
Solymar’s assumption above leaves the terms T(z)
A%. Since coupling in this sense is meaningless, we
drop the terms Ty(z) 4% and obtain®

+{;ﬁ+Z “el =, @8)
oo
@.9)

To incorporate appropriate boundary condi-
tions, let the incident wave be 4 $(0)=4, with per-
fect termination at z=L, that is 4 x%(L)=0.

At this point the forward wave solution yields

AHZ)=—Aye Y, {fﬁ+ }dﬂ 0<z<L (2.10)
and, at z =0, the reflected wave expression
+£-92££)] 2t 0 T 00 @11y

show general forms which remain to be useful for
using conductor radii measurements.

From egs. (2.6) and (2.7) the scattering parame-
ters Sy, are S,, are defined as follows:

su—‘ﬂl and Sy =

A#L)
et 2.12)

3In the lossless air line To(z)=0 in view of the egs (2.5) and
(2.6).
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4, Cubic Spline Fitting of Conductor
Radius Measurements

Underlying an accurate solution to A and Ay
are two critical items: (a) fitting conductor radii
measurements with acceptable error bounds and
(b) expansion of all known functions in a systematic
manner to sufficient powers of z.

To handle (a) consider cubic spline polynomials
[13] for the inner (or outer) conductor measure-
ments such that

Ck—l(z)=c'0.k—1+’ . '+Cs,k—123 3.1
where C_(z) approximates a(z) or b(z),
Zx_1<z<z, such that k=1,-.-., N and Zy=L. It is
desirable to transform the cubic spline eq (3.1) over
the interval [z;_1,z;] into the representation®

CioiQ)=Cop—1++ + ++Cyp1l’, (3.2a)
in such a way that the condition,
d*C, d2
&J@ 57 Cr1@), (3.2b)

holds at Z=Zr_1 and Z=Zr where €=Zk —Zr_1. In
addition we require

Ck_ 1(0) = C()’k_ 1 and

Croi(Zr—2zi-1)= Co,k-l-l-' . '+Cs,k— 1Zh (3.2c)
such that Cy_, represents the measurement of a(z)
or b(z) at z=z,_,.

To implement (b), recall that E,, H,, and the sec-
ond derivatives of E, and Hj,; are assumed to be
analytic functions in r, 8, and z. Hence, the expan-

sions of [b(z) In—=< E ;]" and [a(z) ln%] ! can be

rearranged in powers of z. In Appendix C the fol-
lowing expressions are derived over the interval
[zm—lszm]:

Z K({ 3

2 (l) Ck

(3.3)
and
4 A cursory inspection of calculated splines C; over the entire

length of the line reveals that Cy is not necessarily equal to the
radial measurement at z;_;.
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(3.4

Zx®), T 5 5, g
k=0

where 0<{<z —2z,,_;.

To establish 45 and A& at each point z, it is
convenient to employ recursion relations. Inserting
eq (3.3) into eq (2.6) and examining the interval
2,<z<z, yields

3
A$H0z)=A%0;z) e~ U™ E okt (.5)

where

3
A(Oz)=dg e~ U5 2 Hotea 3.6)

is the forward wave emerging at z=z,.
For the interval zy_,<z2<z eq (3.5) immediately
generalizes to the recursion relation

3
AHO0;2)=AHOzy_Je~Us N 2 e (37)

Proceeding to the backward wave A g by using
eqs (3.3) and (3.4) in eq (2.7) for the interval
2,<z <z, produces the relation

k]
Ax(02)=A 5(0;2)) — A H(Ozz){e P17 2 i)
(.8

3 b
=2 2 ok K dth gy

where the transformation 1=z —z, introduces the
term e, Now eq (3.8) also generalizes to the
recursion relation

Ax(0;zx)=A5(0;z5_1)

3
. N —ZN— 2)
—AOJE(O;ZN_l)e_’pzN" JNTH ‘{kiosﬁ.N-m"}

3 s, T
'{e_Z{kio GS"N_] k+1 }}d'rl~

3.9

From Appendix C eq (3.9) assumes the solution

Ax0;zx) =A w0(0zy—1)— A 05z )e =N -1

8

'S v _,sk{—[2j3+f—; Céf"&r_x](zN—zN_u],

k=0
(3.10)
where
IN
Sk[a(zN—zN_,)]=f e z%dz. 3.1)

N ~1
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5. Conductor Surface Variations in the
Transverse Coordinates

When the outer conductor is bored, circular
cross sections are the exception rather than the
rule. Most likely, an elliptical cross section evolves
with some degree of rotation. Consequently, it is
desirable to perform mechanical measurements of
conductor radii in the transverse plane to charac-
terize the deviation from circular cross sections.
Since the principal mode is TEM in the transverse
plane a direct conformal mapping of the measure-
ment contour into an equivalent circular contour
eliminates any difficulty of solving Laplace’s equa-
tion for an irregular boundary. If an equivalent cir-
cular contour is found for each transverse
measurement plane on the air line, a corresponding
set of scattering parameters represents the original
air line of measurement contours.

The solution of Laplace’s equation for a TEM
mode with the inner conductor potential held to ¥
and the outer conductor potential set at 0 is

. _In{r/b)}
=V 1tz (2)/b(2)} 1)

We initially state that Riemann’s mapping theo-
rem assures a mapping from the contour L to the
unit circle and a particular expression for mapping
evolves from the Bergman kernel expansion [14].
Thus, for a contour L centered at {,;=5 ®=0 the
Bergman kernel is defined as

BOD= z P} (0 PD. @.2)

The Szegd polynomials P,({) are constructed to be
orthogonal on the contour L and { is a complex
variable in the region bounded by L. Computing
the inner (or outer) conductor radius requires the
expression [15]

c (Z) — /0(2) 1

2 By C@=a@)orb()

@.3)

where ¢ defines the contour length of L at the
point z. To see how eq (4.3) is constructed consider
the differential line element on L,

ds2=dx2_l_dy2’

which in p, 8 coordinates becomes

ds?= [p2(9)+ [%}Z}dm 4.4)
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Then the length of L is

el o [3]] o

To find representations for the Szegd polynomials,
consider the following orthogonalization proce-

dure. Let the matrix elements,

w=r | vias=2- oo

21172
+[§g } el=9? g,

be defined for p>0 and ¢>0. Note 4, =#,,. Then
following Kantorivich and Krylov [15] compute

the determinant

h00 th"'hnO
Dy=1,D,=| : :

h(;n hln ¢ ‘hnn

Hence, the Szegd polynomial is defined as

1 hy Byesse-- .o
P(D=——=1|h Bifeeeens h,
Rl N o e
1 Z e e e Z

such that

5 6, Pu® Ba(® AL =5,

Carrying out the above procedures yields the con-

ductor radii accurate to third order,

- %o hyo hio
C_277' [ ~ D.D,

_ Ghso B B —hushi) }

D\D,D\D,
where
Dy=hy,—ho by,
and

Dz =(h11h22—h12h21)— th(hOIhZZ —hozhzl)

+hoo(horhis — hohy).

'h;t,n—l y
n

A convenient property of the Szegd coefficients
for symmetric contours is found from eq (4.6). We

@.5) have

1
hyy=— | {14+(=1F"60){p*©®)
‘o),
31" g
+[a o ,.] e de.
For off diagonal elements

hpy=0;p+q odd, p#q.

(4.6) Hence, any asymmetry in the contour L is expected
to be noticeable through the off-diagonal elements
Ay
To find the equivalent circular conductor radius,
integrals in eqs (4.5) and (4.6) need to be deter-
mined from measurements of p and @ on the con-
tour L. Let the following cubic spline be defined

@7  (4.11a)

3
Pes@=Y Pix_i6’
=0
such that p;,_,(08) approximates a(8,z) or b(8,z)
over the interval 0,_,<0<0, for k=1,-, N, ie.,
0N=27T.
Following the same procedures as in the trans-
4.8) formation from z to { in egs (3.2a) to (3.2c) enables
the cubic spline,
3
Pr-1( @)= (Pir-1)P', (4.11b)
i=0
to be constructed where ®=0—6;_, and por_,
equals the measurement of @(8,z) or »(0,2) at
0 —_ 0k_1.
Equations (4.5) and (4.11) yield an expression for
length using the binomial expansion:

(4.9a)

27T

Co= [p(0)+%p‘2(0)[%%]2—--}d0.

0

(4.12)

Appendix D, taking into account the spline coeffi-

(4.9b) cients, produces
CN—1 By —0, 3 7
L= [ S P, 6541 S P, ok] de,
n=0 0 k=0 k=0
4.13)
N-1¢ 3 k+1
— (1 [onil_on]
ZO— ';) [’;)PI,z,n k+1
l 7 (1 [0n+1_0n]k-H
+2 kE=0 PZ,Z,n k + 1 }
4.10)

Expressions for the coefficients 4,, are developed
also in Appendix D.
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6. Computation Results

The amplitude of S, has been computed from
eqgs (2.12) and (3.9) for a 7 mm air line approxi-
mately 15.6 cm in length using the frequencies 6,
12, and 18 GHz. In addition the number of conduc-
tor dimensional measurements in three sections of
air line with variable spacing is shown in figure 2
and the results are illustrated in figures 2-5. Mean
and standard deviation values of the conductor di-
mensional measurements are as follows:

Outer radius

0.3500x 102
0.6836x10-¢

Inner radius

0.1521x 102
0.2481x 10-¢

Mean (meters)
Standard deviation (meters)

Figure 2 illustrates that conductor radius measure-
ments near either end are more volatile—particu-
larly the outer conductor. Figures 3, 4, and 5 reveal

that changes in conductor radii in the z-axis
provide the dominant contribution to |S;;| while
skin effect loss amplifies the in-phase and out-of-
phase behavior of the lossless air line (as shown in
fig. 2). In addition, skin effect loss affects the most
significant digit of |S);| even for short lengths of
line. On comparison of figures 3, 4, and 5 with
Hill’s results [5], the most noticeable feature is the
overall difference in magnitudes of S, which
evolves from a uniform inner conductor model and
lossless boundary conditions in Hill’'s work. Con-
formal mapping effects from elliptical measure-
ment contours do not affect .S, and S;; unless the
eccentricity is greater than 5% 10~ meters. How-
ever, if the inner conductor has an eccentric posi-
tion with respect to the outer conductor,
conformal mapping by Bergman’s kernel reveals
scattering parameters .S, and .S;, are noticeably af-
fected.’

7 MM AIRLINE
. FREQUENCY= 6 GHZ
[ ~
[am) 1
= 0.0+ <>  Inner Conductor Radius r 30.0 %
19.0 1 ° Outer Conductor Radius 2.0
19-07 0 | 1] .
17.0 4 - 200 .
:
= 150 =
5
- 100 G
2z
[ =4 Q
- 50 8 &
“ =
L 00 o "
ISt g
o
--50 8 o
& o
[
-—-100 £ £
8 &
5.0 Section Number of Spacing X]O3 -—15.0 %
4.0+ Measurements Meters L
- ~20.0 2
3.0+ A 12 1.15 b
2.0 B 52 2.50 |50 =
(.0; c 12 1.15
.0 T T N T T T T -30.0
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16

Axial Position Z (Meters)

Figure 2, |Sy| vs variable length of 7 mm lossless air line.

3 For additional computational results see Holt [17].
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7 MM AIRLINE

. FREQUENCY~ 6 GHZ
' 0
% 5.0~ <  Inner Conductor Radius - 300 ,i_)
- 25.0
- 200 _
z
- 15.0
S
- 00 o
=
- 5.0 § 'E
‘- =
- 00 U7
Is1 =
= X
~-5.0 §u3
- o
G
F-100 £ g
150 &
. @
5
-—20.0 3
]
--25.0 =
6.0 T T T T T | T —30.0
0.00 0.02  0.04 0.06 0.08 0.0  0.12  0.14  0.16

Axial Position Z (Meters)

Figure 3. |Sy;| vs variable length of 7 mm air line with skin effect loss at 6 GHz.

7. Error Analysis
7.1 Error Sources

Error sources that contribute to scattering
parameters evolve from (a) spline interpolation
with respect to z, (b) spline interpolation with re-
spect to 8, (c) conformal mapping using the
Bergman kernel, and (d) expressions for backward
and forward waves.

To examine (a) and (b) consider the error bound
from cubic spline interpolation theory [13],

[f(x)—SAu(x)| <§ [A% p(F(x);] Ak D], ©.1)

where SA,(x) defines a cubic spline, p signifies the
modulus of continuity,® f” denotes the second
derivative of the function f, and A, stands for the
mesh size between arguments x,. An approxima-

5 See Davis [16] for a suitable definition.
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tion to the modulus of continuity is

Bl ) Al maxLEapie] Mxeeim] |

2
(6.2)

where f[ ] denotes the first order divided differ-
ence of f.

For a 7 mm air line with a mesh size (A;) equal
to 1 mm, a value of p from observations of conduc-
tor radii measurements as functions of z indicate
p=0.1 is reasonable, and in the angular direction
}L<0.01.7 Therefore, the total error from spline in-
terpolation is (considering the errors as additive)

Error,gg=Error, + Brrorg<2.8X107"m.  (6.3)

7 Since mechanical measurements for roundness are not avail-
able, an ellipse of 38.1 X 10~% m was selected for determining the
modulus of continuity.
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Figure 4. |Sy| vs variable length of 7 mm air line with skin effect loss at 12 GHz.

The error source (c) from conformal mapping an
elliptical measurement contour of eccentricity
equal to 38.1X107% m (150 p in) is illustrated be-
low.

First term of outer conductor
{mapped radius) 3.4989 mm.

Second term 2.32% 10> mm.

Third term —3.35X 10~° mm.

Keeping in mind that ellipses are symmetrical
with respect to the origin reveals that even terms
are effectively zero (on the order of 107" in view
of machine precision). Since the convergence
above is very strong, the fifth term is likely on the
order of 10~° mm. The erros: from source (d) de-
pends on the number of expansion terms represent-
ing the functions 1/a(z), 1/b(z), and In{b(z)/a(z)}.

equivalent
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At this point accuracy considerations of the for-
ward and backward wave eqs (3.7) and (3.10) in
correspondence to the measurement system are in
order. For instance, to examine A consider the
measurements of a(z) and b(z) at z=0 and z=z,.
From eqs (3.7) and (3.10) we have the total differ-
entials

. Zs
A 50:20= Aol W (@ br Z)— | 72 Usa(anbo

Zs 1 1 — W, 2
—2_]€0 U]]z(ao,bo)[a_(;""b_é]]] e WagboZz) Aro (6.4)

and
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Figure 5, |Su| vs variable length of 7 mm air line with skin effect loss at 18 GHz.

1 [b
AA 5(0;z))= —Ao[ 2%k, U, 1(ao,bo)+ bo [b:) Z:) ]
ao,
Z, b
,e—ZW(ao.bo.zs)Zj AZI+A0 2_k0 [Ul,l(ao,bo)[b_:) —_ Z_:)
1 a ﬁ ] } e~ WabpZo)Zy __ |
+ln [@] ay~ bYl] T 2W(anboz,) o
ap

Z,
+4, ﬁ {U(aosb0)

[ 7l |2 - 2]l

~Uitaotd| 1+ 3 Moz

z 1 - WagboZ))z ] ]
W(ao,bo Z, ) WQ(GO;bO:Z ) l Aro
(6.5)
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where Ar, is the measurement precision common to
a, and by In the expressions above

1

| -

Ut’ k(a01b0 _7 bé’ 1 B QQ:I (6'6)
n
ap
and
W(ao,b0.Z, )— U 1 1(ao;bo)+[ : Z_:)] 6.7

where @, and b, are the coefficients from differenti-
ating the cubic spline representations of a(z) and
b(z2), respectively.

In computing A4 and Ady for a 7 mm
air line let the measurement precision be
Az=Ar,=2.8X10"7 m for a frequency range of
1-18 GHz. Using the measurements of a(z) and
b(z) in figure 3, we select the maximum divided
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difference magnitudes for a, and b, to obtain the
results

| A4 §(0;21)] =3.6 X107 at 1 GHz,

=1.1%10"* at 18 GHz, (6.8)
| Ad 5(0;z;)| =4 107% at 1 GHz,

=1.5%10"7 at 18 GHz. (6.9)

To examine the total uncertainty in 4§ over N
measurements of a(z;) and b(z;) for k=1,--,N let
AAF be represented as

N
A 50zn) =Y fla(@e)b(Z,)}AA 5 1,20)s
= (6.10)

where £, is on the order of 4&(z,_1;z,). Since the
computation of A4 %(z,_;z,) proceeds in the same
way as A4 3(0;z)), in eq (6.5), the total uncertainty
over all measurement positions is found when the
individual uncertainties in z and r, at each measure-
ment position are known.

7.2 Efficiency Improvements in Cubic Spline
Approximation

While fitting the surfaces of coaxial air line ge-
ometries with products of cubic splines over the
variables @ and z successfully meets error bounds
consistent with measurement precision, significant
reductions in the number of measurements yields
equivalent error bounds with Gordon’s successive
decomposition spline [18]. The number of measure-
ments required for successive decomposition
splines in comparison to usual spline products is
generally less than 50 percent.

8. Summary

Generalized telegraphist equations for the coax-
ial air line have been derived under two assump-
tions: (a) skin effect losses are present, and (b)
conductor surface variations occur in the axial and
transverse coordinates. Product cubic spline ex-
pressions to accurately fit conductor surface mea-
surements were employed to arrive at pointwise
scattering parameter expressions. Error bounds
from eqs (6.8) and (6.9) reveal at least four signifi-
cant figures can be obtained to characterize the
scattering parameters .Sy and S}, in correspondence

to a conductor surface measurement resolution of
2.8% 1077 m over frequencies appropriate to the
principal mode for 7 mm air lines.
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Appendix A. Inner and Outer Conductor
Boundary Conditions

In reference to figure 6 the boundary condition is
E,=zJ, (A1)
where E, is the electric field component, J, is the
current density component in the coordinate v, and

Z, is the radial impedance at »=>5b(z).
Also from figures 1 and 6

a,=|a,|cos{;(z)}a, + |a, |sin{ds(z)}(—n),
(A.2)
a,=cos{d,(z)}a, —sin{d,(z)}n,

where n is the unit outward normal vector. From
the left side of egs (A.1) and (A.2)

E,a,=|E,|cos{d,(z)}a, — | E,|sin{d;(z)}n,

Ea,=E,a,+E.,a,.

Unit vector ay is
tangent to inner
surface of outer 4 r
conductor at i -

(b(z), 2}
V\\:

Detail of coordinate system

Figure 6. Outer conductor coordinate systems for determining
boundary conditions.
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Proceeding with the right side of eq (A.1), yields

Ja,=J,a,—J,n=a, - nxH-—-J,n. (A4)
To find an expression for J, note that
J.,=n-J,=n-nyxH, (A.5)
J.=n-n,X{Ha,+H, n+H.a,},
J.=n-n,x{Ha,+H,{—sin{ds(z)}a,
+cos{ds(z)Iny}. (A.6)

+H {cos{ds(z)}a, +sin{ds(z)}n,},

J, =—sin{¢;(z)}H,.

Consolidating egs (A.3), (A.4), and (A.6) yields

_ 1+sin{¢,(2)}
Ez_—zs{1 ot ¢b(z)}]H9 (A7)
where the relation E, tan¢(z)=E, has been em-
ployed.

The inner conductor boundary condition rela-
tion is similarly derived as follows: We have
E,=Z,J, and the left hand side is

E,=E,+E,. (A.8)
The right side becomes

aJ,=aJ, +aJ,. (A.9)
Now proceeding as before yields

J,=a,-J,=a, -ny XH, (A.10)

J,=a,-Hpa,,

J,=sin{¢,(z) }H,. (A.11)

Substituting E, =tan{¢.(z)} E, into eq (A.8) and
using eq (A.11) in (A.9) yields

E—Z 1+sin{¢,(z)} H,

1+ tanld, ()} (A.12)
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Appendix B. Transformation of Basis
Functions for the Field Components

The transverse fields E, and H, are represented
as

E(r82)=3 - @ (r)P8() cos(n)
+ ¥2(z) sin(n )} B.1)
Hir02)=Y = ©,(r2)ID() cos(n6)

+12(2) sin(n 0)} ®.2)

where ®,, denotes the radial component of the nor-
malized potential function at a point, z. The symbol
" over V,, (or I,,) signifies an amplitude corre-

sponding to the nonorthogonal function % ®,, and

the superscripts (1) [and (2)] correspond to even
and odd modes. We assume that E, and Hy have
first and second derivatives in  and 8 which are
continuous and bounded. Hence, the Fourier series
eqs (B.1) and (B.2) are absolutely and uniformly
convergent; that is the series can be rearranged.

Suppose the kth even mode of eqs (B.1) and
(B.2) is considered and let the Gram-Schmidt or-
thogonalization be represented as

2 Oulr2)= 3 sise @ e (2 Nire) (B

where f,..(r,2)/Ni¢(2) is the k £th orthogonal basis
function. Now substituting eq (B.3), multiplying eq
(B.1) by cos(k®), and integrating over 0 yields

27
j E.(r,0,2) cos(k6)do
0

={Vi0(2) ax00() fiolr 2)/ Nio2)}

+ ?kl(z ){ak,l,D(z )fz‘k\(}g(’;)) +ar11(z )%} + o

+ Vkm (z ){a k,m,D(z ) %}2

+ - Ahmym (z)%%’%z)lh (k). B.4)

By induction note that the basis function fio(r,z)/
N(z), occurs in every term above. Hence, we set

Vid@)= i 800 @) Vie @).
=0

Proceeding to the mth term yields the expression
n(z)= Z ag,r,m(2) i?ke’(Z) (B.5)
f=m

for the coefficient of the basis function fi,,(r.z)/
Nim(2). Now eq (B.4) from eq (B.5) becomes

27
f E,.(r,0,z) cosk0do
0

=v(®) 3 V@) fip:2)/ N (@) (B.6)

for the kth even component of E,. The odd com-
ponents of E, are obtained similarly. Hence, sum-
ming all components of E, obtains the desired
result

Er02)=vin) T RIEVY@) costuo)

+ V() sin( )} ®.7)

where v(n)=2w if n=0
=7 if n540

The expansion for Hj is obtained in the same way,
ie.,

Hi(r.0.2)=v(n) X CE URG) costuo)

+I2(z) sin(n 0)}. (B.8)

Appendix C

Beginning with the spline expressions eq (3.1),
consider the reciprocal

1 1 1
= . (oA}
b@) bo 1+ﬁz+“+ﬁzs
bo bo
We define the coefficients
B&O)=b1/bo,'", BS°)=b3/bo. (C.Z)

Since the geometric series for small z,

<< <1

by by 3
‘boz+...+boz
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converges uniformly and absolutely, eq (C.1) can
be rearranged in powers of z. We have

1 1 1
b)) by 14+BPz+--+BPZ*"

Using the geometric expansion yields

1

b@) b{l —BPz—-

—B SO)Z 3} + {(B SO))ZZZ

+2BYBPz + -} —[BPTz’—-}, (C.32)

and rearranging the above series into successive
powers of z produces

bé)b44n&+pyz+nwz (C.3b)
where
D§)=—B®, DY=—BY+[BY’
(C4)

DR=—BY+2 BY BYP—{BYY.

To obtain an expression for In{b(z)/a(z)} consider
the expression

[28] In -2 +1n{1+B‘1°’z+ -+BPz%}

—n{1+4Pz 44492’}

(C.5)

Taking the reciprocal of eq (C.5) and using the ge-
ometric expansion yields

m[@ -1=[1n@}—‘{1 [ b°]-‘{1n[1+BS°’z

a(z) do

++]4+In[14+4Pz +--]]

+{in 221 +-B9z +-)
Q
—2m[14+BPz 4] In[1+A4Pz+-]

+1I07[14+ APz +-]}. (C.6)
From the absolutely and uniformly convergent ex-
pansion

3

2
1n{1+co}=w_%+%+...
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for || <a< <1

the expansion eq.(C.6) is rearranged in powers of z
to obtain

b)) 2
In J_)} =% HYDz" C.7
(o8 2 €7
where the first four coefficients are defined as
@]"
/4]

Hsl>=_[1n ”2] {GH—GD

HY= [m

-2
#p——{m 2} G-op
Q

-3
+{m2) " (cp-268 69+ 69

H@=—pn%f?cw-ag} €8

+{n 21" (6268 69268 6 +G)

0

~[m2) {62368 G368 GI+GP)

and the G coefficients for the outer conductor cue

GH={BPY; k=123

o5 1BT

GP=2G9 G?>=23?>[39>_@], ©9)
c=5p—B9 89 +E1L.

The G coefficients for the inner conductor are
computed by replacing B, (0) with 4;(0). To obtain
the expansion for k in eq (1.15) an expression for
K[$(2)] needs to be found. From eqgs (3.1) and (1.1)

1+sin[¢,(2)]

K[d(2)]= 1+tanf[s(2)]°

(C.10)

1+5°@)/{1+6'@)F
1+5'(2) )

K[d:(2)]=
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Using the binomial and geometric expansions, in
the last expression, yields the following expression
in terms of spline coefficients

K[d’b(z)]: 1 —% bi—6 bbz.

We now have from eqgs (C.3), (C.7), and (C.10) the
expression

K{ds(2)}

b))~
b6

3 3 .3
—6 blbzz] S DOz z HOzm= z CPzk (C.11)

[1 %b%

where C{ is the convolution of coefficients, i.e.,

cy=(1-3 1) DPHY

W

ci=(1-

N[w

b%){us’wsnwsw@}

—6b,b, DOHY (C.12)

2
Cg;>=(1——b ) 3D, HY —6 bi 2 DO, HY

3 2
Cé‘)—(l—i b%) S DR HP ~6 biby 2 DL HP.

Since the inner conductor expansion proceeds in
the same way, the total expression is

3
Kz)=3 CPz* (C.13)
k=0
where
CP=CY+C. (C.14)

The transfer coefficient eq (2.4) has the expansion

Too(z) =[b1+2byz + 3b32")] [2 D)z [z H{}z"]

—[a;+2a,z +3a3z2]2 DYz* 2 HYz*,

Too(z)= ;3;0 CPz* (C.16)
where )
9=y ¥ {(n+1=m)b,.1, DR, HY

m=u(n) k=0

—(n+l-m)a,.,_, D& _HP}
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and u(n)=0 for n <3,

=1 for n=3. (C.17)
From egs (2.3), (C.14), and (C.17) set
(l)=]B+ Z; ng) (C18)
60 =Ze CP;k>1 (C.19)
k 2k0 » .
80 =25 cp 4 Cs‘ ; k0. (C.20)
2k

The coefficients vi,_, in eq (3.14) are defined by
selecting the coefficients of * and convoluting the
series product. Let

V12n_1=1
Vﬁ?n—1=0
W =—80_
2
v _ = -3 80
1
Vino1=—5 880 1+5 {85 } (C.21)
2
gl) _5 S 182m—
5 m
= lmedy o 0]
n _Llsuy s
v$, -1=3 83, -1 Sg.m—l
3
v 2n-1=% {Sslm—l]z—é{sﬂl%—l]
Proceeding to v{,_,
v 2 O 1 VP (C22)
where
pik)=k if 0<k <3
=3if 3<k<8 (C.23)
and
3
Voho1= Y 0 e Vo if 8<k <11 (C24)

¢=k—8
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Appendix D

Expression of the contour length ¢, in terms of
the spline coefficients is initiated from the defini-
tion

2o= [ ko=@ 3] o ©n

Using the spline coefficients for the interval [6,,
6,.1] yields the representation

3
P,(m)=Y P{l.m" 0<n<0,,, D.2)
k=0

at n=0, P,(0)=P{3,=the measurement of { at
0=0,. Then eq (D.1), in view of eq (D.2), yields

N-1 en +l_9n 3
= { S P, 04
n=0+0 k=0

——]do (D.3)
3 Pl

+5[ 3 @+ 0]

The denominator can be expanded into a geometric
series such that the second term above yields

7

3, PO

{z G+ Pk 5]

{pg o) @4

and eq (D.3) on substituting eq (D.4) yields the
form eq (4.13). For other values of p and g we have

1 ¥ " n+1~0n [30+g+1) 1 Ak
hpq / zez(pan [ 2 Pff’k',';;”)a
0 z2=0 0 k=0
p+g+1) 2 2
+12( % Pf{’,::—l)ok][x(k+l) Pf,‘2+l,n0"]]
k=0 k=0
-2 dg (D.5)
where
p+9) 3 e
S p&;ﬂak:{ > p,(}g,nak] . (D.6)
k=0 =
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Let P$H4~D be the convolution of the product
Pga=D and {(k +1) P{%,,,}* above. Then eq (D.5)
yields

(p+g+1)
= 2‘, oo’ Y P {000 —0)
k=0

(p—g)l Sk(o)}+ z {e’(l’ 90} pieath

A8i[(0141—0:) —q)/1—S:(0)}

where S, is defined in eq (3.11).
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