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Statistical Investigation of the Fatigue Life of
Deep-Groove Ball Bearings
J. Lieblein and M. Zelen

Fatigue is an important factor in determining the service life of ball bearings. Bearing
manufacturers are therefore constantly engaged in fatigue-testing operations in order to
obtain information relating fatigue life to load and other facters. Several of the larger manu-
facturers have recently pooled their test data in a cooperative effort to set up uniform and
standardized ball-bearing application formulas, which would benefit the many users of anti-
friction bearings. These data were compiled by the American Standards Association, which
subsequently requested that the National Bureau of Standards perform the necessary
analyses. This paper summarizes the principal results of the analyses undertaken by the
Bureau, and describes the statistical procedures used in the investigation.

1. Introduction

1.1. Statement of Problem

The experience of ball-bearing manufacturers over many vears has led to the acceptance
of an equation of the form [15, p. 15, eq (53)]*

L= (C/P)?, 1)

relating fatigue life L to load P when other factors are kept constant. In the above equation,
('is termed the “basic (dynamic) capacity,” and is defined [15, p. 48] as the constant bearing
load (in pounds) that 90 percent of a group of similar bearings can endure for one million
revolutions under the given running conditions.

The quantity ('in eq (1) depends upon the characteristics of the bearing type, as indicated
in [15, p. 32, eq (120)]. When the expression cited is substituted in eq (1), the fatigue-life
formula for ball bearings takes the form

L:l:f(Z”]I)xz (7 cos a)"s r 2)
1)

The symbols are defined as follows:

Z=number of balls.

D,=ball diameter in inches.

i=number of rows.

a=contact angle.

P=Dbearing load in pounds.

.—=number of million revolutions that a specified percentage of bearings will fail to sur-
vive on account of fatigue causes. If the percentage is 10, then L=L,, and is
termed the rating life; if the percentage is 50, then L= L, the median life.

P, Ay, @y, s, 1. are taken as unknown parameters whose values have to be estimated from

given data.
Since i=1 and a=0° for deep-groove ball bearings, with which this paper is exclusively
concerned, the life equation that will henceforth be considered takes the form

L:I:‘»/ L0 ] (2a)

1 Figures in brackets indicate the literature references at the end of this paper.
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The main goal of this investigation was to determine the “best values” of the unknown
parameters in the life equation from the experimental data. One of the major problems was
to determine the value of the exponent p, as there was disagreement within the ball-bearing
industry whether an appropriate value for p was 3, 4, or some other value.

1.2. Description of Data

The data available for analysis consisted of sets of records summarizing endurance tests
for deep-groove ball bearings. These tests were carried out over a period of years by four
major ball-bearing companies. In the interest of trade anonymity, these companies will
henceforth be designated by A, B, C, and D. Each endurance test consisted of a number of
bearings of the same type (the number varying from test to test), which were tested simul-
taneously under the same load and running conditions. Table 1 summarizes the number of
test groups of data for each company. The data from company B were sufficiently extensive
to permit a further breakdown into three bearing types, here denoted by B-1, B-2, and B-3.

TasreE 1. Summary of ball-bearing data
‘7”7” - — — —— ‘ e i
Number of test | Total number of !
Company groups | bearings in test
groups ‘
_______________________________________________ |— igiii¥;A;
A 50 ! 1, 259
B o . - o 148 g 3, 289
Type B-1 . _ - 37 | oo
Type B-2 - - S . 94 | .
TypeB-3 17 | o
| C . - 12 ‘ 291
b I - 3 109
Total (all companies) .. 213 4, 948

The worksheets, summarizing the tests, recorded the number of millions of revolutions
reached by each bearing in the test group before fatigue failure. Information was also given
for those tests terminated before all bearings in the test group failed. In addition to the test
results, the worksheets included information on the characteristics of the bearing type (e. g.,
values for Z, D,, i, ) and load P, as well as other items of descriptive and identifying informa-
tion. A specimen worksheet is reproduced in appendix A.

All necessary quantities for evaluating the unknown parameters in the life equation (2)
were given directly on the worksheets except the fatigue life .. This quantity can be estimated
from the observed fatigue lives of individual bearings within a test group. As already noted,
two concepts of fatigue life are used for L, namely, the rating life L, and the median life Ls,.
Separate analyses have been carried out with regard to each throughout.

Appendix A summarizes the data taken from the original worksheets that were used in
the statistical analysis. Also given are the computed values for Ly, L, and the “Weibull
slope” e (which relates to the dispersion of fatigue lives). The methods for obtaining these
quantities from the bearing data are given in detail in appendix B.

1.3. Assumptions for the Statistical Analyses

All conclusions reached in this report, and all statistical analyses employed, are based upon
the following principal assumptions:

(a) The life formula (2) is the proper functional form for describing fatigue life in ball
bearings.

(b) Differences in the measured life of bearings classed as identical, tested at the same load,
reflect only the inherent variability of fatigue life, and are free from systematic errors that may
arise from different test conditions, materials, manufacturing methods, ete.

2 Certain estimates for Lio and Lz had been entered on the worksheets for many of the tests. However, these were not regarded as part of the
data submitted for analysis.
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(¢) All the bearings in a test group can be regarded as a random sample from a homogeneous
population of ball bearings.

(d) The probability distribution of the number of revolutions to fatigue failure is of the
same form for each test group, although its parameters may differ from group to group.

(e) This fatigue-life distribution is of the type known as the “Weibull distribution.”

The purely statistical assumptions, (¢) to (e), served as the basis for the determination
of Ly, L, and e for each test group. Assumption (e), however, is not involved in the methods
used to evaluate the parameters in the life formula (2) from given values of L, or L. A
different assumed form fer the distribution of fatigue life might give somewhat different values
for L, and L;, but the same methods could then be used to evaluate the unknown parameters
in the life formula (2).

Other assumptions of a more technical nature were necessary in the course of the analyses.
These are discussed in appendixes B and C.

As in all cases where inferences are made from given data, the conclusions reached here
pertain only to the population from which the given data can be regarded as constituting a
random sample.

2. Outline of Statistical Analyses

The statistical analyses were divided into two phases. The first phase considered the
problem of finding estimates of Ly, Ls, and the Weibull slope ¢ from the given test data; the
second phase used these estimates of L, and L; to evaluate the unknown values of the param-
eters in the life formula.

2.1. Estimation of L,, and L,

The quantity L depends upon the existence of an underlying probability distribution of
bearing lives. Selection of a distribution or population is equivalent to specifying the proba-
bility that a bearing selected at random from such a population will survive any given number
of revolutions, L, or, conversely, that if ¢ is a specified probability, then L is the life period
that will be survived with this probability, e. g.,

90 e L="11"
Probability {life> L} =c=
B10) ticone Jo= 1z,

Accordingly, any L, such as Ly, or Ls;, must be obtained by estimating a characteristic of
the assumed distribution. For reasons described in appendix B, the distribution characterizing
ball-bearing fatigue life was taken to be the Weibull distribution. In brief, this distribution
:an be derived by assuming a “weakest-link” concept of fatigue strength. In addition, the
suitability of the Weibull distribution for fatigue life has been verified in many cases by empirical
plotting of data.

One method of estimating L, or L; makes use of special probability-plotting paper so
designed that a theoretical Weibull distribution plots as a straight line, and treats the problem
as one of straight-line fitting by conventional least squares procedures. However, the procedure
usually followed does not take into full account the number of bearings that remain intact when
tests are incomplete, nor the interdependence of successive points. Because of these and other
limitations, it was decided to use an alternative approach in the estimation of L,; and L, for
each test group (see appendix B).

To this end, a method was developed that takes into account explicitly the number of
bearings remaining intact at the termination of a test, and that also possesses several other
advantages. This method makes use of certain specially determined linear functions of the
observed failure times (in logarithms), r;, arranged in order of size. These functions have the
general form

=23 e (3)



As the method makes intimate use of the ordered arrangement of the data, it is termed an
“order statistics” method.

The coefficients ¢; in eq (3) allow great flexibility. They have been determined in such
a manner that the method will have certain desirable objective characteristics, e. g., freedom
from systematic error and a minimum standard error.

2.2. Evaluation of the Parameters in the Life Formula

Once the estimates for L, and Lj, are obtained, it is possible to evaluate the exponent p
in the life formula. However, in order to make the most efficient use of the given data, it is
necessary also to estimate the other parameters, 7., a;, and a,.

The methods for estimating the values of L,, and L for each test group actually yield
results for In L;, and In L;,. Thus, taking logarithms * of the life equation (2a) gives

In L=(p In f.)+ (pa,) In Z+ (pay) In D,—p In P. 4)
This equation can be written more simply as

Y:bo‘f’bﬂ"l+bz-rz+b3'f:s, (5)
where

Y=In L (for either Ly, or Ls),
bo=p In f., by=pa;, b.=pas, by=—p, (6)
wm=lm 7, ip=lim 1D, =l /2,

The quantities z;, x,, and 3 depend on the characteristics of the bearing type and test
conditions, and can be regarded as known exactly. On the other hand, the variable Y, which
depends on the outcome of the bearing tests, is subject to considerable dispersion. Thus,
estimates can be found for the parameters by, b,, b,, and b;, using standard least squares methods
based on minimizing the sums of squared deviations in the y direction. These methods are
discussed in detail in appendix C.

After the parameters by, by, by, and b; are estimated, values for ay, a;, a,, and p can be
found from the relations

b __b
a=In f,—= b, = by

bg o
(l-z:“‘b*3 D——b;

It is clear that the values for ao, @;, and a, depend on the value of p.

The estimates for p and the a’s are subject to some uncertainties because they are based
on test results, which themselves are subject to considerable variability. Hence with every
value of p and of the a’s calculated from the life data, there is given also an interval of un-
certainty to indicate its precision. These intervals are “95-percent confidence limits.” *

A large interval of uncertainty associated with an estimate indicates poor precision; a
small interval of uncertainty is evidence of high precision. These intervals of uncertainty
not only reflect the inherent variability of the test data, but are also affected by (a) how well
the life equation (2a) is the proper functional form for bearing life, and (b) the suitability of
the data (including the number of test groups) for estimating the parameters in the life formula.

Further technical details concerning the evaluation of the parameters in the life formula
are given in appendix C.

# Natural logarithms to the base e are used throughout.
4 Briefly, confidence intervals describe the compatibility of the observations with an unknown parameter estimated from them; 95-percent
confidence limits are limits such that on the average, in repeated applications of the same procedure, 95 percent of intervals so calculated will

contain the unknown true value of the parameter. The confidence limits associated with p are symmetric. However, the confidence limits asso-
ciated with the a’s are asymmetric because of the dependence of the a’s on p.
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3. Summary of Analyses

3.1. Evaluation of Parameter p

The statistical analysis based on all deep-groove ball-bearing data from companies A, B,
and C° vielded the final values for p shown in table 2. The separate values for each of the
three companies are given in table 3. The intervals of uncertainty specified by + quantities
in those tables refer to intervals within which, with reasonable assurance, the true value of
the parameter is located.  The fact that all of the intervals of uncertainty exhibit considerable
overlap shows that the data are consistent with the supposition that all three companies have
a common value of p for deep-groove bearings. The fact that all the intervals include 3
indicates that all the estimates of p are consistent with the practice of taking p=3. More-
over, the value of p for L, was not significantly different from that for Zg.

Tasre 2. Final over-all values of p for deep-groove
bearings

L | Ly | Lo

|
|
|
| —————|
| p | 2.87+0.35 | 2,80+ 0. 31

| |
Tasre 3. Individual estimates of p for deep-groove bearings by company
| | | | 1

| Number |
Company of test | Lo Lo
1 | groups |
| . ‘ . | o |
‘ A ‘ 50 3.00+0.64 | 3.05-+0.60
| B | 148 2. 754 .48 2. 624 0. 40
C } 12 3.12+ .88 2. 88+ 1. 02

The values given for p are based on analyses of all deep-groove ball-bearing data, irrespec-
tive of bearing type. Hence, the parameter estimates represent “omnibus’ values. In order
to investigate the dependence of the exponent p on bearing tyvpe, the data from company B,
which was made up of three bearing types, were analyzed separately. The rvesults for the
exponent p are shown in table 4. These results are all compatible with the value p=3.

Tasre 4. Value of p by bearing type for company I3

[ —= ‘ e
} Number | Value of p ‘
| Type oftest |
‘ groups
H L]U I‘,(l

I [ S R

[[3= [ 37 3.36-+0. 68 3.2340. 47
| B2 S 94 2.65+20.91 | 2.134+0.79
| B-3____ RS 17 1. 89+ 1. 28 2.8241. 10
‘ Total 148

5 The data furnished by company D were too few to be included in the analysis.
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3.2. Evaluation of Parameters f., a;, and a;

The computations that give estimates for the exponent p also yield estimates for the quan-
tities In f,, a;, and a,. From the relations (6) it is clear that the values for these parameters
depend on the value for p. Thus, associated with every value of p will be corresponding
values for In ., a;, and a,. Table 5 summarizes these parameter estimates associated with
the final values of p. The estimates for a,=In f,, rather than f,, are given here, because this is
the parameter that arises naturally in the life formula (cf. eq 4).

The analyses conducted separately for each company resulted in other values than those
in the previous paragraph for ao, a;, @;. 'These results are summarized in table 6. They show
excellent agreement with the results in table 5, even though the values for p are somewhat
different.

TABLE 5.  Final values of ay, ay, ay for Ly, and Ls,

e — —————— —
1 !
Company P a | Interval of a Interval of | a. Interval of
uncertainty uncertainty ‘ uncertainty
Ll(l
A__ ___| 2. 87 9.02 | (7.31, 10.79) | 0.380 | (—0.454, 1.201) | 1.72 | (1. 51, 1.92)
B ___| 2. 87 8.55 | (7.98, 9. 14) 670 | (0 0.418,  0.920) | 1.81 | (1.70, 1.92)
C._ - _| 2. 87 9.56 | (6.85, 12.42) |—. 174 | (—1.750, 1.352) | 1.37 | (0.09, 2. 67)
Lsy
A | 280 10.36 | (881, 11.98) | 0.015 | (—0.741, 0.751) | 1.69 | (1.50, 1. 88)
B 2. 80 9. 05 | (8. 54, 9. 60) .695 | (. 470, .920) | 1.91 | (L 81, 2.01)
S _____._| 280 9.05  (6.61, 11.58) 475 | (— 921, 1.847) | 1.76 | (0.60, 2.93)
TaBLE 6. Values of ay, ai, ay for Ly and Lsy, based on independent analyses for each company
— : = —
Company P ay Interval of | a | Interval of s Interval of
| uncertainty uncertainty uncertainty
Ly
A 3. 00 8 97 | (7.18, 10.90) | 0.390 | (—0.507, 1.249) | 1.73 | (1. 50, 1. 94)
B e _| 2.75 8.59 | (7.99, 9. 24) L666 | (0 .398  0.928) | 1.80 | (1. 67, 1.92)
c._.. 3. 12 9.21 | (7.29, 11.84) |—.041 | (—1. 326, .992) | 1.36 | (0.49, 2 30)
‘ ] o - |
| 450 |
\ B
A 1305|1013 | (848 12 00) ! 0.072 | (—0.768, 0.855) | 1.71 | (1.50, 1 91)
R 2. 62 9. 15 | (8. 61, 9.76) . 690 | ( . 456, .922) | 190 | (L.79, 2.00)
Co . 2. 88 8. 93 | (6.58 12 39) .510 | (—1.055, 1.810) | .75 | (0.66, 3.05)
|

Similarly, the values for a,, a;, and a,, arising from separate analyses made on the three
types of bearings from company B, resulted in still other estimates for these parameters. Table
7 summarizes these estimates. These estimates are less precise than the corresponding omnibus
values given for company B in table 6. This is a consequence of the fact that within a bearing
type, the quantities Z and D, hardly vary at all. This condition makes the data unsuitable
for estimating the associated unknown parameters, a, a;, and a,.
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TasrLE 7. Values of ay, ay, a, for Ly, and Ly by bearing type (company B)

N . !
Type ! ay Interval of a, Interval of a, | Interval of

‘ uncertainty i uncertainty | uncertainty
- v v I
I \
<410 |
fffffffffffffffffffffffffffffffffff ‘,,, S e — S S
Ig5=1l_ S ‘ 7.25 | ( 5.21, 9.39) 1.O7 | ( 0.35 1.76) 1. 68 (1.27, 2.08) |

183=24__ . - | 7.834 | (5. 54 9. 33) 1. 21 i ( .43, 2.00) 1. 69 (1. 38, 1.93)

B-3_ . 2.50 F (—7.95, 16.04) | 3.70 | (—2.25, 9.06) 1. 27 (0. 30, 1.65)
S B | A R
Lﬁu ‘
M-.fﬁfifﬁfi*f;ﬁw_'_ _________ — R N

Bt 7.39 | ( 5.92, 8.92) | 1.23 (0.73, 1.73) | 1.79 | (1.50, 2.08)

B2 9.00 | ( 7.10, 11.67) | 0.87 (—.05 1.68) | 1.77 (1. 46, 2.03)

B3 ____ .| 1.03 I (—4.34, 6.53) | 4. 50 (1.97, 7.19) | 1. 48 l (1.21, 1.70)

|

3.3. Redetermination of the Estimates for £,

The uncertainty intervals associated with estimates for the parameter ao=In f. are quite
large. 'This is primarily because the uncertainty associated with the estimate of a, also de-
pends on how well the other parameters, a,, @, and p, are estimated. Another way to evaluate
@y, which may result in smaller intervals of uncertainty, is to assume a priori values for a,, as,
and p, and then determine the estimate for a,. This procedure was followed by using the
widely accepted values for the parameters given in [15], namely, a,=2/3, a,=1.8, p=3.

However, if on such a calculation the values assumed for the parameters a,, a,, and p are
not compatible with the given data, then values of ay (or f.) so calculated will not be correct
determinations for these data. Accordingly, an analysis was made to determine whether the
parameter values in [15] were compatible with the given data.

This analysis showed that these parameter values are compatible with the data, with re-
spect to all individual companies for rating life L,;, but not for median life Ly,. (Company
A was the only company for which the parameter values are suitable for median Jife.) A fur-
ther analysis, by bearing type for company B, showed that the above parameter values are
not suitable for the rating life ,, with respect to B-3-type bearings.

In the light of this last analysis, redetermined values of ay, taking a,=2/3, a,=1.8, and
p=3, are only strictly valid with respect to company A, company B (B-1, B-2), and company
C for rating life L,,. These values are summarized in table 8. For convenience, these new
estimates are given for f.=In"'ay=exp a,.

TasrLe 8. Values for f, assuming a,=2/3, a.=1.8, p=23.0 for Ly,

| |

| |

! Company ' Number off  f. Interval of uncer- |
| test groups tainty

A I e 50 | 4,538 | (4,273, 4,8I17)

B (over-all value) o 148 | 4,925 | (4,750, 5,105)
B-1. 37 4,709 | (4,403, 5,034)
B-2___. o 94 5,033 | (4,885, 5, 187)
B-3* . i 17 |

C. e ‘ 12 3,294 | (3,029, 3, 583)

i D T 3 4,639 | (3,478, 6, 187)

*Assumed values of parameters a;, a,, and p not compatible with test results for bearings of this series.
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4. Appendix A. Summary of Original Data

This appendix summarizes in tabular form the worksheets submitted by the American
Standards Association Subcommittee to the National Bureau of Standards for statistical
analysis.  Separate tables are presented for deep-groove data from companies A, B, ', and D.
These four tables (A1 to A—4) are followed by table A—5, which gives a synopsis of the number
of test groups and the number of bearings for each company.

Tables A—1 to A—4 give the size of test group, the values for quantities 2, 7, D,, and the
estimates % for Ly, Ly, and the “Weibull slope” e.  All of these variables are directly observed
or specified quantities except for the estimates Ly, Ly, and e. These last three quantities are
based on statistical calculations that made use of the results of individual endurance tests.
These calculations are explained in appendix B.

The original data, as submitted, contained a few cases where companies tested bearings
manufactured by other companies. Such test groups are not included in the summary tables,
as these results confound differences in testing with differences in manufacturing. Therefore
these test results were not used in any of the analyses. Thus, table A-3, for company C,
omits 4 tests performed on other manufacturers’ bearings; table A—4, for company D, omits 3
tests.

The five tables described above are followed by a specimen worksheet ™ with identifying
information removed. A sample of Weibull-function coordinate paper is also included. This
coordinate paper had been used for graphing the results of all the individual endurance tests
and these graphs had accompanied the worksheets submitted to the Statistical Engineering
Laboratory.

6 The estimates for Lio and Lso are given in millions of revolutions for all companies except company D. The life estimates for D are shown in
hours, the same units in which the original endurance data were given.

7 Bearings marked “Omitted” were completely eliminated from consideration, as company representatives explained that these were non-
fatigue failures and should not be regarded as part of the test group. As a result, the test group in the case of the specimen sheet shown was taken
to consist of 23 bearings rather than the original number of 25. This type of situation appeared rather infrequently, however.
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Tasre A-1. Summary ball-bearing data for company A, with compuled values for Ly, Ly, and Weibull slope e

Record Year Number 7 o), e

No. of in test| Load Number |[Ball diam. iy L 50 Weibull
test group of balls 10 slope

1b alialy
1-1 1936 2l Li2lio 8 11/16 19.2 8.5 1.27
1- 2 1937 20 L2Lo 8 11/16 2642 .2 1,81
1- 3 1937 1 I 8 11/16 11,1 68.1 1,04
T [h 1937 19 L2ko 8 11/16 0.8 6648 1,09
1-5 1937 18 li2Lo 8 11/16 135 79.4 1.06
1- 6 1938 21 2530 9 1/2 5.80 25.7 1.27
1- 7 1938 28 L2lo 8 11/16 18.3 L7 2,10
1- 8 1938 27 L2Lo 8 11/16 562 1852 .73
1-9 | 1940 20 i2lo 8 11/16 15.8 82.7 1.1
1-10 | 1940 22 L2Lo 8 11/16 8470 1.6 1.20
1-11 1940 19 L2ho 8 11/16 11.6 160 ST
S L) 1940 15 1940 9 7/16 2046 7L.L 1.52
1-13 1940 15 1940 9 7/16 1 88.2 1.0
1-1L | 29Lo 5 2536 9 1/2 12l Baka! 1.87
1-15 1940 1 2536 9 1/2 £11501] L6, 1.67
1-16 | 1940 15 2536 9 1/2 14,0 L3.6 1.66
=17 1940 1L 2536 9 1/2 19.3 51,8 1,91
1-18 | 1940 26 Li2lo 8 11/16 L6.2 110 2,17
1-19 | 19Lo 1 L2Lo 8 11/16 3040 8842 1.7
1-20 | 1942 20 L2kLo 8 11/16 2l il 57.4 1.89
1-21 | 1942 20 Li2l0 8 11/16 o3 L547 1.94
1207 1942 Bl L2ko 8 11/16 Bies 118 1,64
1-23 | 1942 36 20 8 11/16 20.3 Tl 1.1
1-2L | 1942 32 L2,0 8 11/16 1,03 L2,5 .80
1-25 | 191 28 251 8 17/32 8.38 L. 7 .81
1-26 1943 28 3975 8 19/32 1.79 1345 093
1-27 | 19L2 30 LLoo 10 5/8 ML L5l 1.39
1-28 | 19k2 31 6920 8 7/8 La15 15.8 1.1
1-29 | 1943 30 990 9 5/16 Te23 l1.0 1.09
1-30 | 1943 30 1509 7 7/16 22,9 110 1.20
1-31 1943 30 932 7 11/32 9.54 31.6 1.57
1-32 | 19h 26 3180 8 19/32 6428 23,0 1.L5
1-33 | 194k 29 3180 8 19/32 L.81 oo 1.27
1-3L | 19LL 33 86,0 10 7/8 Lo17 123 1.68
1-35 | 194L 26 | 1Lo8o 8 1-1/L 5.12 31.6 1.07
1-36 | 1951 28 1940 9 7/16 Tol7 h9.5 1,00
1-37 | 1951 3L 2330 9 7/16 Le80 21.3 1.26
1-38 1951 27 1550 ) 7/16 14,8 78.4 L LE
1-39 | 1951 29 1165 9 7/16 8L.9 L60 Ll
1-40 | 1951 27 2910 9 7/16 3.40 16,5 ATl
1-41 | 1951 27 3880 9 7/16 1.2, 3423 1.97
1-42 | 1951 26 776 9 7/16 |l 2ll 951 1,37
1-43 | 1951 30 | 19750 8 1-3/k 3,01 12,6 1.31
1-Lh 30 2112 8 11/16 89.1 1,86 1,11
1-L5 - 30 L22l 8 11/16 1552 0L .98
o

1-46 a 30 818 8 1116 2.0k 10.2 1,17
1-L7 30 2112 8 5/8 150 376 9L
148 s 30 22, 8 5/8 5426 58.8 .78
1-L9 30 8LL8 8 5/8 .883 Lok | 1,09
1-50 | 191 30 L22l 8 11/16 1L4.8 57 1,39
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TaBre A-2. Summary ball-bearing data for company B, with computed values for Ly, Ls, and Weibull slope ¢

Record Year Number Z Da e
No. of in test Load Mumber |Ball diam. Ll 0 LS 0 Weibull
test group of balls slope
1b in.
2- 1 1940 19 570 10 3/16 6.68 13.L 2672
2- 2 1944 20 570 9 5/16 29.8 70,0 Rl
2- 3 1946 23 580 9 1/L 16.3 55.1 55
2= ) 1946 23 580 9 1/L 28.5 69.2 2,13
2~ 6 1943 10 665 9 1/L 10.3 Lo.1 1.50
2- 17 19L) 10 665 9 1/L 25.7 L6l 3419
2- 8 1942 19 580 10 1/k Oe55) 39.6 %82
2= 9 1946 33 620 10 1/L o9 62,1 1.51
2-10 1947 15 620 10 1/h 19.9 7342 145
2-11 1947 31 620 10 /L 12,9 50.L 1.39
2<12 | 19Lk 19 625 10 1/ 19.3 Lé.2 2,18
2=13 1911 17 720 10 1/k 11,1 2343 2,54
2-1l 1946 60 980 11 9/32 15.7 L3.5 1.85
2-15 1947 32 980 11 9/32 L2 38.1 1.54
2-16 1950 L9 600 11 5/16 iy 809 2.85
217 1949 60 600 11 5/16 216 709 1.58
2-18 1943 20 900 11 5/16 35.6 100 1.82
2-19 1946 67 1220 1 5/16 12,0 L2,2 1.50
2-20 1947 3L 1220 11 5/16 8.53 L6.6 1.11
2-21 1940 20 1370 11 5/16 6a77 18.9 1.85
222 1950 60 1115 11 5/16 1355 46,5 1.53
2-23 1950 60 2243 11 5/16 2,32 8.06 LGl
2-2) 1942 20 720 12 5/16 36.7 1 1.ho
2-25 1946 55 1300 12 5/16 19.0 5742 1.7
226 1947 30 1300 12 5/16 19.5 60,6 1.67
2=27 1944 20 1650 i 11/32 17.0 Tholy 1.37
2-28 1946 59 1760 1 11/32 20.9 5347 2,00
2-29 1947 3k 1760 1 11/32 9456 Lo.7 1.30
2-30 1940 20 2010 13 13/32 5.49 33.3 1,05
2=31 1940 9 2010 13 13/32 1.39 Lh.0 5l
2-32 19k 19 2140 13 13/32 9.80 82,7 .88
2=33 1943 ahl 2630 15 13/32 B A1) 5L.9 .80
2-3L 1942 12 5900 1 19/32 6436 17.5 1.86
2-35 1947 19 5900 i 19/32 3.68 22,1 1.05
2-36 1947 20 8070 1, 23/32 843L 23,6 1.81
2-37 1942 12 8075 1, 23/32 6.78 36.4 1.12
2-38 1938 10 565 9 .210 9.27 18.4 2.75
2-39 1940 23 720 8 9/32 18.2 5649 1.66
2-1,0 1940 2l 720 8 9/32 22,8 56. 2,09
2-In 1940 25 720 8 9/32 BRO9) 15.6 1.38
2-l2 1940 21 720 8 9/32 9407 29,4 1.60
22113 1940 25 720 8 9/32 7414 28.5 1.36
2-LlL 1940 25 720 8 9/32 12.5 26414 2,51
2-L45 1941 25 720 8 9/32 18.8 L8.7 1.98
2-U6 1911 23 720 8 9/32 21,5 53.2 2,08
2-li7 1947 33 860 8 5/16 17.1 59.0 1,52
2-48 1948 8 860 8 5/16 15.2 87.6 1,08
2-49 1943 20 900 9 5/16 30,1 92,3 1.68
2-50 19L) 18 900 9 5/16 15,0 L7.6 1.63
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TaBLE A2, Summary ball-bearing data for company B, with computed values for Ly, Ly, and Weibull slope e—Continued

Record Year Number 7 Da e
No. of in test | Load | Mumber |[Ball diam. Lo Ly, | Weibull
test group of balls slope
1b in.
2-51 | 1945 27 940 9 5/16 17.5 52,8 1.71
2=52 1947 34 9Lo 9 5/16 1L 65.6 1.24
2-53 1938 10 1180 9 5/16 8476 oo 2.0,
2-5L 1945 30 1580 9 3/8 12,1 L3.3 147
2-55 | 1947 33 1580 9 3/8 17.2 6li6 1l.42
256 1948 8 1580 9 3/8 10.7 3l.6 1.61
2=57 1945 31 2160 9 7/16 10.9 37.6 1,52
2-58 1947 30 2160 9 7/16 12,7 5347 1.30
2-59 | 1938 9 2200 9 7/16 B3 L3.5 ol
2-60 | 1947 30 21,80 9 7/16 16.6 78.3 1.21
2-61 | 1950 Lo 1340 9 15/32 180 275 Lokl
2-62 1937 19 1660 10 7/16 85.2 23l 1.86
2-63 19l 19 1700 9 15/32 57l 230 1.35
2-6L L) 2l 2180 9 15/32 15 558 1.48
2-65 | 1939 25 21480 9 15/32 2l 97.8 1.47
2-66 1939 23 21,80 9 15/32 21,7 122 1,09
2-67 1939 28 2,80 9 15/32 13,2 L2.3 1.62
2-68 | 1939 28 2L80 9 15/32 358 145 1.35
2-69 | 1939 20 21,80 9 15/32 1257 3L.7 1.87
2270 1940 20 2,80 9 15/32 10,1 27.8 1.87
2-71 | 1945 20 21180 9 15/32 8.83 3k4e3 1.39
=0 1938 10 21180 9 15/32 16.5 6043 1,45
A7 1942 11 21,80 9 15/32 17.9 6548 1.45
27l | 1943 10 21,80 9 15/32 15,7 6341 1.35
A5 1943 20 2,80 9 15/32 10.8 Lh2.1 1,38
2-76 | 194k 18 21180 9 15/32 14,2 39.9 1.83
R 1944 18 21,80 9 15/32 19,0 67.8 1.48
278 194 18 2,80 9 15/32 16.3 57T 1.49
2570 19L) 20 21,80 9 15/32 2,93 18.0 1.04
2-80 | 19k 20 2180 9 15/32 5.69 25.4 1.26
2-81 194hL 28 21,80 9 15/32 9.54 39.9 1.32
2-82 | 19Lh 22 2480 9 15/32 12,6 5547 1.27
2-83 194 23 21,80 9 15/32 5,10 37.5 9L
2-8) 194k 18 21,80 9 15/32 16,0 53.7 1.56
2-85 1940 20 24,80 9 15/32 1.98 22, .78
286 1945 20 21,80 9 15/32 5.65 28.8 1.16
A 1945 20 21,80 9 15/32 12,8 L3.6 1.58
2-88 1945 20 24,80 9 15/32 9.8l 3058 1.59
2-89 1945 20 2480 9 15/32 12,1 3.0 1.48
290 1945 20 2480 9 15/32 5.48 40.8 o9l
2-91 1945 20 21,80 9 15/32 6,64 258 1.l
2-92 | 1915 32 2480 9 15/32 13,9 1.9 1.70
2-93 | 1946 35 2li8o 9 15/32 9.02 L5l 1.17
2.9 1946 3k 2480 9 15/32 11.0 L9.2 1.26
2-95 1947 31 280 9 15/32 1L.5 7346 1,16
2-96 194 9 21,80 9 15/32 5.91 3742 1,02
2_37 190 10 2,80 9 15/32 18,1 L0.5 2433
2.98 1915 10 21,80 9 15/32 7\ 5503 1.65
2-99 1945 10 21,80 9 15/32 32,6 61.8 2495
2-100 | 1945 10 2480 9 15/32 2h.1 66.2 1.87
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TaBrLE A-2. Summary ball-bearing data for company B, with computed values for Ly, Ls, and Weibull slope e—Continued

Record Year Number Z Da e
No. of in test | Load | Number Ball diam. L]_o L Weibull
test group of balls 50 slope
1b in.
2-101 1945 20 2,80 9 15/32 36.1 TL.6 2.75
2-102 1946 20 21,80 9 15/32 63.3 104 3.82
2-103 1946 12 24,80 9 15/32 1.k 59.0 1.33
2-10L 1946 11 24,80 9 15/32 15.1 92,9 1,04
2-105 19L5 10 2480 9 15/32 18.8 39.L 2.55
2-106 1950 12 24,80 9 15/32 5.63 3h.7 1.0k
2-107 1950 12 2,80 9 15/32 7.23 345 1.21
2-108 | 1951 30 2,80 9 15/32 16.7 71.8 1.29
2-109 1951 63 2,80 9 15/32 26.5 90,3 1.54
2-110 1950 23 2,80 9 15/32 8435 L9.1 1.06
2-111 1943 19 3250 9 15/32 379 9430 2,10
2-112 1937 10 3470 10 7/16 9405 36.6 1435
2-113 194k 20 1,000 9 15/32 2.98 T35 2.08
2-11l 1943 19 2300 10 15/32 22,5 73.4 1.59
2-115 1938 10 2730 10 15/32 3.82 3L.7 «89
2-116 | 19L6 22 2650 10 17/32 6455 20.8 1.63
2-117 19LL 20 2250 11 15/32 17,5 6lie3 1.L5
2-118 1943 16 2300 11 15/32 6L.7 152 2,10
2-119 1945 L8 2840 11 15/32 18. L2.7 2,27
2-120 | 1947 28 2840 Tl 15/32 21,6 6643 1.68
2-121 1947 8 28L0 11 15/32 11.9 39.1 1459
2-122 1948 8 28L0 il 15/32 1349 50.6 1,46
2-123 | 1943 19 3200 it 15/32 780 33.1 1.30
2-12l 19Lh 28 Looo aal 15/32 3e55 350 1.38
2-125 | 1943 19 L1000 1 15/32 9.0 23.L 2,06
2-126 1947 23 6350 11 11/16 Le76 22T 1.21
2-127 1oLk 20 12000 11 1-1/16 3423 9.86 1.69
2-128 194L 20 12000 11 1-1/16 2,62 9.52 1.6
2-129 1944 9 12700 8 1-1/2 7.89 39.7 1.17
2-130 1949 18 16500 1 1-1/16 k.93 204 1,33
2-131 1950 20 16500 11 1-1/16 6426 16.2 1.98
2-132 1938 8 565 7 5/16 373 103 1.85
2-133 194k 20 900 7 5/16 14,0 38.6 1.86
213l 1938 10 1650 8 13/32 3043 87.6 1.77
22135 194L 20 2250 8 15/32 251 T2 1.85
2-136 1943 20 2300 8 15/32 10.5 60.L 1,07
2-137 19Lh 19 3200 8 15/32 10.3 2.1 2,21
2-138 194 19 1,000 8 15/32 L.56 12.9 1.8
2-139 1937 10 1710 8 17/32 25.1 274 o719
2-1L0 1938 9 2360 8 17/32 48.8 264 1,12
2-1l1 1937 10 2680 8 17/32 7453 60.7 «90
2-102 1937 1 3850 8 17/32 1.9 62,6 1.32
2-143 | 1947 21 7760 8 29/32 .57 L3k .
2-1L) 1943 12 9550 8 1-1/16 3.90 L0.7 .80
2-1L45 | 1947 21 9750 8 1-1/16 15.5 7944 1,16
2-1U6 1948 16 11400 8 1-3/16 10,2 L3.9 1.29
2-147 1948 20 11400 8 1-3/16 Lol 16.9 1.48
2-148 1947 18 11420 8 1-3/16 10,1 342 1.55
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TaBLE A-3. Summary ball-bearing data for company C, with computed values for Lo, Lsy, and Weibull slope e
Record Year Number Z D - e
No, of in test | Load Number | Ball diam, LlO LSO Weibull
test group of balls slope
1b sy
3-1 1942 ol 1580 7 9/16 15,9 6L.8 1.L0
S & 1949 29 790 7 9/16 211 729 1.52
3-3 1949 35 1185 7 9/16 Thals 287 1.Lo
3- U 1940 29 1600 9 1/2 9462 40,1 1.32
3-5 1945 10 1600 8 15/32 ik, 66. 1.10
3-6 1943 9 2275 7 17/32 13.8 58.0 1L,
2= 1946 13 2540 8 15/32 2,38 11.3 1,21
3-8 | 19k | 12 25ho 8 15/32 2,38 11.5 1.19
3- 9 1949 12 1580 7 9/16 8475 6242 0496
3-10 1949 12 1580 7 9/16 20T 113 1.27
3-11 1947 2l 1600 9 1/2 .5 113 0,92
3-12 1949 12 610 8 5/16 26,8 6546 2,10
TasrLe A—4. Summary ball-bearing data for company D, with computed values for Lo, Ls, and Weibull slope e
Record Year Number VA D, e
Yo, of |in test | Lomd | Number |Ball diem, L’l“o L"S‘o Weibull
test group of balls slope
1b in,
L-1 1946 19 1750 9 7/16 159 963 1.05
L-2 A 3l 1750 9 7/16 1.7 526 0.9L
-3 1951 56 1750 9 7/16 113 582 1.15
*Life estimates are in hours.

TasLe A-5. Summary of test groups of ball-bearing data

Number of test Total number of

Company groups bearings in test
group
- 50 1, 259
B 148 3, 289
Type B-1_.________ ________________ 37 |
TypeB-2__________________________ 9 | ______
TypeB-3____ 17 |
C o 12 291
TDF o e e e e 3 109
Total (all companies) - ___________ [ 213 4, 948

|

*These data were not used in the main analyses.
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SPECIMEN WORKSHEET

Reference No.

Bearing Mfg. by
Bearing Tested by
Date of Test 2-26-46

Table Ordered According to

Endurance Life

Bearing No. Brg. Endurance Type of
Load SEORRNS No. Mill,Revs. Failure Remarks
Speed 20C0 . peme. 16 2
Lubrication: Type Jet 0il 10 32;22 g:%i
Frequency. 'J.CO a1l
Ball No. and Dia. 9 = L/L" 1; Zi'zo ﬁ
Contact Angle 0° 42,12 .
Groove Radius: Inner Ring 51.6% 7 e bell
; 11 L5 .6C Ball
Outer Ring  53.0% 15 48.48 Ball
Number of Rows 1 12 51,54 Ball
Bore 20 mm. 20 51,9 Ball
ORDE 42 mm. 18 54,12 L5
Lot Size 25 Taken on 23 13 55,5 I:R:
1 67.80 Ball
oy ~TY2Y I How Cmittod
Bearing temperature measured on outer 2 CEPON - Bt g
ring at point of maximum load L 65‘3-(;14 Banil
Material: Type 6 68 .64 L.Bore
Source 2 68.88 Disc,
Rockwell Hardness of: 2; 8L.12 = Bai;cL
Inner Ring 63.5 17 93,12 Ball
Outer Ring 6L, 7 08,64 ToR%
Balls 23 105.12 e
2L 105.84 —> Disc.
. 21 127.92 Ball
Ball Failure 13 52% 8 128.0L 0.R.
Inner Ring Failure & 20% 14 173.40 —> Disc.

Outer Ring Failure 71 L%

Test life in 10(J revolutions:

Median 68,
Mean Tk
B-10 29.
Slope of Curve 2.23
Test No. 3183
Lot 71
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5. Appendix B. Evaluation of L,, L;, and Weibull Slope e, by Using Order
Statistics for Censored Data

This is a technical appendix that gives the mathematical basis for estimating, for each
test group, the values of Ly, and Lj, for use in the regression analysis discussed in appendix C,
and also the Weibull slope e.

5.1. Weibull Distribution
a. Characteristics

As noted in the text, the basic assumption for estimating Ly, Lz, and ¢ for each test group
was that the probability distribution of fatigue lives of individual bearings could be represented
by a “Weibull distribution.” # This means that the observed fatigue lives (number of revolu-
tions) of all the bearings in a test group of, say, n bearings constitute a random sample of n
independent observations from a distribution whose cumulative (from above) distribution
function (hereafter denoted by edf) is ®

S(L)=Prob {life > L}
=exp [—(L/a)*], O0ZL< =, B1)

where @ and ¢ are the two parameters to be fitted. They are related to L, and Ly by eq (B2a)
below. The function S(ZL) is also termed the ‘“survivorship” function. This distribution is
one of three limiting types to which the distribution of the smallest member of a sample, under
general conditions, tends as the sample size is increased indefinitely. (Another type is dis-
cussed in the following section.) This matter was first studied chiefly by Fisher and Tippett
[5], and for this reason the type (B1) is sometimes referred to as Fisher-Tippett type III for
smallest values.

There are both theoretical and practical reasons for choosing the Weibull distribution
(B1) as the underlying probability distribution for fatigue life.

Theoretical. Here it is assumed that fatigue is an “extreme-value’”” phenomenon, related
in some manner to the strength at the weakest point in the material under stress. The theo-
retical reasoning that proceeds from this assumption is mentioned by a number of authors,
and is given explicitly, for example, by Freudenthal and Gumbel in [6, p. 316 to 318]. It
leads precisely to the form (B1) (see eq (2.9) in [6]). It is recognized that this statistical
assumption has not received universal acceptance. This paper is, however, not concerned
with the relative merits of various statistical theories of fatigue, but merely with consequences
of a reasonable choice from among them.

Practical. Application of the Weibull distribution received extensive attention by W.
Weibull in [19], where he showed that a distribution of the general type (B1) represented certain
fatigue-life data quite satisfactorily. In addition, inspection of the special “Weibull” plots
accompanying the worksheets suggests that many can be fitted satisfactorily by a straight
line representing a Weibull distribution, as explained below.

The manner in which these graphs are constructed is deseribed by Weibull in [19]. A
sample of Weibull-function coordinate paper used for this purpose is included in appendix A.
The essence of the method is that eq (B1) may be converted, by taking logarithms twice, into

e(In L)—(e In @) =In[In(1/9)], (B2)

where “In”” denotes the natural logarithm (base denoted by ¢) and S=S(L). From eq (B1)
and the definitions of L, and Lz, when L=1L,, S(L)=.90; and when L=1L;, S(L)=.50.
These values substituted in eq (B2) give

8 S0 named for W. Weibull (cf. [18], p. 16 fI.), who is considered to be one of the first to study it extensively.
¥ The use of a continuous instead of discrete probability distribution will introduce no appreciable error.

288



e(In L) —e(In a)=In[In(1/.90)]=—2.25037
(B2a)

e(In Ly) —e(In a)=In[In(1/.50)]=—0.36651,

the values on the right-hand side being obtained from [17, table 2]. These are the relation-
ships between the parameters a, ¢, Ly, and Lz. The right-hand numerical values will later
be denoted by 1.0, ¥ .5, respectively.  Equation (B2) may be written

ol 9 & ) \

ex—a’=y,
where
r=In L, a’=e In a, y=In[In(1/S)]. (B3)

The variables x, i correspond to the two scales shown on the Weibull-function coordinate paper
in appendix A.  The variable z, with unrestricted values, corresponds to the horizontal scale
“Bearing life,”” having a logarithmic scale. The variable y is represented through the per-
centage surviving, S, or rather through the (vertical) scale for “bearings tested—percent” =
percent failed®=1—8=/, which can vary only between 0 and 1. This scale also has non-
uniform graduations, given by the iterated logarithm in (B3).

The Weibull distribution is thus seen to be equivalent to a straight-line relationship, with
“Weibull slope” ¢, between the logarithm of fatigue life and an associated quantity v depend-
ing only on its relative rank when the fatigue lives are arranged in ascending order. Thus,
goodness of fit of the straight line (B3) is equivalent to goodness of fit of a Weibull distribu-
tion to the fatigue lives L of an individual test group. In fact, one common method of sta-
tistical analysis of fatigue-life data (Freudenthal and Gumbel [6]) depends upon the use of
the classical method of least squares for fitting this straight line. This method is, however,
subject to certain limitations described below. Instead, an alternative method, presented in
the following sections, is preferred that fits the distribution of z=In L directly by use of order
statistics.

b. Limitations of Fitting by Least Squares

In the classical method of least squares for fitting the straight-line relationship (B3) to
a test group of ball-bearing data, pairs of values (x4 y,), 1=1, . . . , n, are required. The
values of z=In L are obtained from the given data. However, the variable 7, measured
through the percentage failing, P=1—S8, presents difficulties. The problem of how to plot
P is known as the problem of “plotting position.”

It seems clear that the values, P4 of the plotted variable, 2, must somehow be related to
the rank order of the bearings as they fail. A natural choice is the percentage failing: P=f/n,
where fis the rank order of failure in a test group of n. This is not advisable for reasons dis-
cussed at length by Gumbel in [9, p. 14], where he advocates the plotting position f/(n-1)."
Other workers take different positions, and the question of plotting position must be regarded
as still unsettled.

A second difficulty with the use <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>