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A new treatment of previously reported results of three electric-unit-dependent fundamental constant
experiments carried out at NBS over the last decade or so yields accurate, indirect values in ST units for a number
of important quantities. These include the fine-structure constant a, the Avogadro constant NV, the Josephson
frequency-voltage ratio 2e/k, and the quantized Hall resistance Ry==h/se’
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1. Introduction

Over the last decade or so the National Bureau of
Standards (NBS) has reported the results of three high
accuracy fundamental constant determinations carried
out in terms of NBS as-maintained electrical units. The
three quantities are the Faraday constant Fyps deter-
mined in 1975 using a silver-perchloric acid coulometer
[1]';.the low field gyromagnetic ratio of the proton
(vp)nns measured in 1978 using the so-called weak or
low field method (the prime means the protons are in a
spherical sample of pure H,O at 25 °C) {2]; and the quan-
tized Hall resistance (Ru)nas={("/¢*)nns (b is the Planck
constant and e the elementary charge) determined in
1983-1984 [3)* using the quantum Hall effect [6] in
GaAs-AlGa,_,As heterostructures. Here and through-

About the Author: B. N. Taylor, a physicist, is chief
of the Electricity Division in the NBS Center for
Basic Standards.

'Numbers in brackets indicate literature references.

*The result reported in Ref, [3] supplants entirely that given in Ref.
[4] since the temperature dependence of Ry, as described in Ref. [3],
was not properly taken into account in the earlier work of Ref. [4]. We
assume throughout this paper that the quantized Hall resistance is a
legitimate measure of /#/¢% ie., that any corrections are negligibly
small.
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out this paper the subscript NBS indicates NBS elec-
trical units; lack of a subscript indicates Le Systéme In-
ternational d’Unités (81) units.

The NBS as-maintained electrical units in terms of
which Fugs, (¥51)nes and {(Ru)wps have been measured
are (VNBS/‘Q'NBS)=ANBS and Qan. Here VNBS is the NBS
volt maintained constant in time since 1972 July 1 using
the ac Josephson effect with an uncertainty of a few
parts in 10%, the value of the Josephson frequency-
voltage ratio 2e/h adopted for this purpose being {7}

(e /F)nps=483593.420 GHz/V ngs. 4
This implies that the ratio Kv=Vyps/V, where V is the
SI volt, is given by

Ky=Vyps/V (2a)

=(2e/h)nps/(2e/h) (2b)
and may be assumed to be time invariant within a few
parts in 10%

The quantity ygs is the NBS ohm defined in terms of
the mean resistance of five wire-wound, one-ohm re-
sistors of the Thomas-type. Because (lyps is based on
artifact standards, one must assume that it is a time-
varying unit. This implies that the ratio



Ko=0nps/0) (3)
also varies with time.

The NBS ampere Anps is not separately maintained
but is defined in terms of the NBS ohm and wvolt:
ANBS=VNBS/~Q'NBS- It thus follows that ANBS also varies
with time as does the ratio

Ka=Ayps/A (4a)

=Ky/K, . (4b)

The actual NBS electrical units in terms of which
Frps, (Vpwps, and (Ru)nes were measured are, re-
spectively, Anps, Axgs, and Oyps. Because Ayps and
Qups are time varying units as just discussed and the
three experiments were carried out over a 10-year pe-
riod, the three results cannot be readily combined to
obtain values for other quantities such as the fine-
structure constant a and Avogadro constant V. This is
unfortunate since, had they been measured at the same
time, it would have been a straightforward procedure to
derive accurate, indirect values in SI units for these
constants as well as for most others of interest. The
relevant equations for doing so may be obtained from
the known relationships among the constants [8-11];
some of the more important expressions are:

1 [ (e’ mp) Ru(®)nps(2e /A )NBS] e
@ = [ 2ueR Yo (t)nas ©)
Na=[Ru(t)nps(2e /1 )npsF ($)npsl/2 (6)
_[L1ER 2 s/ pn)omy/m )
2e/h= [ ”04(:6!134[,3
v RH(I)lsms(?e /h )rtBsF(f)lszBs} e %)
VoL Inss
Ru=poca™!/2=Ry(t)npsKa(t Inns (8a)
_ pac*(we/ o} Ru(t)uns(2e /h ups |
B [ 16R,, ¥p.( nps ] (8b)
M . 12
F= [m VoLt InpsF (t)NBS:I 9)
— pic 3(#1;/}1»8) (2e/h)nps } A 10
Ka(®) [ I6R,  Ru(t)fwsYpr(t)nes) ° (10)
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where the time dependencies of (Ry)xas, (po)nms, 2nd
Fyps have been explicitly indicated [(2¢/4)upg is time
independent since Vg is defined in terms of it through
eq (1}]. In these expressions uy=47X10"7 H/m is the
permeability of vacuum; ¢ =299792458 m/s is the speed
of light in vacuum; u,/pip is the magnetic moment of the
proton in units of the Bohr magneton (0.012 parts-per-
million or ppm current uncertainty®); R, is the Rydberg
constant for infinite mass (0.0010 ppm current uncer-
tainty); M, is the molar mass of the proton (0.012 ppm
current uncertainty); and m,/m,. is the ratio of the pro-
ton mass to the electron mass (0.043 ppm current uncer-
tainty).

In the past, these and related expressions have been
evaluated by assuming that Qyps has been constant in
time and by allowing an additional uncertainty of about
0.01 ppm per year for its possible drift [1,2,4]. However,
recent comparisons of {Iygs with the resistance units of
other national laboratories show that since about 1970
the NBS ohm has likely been decreasing by approxi-
mately 0.06 ppm/yr. In the course of reviewing the
implications of such a drift on egs (5~10), it became
apparent that the problem of the time variation of Qygs
could be neatly solved by making use of one other NBS
result, namely, the determination in 1973-1974 via the
NBS calculable cross capacitor of the ratic Kg=Qxps/(
[12]. With the addition of this single measurement, the
drift rate of the NBS chm may be uniquely determined,
the values of (R )ngs, (Ypi)vps, and Fyps converted to
the same measurement date, and egs (5-10) and their
numerous extensions readily evaluated. The only crit-
ical assumption required is that the drift of the NBS ohm
has been linear since the time of the calculable capacitor
determination of K. However, this is supported by the
observed linear time dependencies of the measured dif-
ferences between each of the five resistors which com-
prise {yps and their mean [13].

We now briefly summarize how the calculation pro-
ceeds. The linear drift rate assumption enables one to
write

Ka(t) =00 s/ Q=Kolta)[1+b(t —15)],  (11)

where ¢ is the time in years measured from some arbi-
trary date, fg is the mean date of the NBS calculable
capacitor experiment with Kg(fy) the mean value ob-
tained, and b is the relative drift rate of Qyps. It then

*Throughout, all uncertainties are one standard deviation estimates.

“The time period over which Kn was measured was sufficiently
short and the random scatter sufficiently large that the effect of the
drift of {dnps was indiscernible and hence negligible. This is also true
of the measurements of Fygs, (¥y.L)nvos, and (Ry)nps.



follows from this equation and the way {ups enters the
determination of F‘NBS: ('Y;J.L)NBS: and (RH)NBS that

F(t)nps=F(tp)nps[1 + 5 —tp)] (12)
Yol Inps=Yp.L(tnns[1— 0 (¢ —£,)] (13)
Ryt hvps =Rultr)nps[1 — 2 (¢ —1r)), (14)

where tg, £, and i are the mean dates of the Faraday
constant, proton gyromagnetic ratio, and quantized Hall
resistance determinations, respectively, and F{fg)ngs,
Yo nps, and Rylfg)wes are the mean values obtained.
The drift rate b may then be calculated by substituting
eq (13) for v, (¢ )nes into eq (10) and equating the result
to eq (11) with t =#. Once b is in hand, eqs (5-10) may
be evaluated with the aid of egs (12-14). Of course, the
law of error propagation must be strictly obeyed in or-
der to obtain correct uncertainties for the calculated
quantities.

We have carried out such calculations with the data

Table 1. Summary of defined and electric-unit-independent
constants used to evaluate eqgs (5-10).
Quantity Numerical Uncertainty Refs.
valug! {ppm)

o 47 x 1077 defined
c 299792458 defined
fp/ n 0.001520993127(18) 0.012 [15,14]
R, 10973731.529(11) 0,00i0 [16,17,14]
M, 0.001007276470(12) 0.012 [18,14]
/e 1836.152470(79) 0.043 [19]

The units for pt are Hm =% for ¢, ms™! for R, m~"; for M, kgomol 1,

listed in tables 1 and 2, to which these comments apply:

Table I. The values quoted for the nonexact con-
stants are based on the results reported in the original
references and (with the exception of m1,/m,) analyses
carried out by the author in connection with the 1985
least squares adjustment of the fundamental constants
[14]. However, these analyses have generally led to only
minor changes in the original results.

Table 2. Only the value of Fyps has been at all
changed from that originally reported. The 0.2 ppm net
increase arises from a number of positive and negative
corrections. New measurements of the Au and Ta im-
purity content of the silver used in the experiment [20]
were specifically undertaken as a result of the author’s
reanalysis of the experiment for the 1985 adjustment, It
should be noted that the 0.031 ppm uncertainty assigned
(2e /h )ups i an estimate of how well the NBS Josephson
effect voltage standard apparatus implements the defini-
tion of Vps [see eq (1)]. The uncertainties associated
with relating the working voltage standards used in the
(vpinps and Fyps experiments to the voltage standards
used 1o preserve or store Vs between Josephson effect
calibrations are included in the uncertainties assigned
Fups and (y,)nps as given in the table.

The results of the calculations are:

a~'=137.035981(12) (0.089 ppm) (15)
Ry=25812.8041(23) O (0.089 ppm) (16)
2e/h =483597.91(32) GHz-V~! (0.67 ppm) (17)
N,=6.0221438(80) % 10” mol~' (1.33 ppm) (18)
F =96485.381(65) A-s-mol~! (0.67 ppm), (19)

Table 2. Summary of NBS electric-unit-dependent data vsed to evaluate eqs (5-10).

Quantity Mgean date of Value! Uncertainty Refs,
measurement (ppm)
(2e/h)ups Continuous since 483593.420(15) 0.031 {71
1972 July [
Fups 1975 March 15 96486.19(13) 1.33 [1,20,14]
(ysr)nes 1978 March 22 2.67513229(5T) 0.21 [2]
(Ru)nes 1983 November 27 25812.8420(12) 0.047 [3]
Ko=0ws/02 [973 December 2 1—-0.819(27) x 10~* 0.027 [12]

'The units for (2e/A)nps are GHz Vil for Fyps, Anags'mol ~"; for (vp nps, 10° s~V TEs: for (Rudues: (nps. Note that in the(y{ Unps

experiment the NBS tesla Typg o« Anps:
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with b =(—0.0650%0.0102) ppm/yr.’ The value for Kq
on 1985 January 1is 1 —(1.539-+0.107) ppm. While it is
not the purpose of this paper to make detailed com-
parisons of these results with others obtained by either
direct or indirect means, we do note that in most cases
where other values exist the agreement is statistically
acceptable, We further point out that the value of 2e /A
derived here is (9.29£0.67) ppm larger than the value
used to define Vygs, implying that Vygs is (9.29-:0.67)
ppm smaller than the SI volt [see eq (2b)]. This value of
2e/h is also (8.090.67) ppm larger than the value
483594 GHz/V which is in use in many other national
laboratories and which was recommended by the Com-
ité Consultatif d’Electricité in 1972 [23].

In closing we emphasize that the values given here for
the various constants, in particular the fine-structure
constant, are the best that can be obtained based solely on
existing NBS electrical measurements ® If the three quan-
tities (’Y[’J.L)NBS) (RH)NBS; and Kg had been determined at
the same time, then any two would have been sufficient
to determine a~'. For example, eq (5) yields a value of
a~! from (yj)nes and (Ry)nps. The comparable equa-
tions for the two other pairs of measurements are’

—1 € (Mo/ 1) (2e/H)nps 17
4R, K n(')’;':.L)NBs

a (20)

e2))

By treating the drift rate of the NBS ohm as a variable
we remove the redundancy or overdetermination inher-
ent in the three measurements and obtain a unique value
for a~' and all other quantities. Since this approach
eliminates the distinction between the so-called Jo-
sephson effect value of ¢ ~! traditionally derived from eq

o' =2(Ry)nssKo/ poc .

“This value is in agreement with b = --(0.0562-=0.0048) ppm/yr
which the author derived from a linear least squares fit to the results
of direct and indirect comparisons of {ygs with the unit of resistance
{iyyL maintained constant in time by Australia’s National Mea-
surement Laboratory (NML} with the NML, calculable cross capaci-
tor [21]. We also note that the Bureau International des Poids et
Mesures unit of resistance Qaren is based on the mean of six resistors,
two of which are of the same type used to define {nps. Comparisons
of Qpem with Qg dating back to 1964 show that Qgem varies quite
linearly with time. Since the time dependencies of the measured differ-
ences between Qgpw and each of the two NBS resistors which par-
tially define Qgpy are also observed to be linear [22], it may be con-
cluded that the linear drift rate assumption for Dngs is justified. If in
fact one assumes the existence of a quadratic component, any reason-
able estimate of its magnitude is sufficiently small that its effect is
inconsequential.

¢ Best” or “‘recommended” values in the traditional sense would, of
course, require taking into account the relevant data available from all
sources.

"Note that eliminating K from eqs (20) and (21) yields eq (5) while
equating the two yields eq (10).
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(20) and the quantum Hall effect value derived from eq

(21), perhaps the value given here should simply be
referred to as the NBS condensed matter value.

I gratefully acknowledge helpful discussions with B.
F. Field and E. R. Williams and the assistance of V. E.
Bower, R. 8. Davis, E. R, Williams, P. T. Olsen, M. E.
Cage, R. F. Dziuba, and B. F. Field in reviewing their
experiments. The data analyses carried out in con-
nection with the 1985 least squares adjustment of the
fundamental constants were performed in collaboration
with E. R. Cohen.
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