TOUENAL OF RESEARCH of the NHobonal Bureou of Stondards—=. Physics and Chemistry
Yol. 674, Ho. 4, Tuly-Auguat 1963
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The lourth order Hamiltonlan of an asymmetrio rojer moiesule of orthorhombie aym-
me‘t.ry given recently hpa been congiderably redneed in complexity throngh the nee of
equations derived from ihe besc relationship among 1he angular nomeoiinn operators,
The reduced Hamiltonlan obtelhed provides & most mnvenle:nt. starting point for the
celenlation of rotetional energy levela from a polution of the oomglet.e asclar aquation,
for 3 perturbetion theory sslution to the problem of eentrifugal digtortion, and for the
deduetlon of sum rules among the energy levela.

1, Introduction

Recenlly Chung and Parker [1] ' Lhave examined the general moleculsr vibrational-rota-
tional Hamiltonian in the Goldsmith-Amat-Nielsen [2] formulation. They deduced Hamil-
tonians for asymmetric rotor meleculas of orthorhombic, menoclinie, and triclinic point group
syimmetries and hava included in their worlk all terms in P* io the fourth order of approximation,
Mo tarms in P2 ware included io their work, nor will they be included subsequently in this.

For the case of the asymmetric rotor Hamiltoman for molecnles of the orthorhombie
pinl grovps (£, V, and ¥3) it ie possible to reduce the Hamiltonian considerably and, by a
redefinition of ceefficients, to make valid o considerable body of previeus work, It is our
purpnga td carry out these reductions, relate the results to previous work, and to provide a
first order parturbation theory solution to the problem of centrifugal distortion, which, whils
enfirely equivalent to that of Kivelson and Wilson [3), i2 in somewhat simpler form,

2. The Hamiltonian

Wea start with eq (17} of Chuog and Parker in the molecular axis ayatem of coordinates
defined by the stendard spectroscopic convention F< I« 0. The lollowing relations anong
the angular momentuin operators that are uselul for reducing the Hamiltonian mnay be derived
from tha commutation rules for the anpular momentum operators.

PP+ PP =P+ P|—P}—Fj—2PF; (1}
P Pul Pyt PP PyP .= P P—Pi— Pl — 2P B2 (PE—F1—F3) (2}
P,P;P.—%[P'+P* Pi—Pi—2PPi 28— P3)]  arfsy=c, b, or e (or g, y, or 2). ()

With the help of these relationa we obtain a reduced Hamiltonian for molecules belonging
to ihe orthorhombie point groaps,

Hrm it Dot PP P2 rhassP 4 S rhanat oy — et —hers) P4
o fxEy=g, 8 aod ¢ in cyclic order. (4}

1 Flgures in leookets indbate tie Literaiure referenoes ot {he end of this paper.
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In (4} the following defnitions have been used for the constante
o =erp+ 1A (5}

in which the «r are the ¥, 8, and @ of Chung and Parker and where the A, B, and & of
Chung and Parker are the reciprocal of twice the respective moments of inertia. Alzo:

Ta=3Taytyt Pavir~t Parrst Postr — 2Tt Pupad— Bact— 2Turay— Porvor— Pyoar {6)
Theae= Tazan Peasa (7»

Thatd=Thapy T 2Thgxs (8}

Thatd ™ Taest Pucst (9}

278 0nn=2T oot Papapt # (Puppat 2oame] - (10}

In the preceding A!* and the rugu 8nd pasy are thoze of Chung and Parker, the r.a
of Chung and Parker being the reciprocal of %' times those of Kivelson and Wilson.

This convenient form: of the Hamiltonian reveals that a constant similar to Py in the
energy expression for linear, spherical and symmetric rotors may he defined, that ja, a coeffi-
cient of J?(J+1)? in the energy. Singe thia term ia diagenel in J, K, M it may be factored
out of the secular equation hefore ite =olution,

The cyclic nature of {4} indicates that this Hamiitonien may be sclved using the systematic
procedures introduced by King, Hainer, and Cross, [4) after extension of the latter to contain
the matrix elements of the operatore P, by the choice of the most convenient representation,
I, ... JIP, defined by King, Huiner, and Cross (see table IL, »ef. 4).

Defining the effective rotational conetante A4,, B, and ) in energy units as:

a = 1%, (11)
remembering that P*=F%{P: | PI4 Fi), and using the definition:

du:'ﬁﬂﬁ_ﬂnn_ﬂimﬁ:ﬂ- (12}

where o, # and ¢ are taken as @, b, and ¢ in cyelic order, we armnve at the following most
convenient and explicit form for the vibrational-rotational part of the Hamiltonian:

He=H'— A=Al — JOT+ 1) (3420 PR+ [Bof B —JOT+ 1) (BE4) ) PY
[ A — T 1) (R TIP3 (rh o T30 P
4 3rdmt rha) Pt Hrleo + 20 PR (13

In {13} ne crosa terms between the romponents of the angular momentum appear explicitly
and the secular equation iz readily set up using only the matrix elements of Pi, P2, I%E, P2,
Fpand P

In order to make use of the systematization introduced by King, Hainer, and Cross the
elements of P} and I} must be used in the same phase as they chose for P, and P,. Nowhere
in the literature are these elements given using this phase. They are, however, readily deduced
from thosa given by Wilson [5] since 1he only change required from his matrix elements is &
raversal 1n sign of the K, K+ 2 elements of Py and .

The coeflicients of P, P}, and F2? can be regarded as sffective inertial parameters with o
J dependence in setting up the secular equation. Since the secular equatton has no mixing
hetween blocks of different J-factors, this observaticn can be used to reduce the work in solving
the secnlar determinant. One merely vaed a diferent set of effective inertial parameters for
each J-factor.
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Each J-factor can be further factored s in the case of the ripid asymmetric rotor into
four factors that can be called E= and 0 in complete analogy with the rigid case. These factors

sre conveniently written as:

Fu  2En vE. ¢ :

pe| V¥En . BatBs) By By O :
\’?'EH ! EH Eu Eiu Eas 0
0 R i Ey Ee By, e
L . 0 . . .

and : (14}

(En+E ) Ey Fy L .
By E, Ey, By 0 .

Ot = Em Eab Eﬁs E&r Est 0

Eyr Eyr Fun By Ery

1] Q -

where £~ iz obiained from E* by removing the first row and column es indicated by the dots,

3. First Order Perturbation Theory

Equation (13) forms a convenient starting point for a perturbatien treatment. In &
firet-order treatment the desired snergiea involve only the diagonal walues of the perturbing
operaters. Consequently, 2q (13) may ke rewritten using only tha average values of thess
operator? in a representation mm which the semirigid energy is diagonal,

E= Eg“l' 'H Trage T 7ia) {Pi}'i' ‘Hfhn+fh}{ﬁ:}+ Hfzcc:‘i' T:::’ ‘::P}::}* “5}
The values of </ P; 7, < P} 7=, and < F = ean be obtained (rom the work of Schwendeman [6].

For some purposes it may be convenient fo use the symmeiric rotor type centrifugal dis-
tortion constants given by EKivelson and Wilson rather than the i, These centrifugal
distortion eonstants of Kivelson and Wilson can ba given socurate t¢ the present order of
approximation of the Hamiltonian by simply replacing the 1}, of Kivelson and Wilson by 75,,,.

4. Sum Rules

Reocently sum rules for the snergy levels of an orthorbombic ssymmetric rotor have been
published [7]. By the substitution mentioned shove in a I* represeniation [4] theze sum rules
can be made valid to tha present order of approximation. “To obtsin thess aum rules substityie
the right hand side of the following equations for the terms on tha left hand side which appear
in the sum rules.

A=A,

EBE=RE,

O=0%
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“;_ﬁ (15DJ+5DJJ:+3DE}=%D[{Tinna+fina+f'm}"'ﬁ {riet rha i)

B DK=:—D[{Tigu-l-f’hn‘F‘f::.;‘:"f'{f;a'l‘fh'l‘f'm}]

1 1
-DJ' '_-231_5 DI:E [{T; ¢a4+ 'rill ib-4 T;F,_-,,_,:I +{'T:, +':I"'n b+ T:u}]

Di+2s— Dam e ((rhaaat Heoe—rious) 1 (bt rla 78] (16)
Dy— By — D [(shasa—&rimno— (bt byt 120]

6Re+3 Da=pc ((Briowst3riow—2rbace) + (378 +3ri—212.)]

2(Ret Bot Ko D= [(3tee—2rhapo—2ruca) H (Brtu— ey —210)]

2 (Ry—Br—Ya Do) =5 [(2risert Priasa—Brbua) H 2l F2r5a— i},

5. Flanar Orthorhombic Molecule
Dowling {8] and Oks and Motino [9] have given relations among the r.gm of a planar
orthorhombic melecule. Noting that the plane of the molecule must be tha ¢b plane these
bacome

Faene=Teaes="0

(B (B
G (5 e

ru={(22) rins— () v

As corresponding relations among the p,a.; of the planar orthorhombic molecule hava
not yet been worked out, no special relations can yet be said to exist among the ri,,;.

6. Conclusion

The Hamiltonian of an orthorhombic asymmetric rotor molecule, to the approximation
congidered in this work, has been set up in nine effective constantz ocenrring as cosfficients of
gix rotationsl operators.

Thie Hamiltonian appears to be in the simplest possible form, and to provide the most
convenient starting peint for any type of caleulation concerning the rotation of this type of
molecule.
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