
Journal of Research of the National Bureau of Standards Vol. 57, No. 3, September 1956 Research Paper 2701 

Techniques in High-Resolution Coincidence Counting 
George H . Minton 1 

Circuit ry, systems, a nd tec hn iqucs lI sed in radia t io n co in cide nce meas urem cnts with 
mi IJ illlicroscco nd l"l'so luti on a rc disc ussed. An analys is of t he t ime fluctuation s in a scill t illa
t ion counti ng sys tc m is presented and co mpa riso ns with exp er imental res ults are made. 

1. Introduction 

The applications of coincidence sys tems to prob
lems in nuclear research arc of two types. In on e, 
t h e coin cidence sys tem is used in order to d etect 
events that arc coinciden t in time. In t he oth er , it 
is applied to the m easurem ent of t he distribu tion ill 
tim e of n Oll coin ciden t even ts. The characte ristics 
of some coincid ence sys t·.ems h ave been s tudied in 
order to determin e their suitab ili ty for such applica
tions. The factors tha t have bee·n consid ered arc 
(1) th e resolution obtain able with ava ilable radia
tion detec tors, (2) the relat ionship between the reso
lution and the effi.ciency of th e sys tem , (3) t he fac
tors that determin e the response of the system to 
coincid en t evenLs and to evenLs separated in time by 
intervals of th e order of magnitude o f the resolv ing 
time or less. 

Although th e id eal coincid ence system will respond 
only to events that a rc exactly coincident, such 
response is not obtainable in practice . Th e eVell Ls 
involved a rc signaled by the produeLion ill the de
tector of elect ri cal pulses- often widely varying in 
amplitude- and the resolu tion or the system is de
termined by t he response of the detector ami th at of 
the circuit to which the signals ar c feci. !-Jpurious 
response of such a sys tem corresponds to th e re
cording as coin cidences of single p ulses or of evcnts 
t hat are more closely separated in t ime than its 
resolution. As th e num ber of the latter events in 
a ny given time interval depends on the product of 
the co unting rates in th e individual d etec tors, t he 
resolving time of the sys tem often provides a limita
tion on th e p ermissible counting rates. Failure of 
the sys tem to respond to coinciden t events can be 
measured in terms of an efficiency factor that is less 
th an or eq ual to 1. 

In th e m easurem ent of the cl is tribu tion in time 
of noncoincident even ts, t he sig nal from one detec tor 
is delayed before being fed into the co in eidellce cir
cuit, and the number of coin ciden ces recorded is 
studied as a fun cLion of th e leng th of Lh e inser ted 
delay time. These data furni sb a response curve of 
the system for the even Ls under stud y. If th e r ate 
of occurren ce of events docs not var~' appreciably in 
a time of the order of th e resolu t ion of th e sys tem , 
the shape of th e response curve of the sys tem to 
coincident events is not cri tical. On th e other hand , 
for studying more rapidly valying d istribu t ions i t 

1 Present address, \Vestinghou se E lectri c Corporation. Pittsburgh, Pn. 

is necessary to obtain a r esponse curve of the sys
tem for coincident events . The resolution of Lhe 
system is often defin ed as one-h aH th e time as 
measured on th e delay axis between poin ts em·
responding to one-half th e maximum eoun ting rate 
of such a r esponse curve. B~' proper an al~'s i s of 
this Clll" ve along with that for lloll coinc ici ent cventS' 
iL is poss i bleLo measur e time in Lerval s to an order 
of magnitude smalJer th an the resolu Lioll of Lh e 
system , as cl efllled above, to an accurae~' of th e 
order of 10 p ercenL. 

2 . Detectors 

The 0111y type of radi ation deLecto r presen Lly 
available that is suita ble for ve ry fas t coin cid ence 
work is th e scinL iliation counLer. Amo ng th e vari
ous phosphors a \' ailable, there is a wide dive rgence 
among th e valu es of t ile tim.e constants for t he emis
sion of ligh t. In gelleral , the orga ni c phosphors em.iL 
Lheir ligh t in one-tell Lit to one o]1e-11 ullclred LIt t h e tim e' 
of the in organic ma Le rials, so tha t attention win be 
confined Lo thc scin t illation co un te r wi th organ ic 
p hospllor . TIll' measuremenLs reporLed h ere were 
maci e, using R CA 5819 ancl 6199 phoLomultipliers 
with stilbene crystals or solu Lions of Lerph el lyl in 
toluene as sc intillators. 

3. Coincidence Circuit 

TIle coincid ence circui t l"eceivesLh e pulses from. 
the detectors and pro vides an output pulse whenever 
the input pulses arc in coin cid ence. The ideal co
incidence circui t never respond s to single pulses, re
gardJess of th eir amplitude, and never reg isters a co
incid ence when the inpu t pulses arc separaLed by a 
time greater th an their own duration. Th e circuit 
should have as Iowan input capacitan ce as possibJe 
in order to minimize any effect on t he rise time of th e 
input pulse. Th e r equirem.en t of low capacitance is 
most satisfac torily m et by the usc of a circui t con
structed from crystal diodes. Fi? ure 1 is a schemat ic 
diagram of such a circui t- a modifica tion of th at of 
DcBenedetti and Richings [1] 2- which has been used 
in this investigation . Study of I;h e response of this 
circuit to pulses from a m er cury -relay pul se generator 
and from scin ti1l9tion counters has r evealed that the 
response of th e circui t is not a limiting factor in th e 
operation of the coincidence systems us ing nuclear 
radiation o etectors, so that an extensive comparison 

2 Figures in brackets ind icate the literature references at the e nd of th is paper. 
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FI GU RE 1 . H igh-resolution coincidence ci"c1tit for negative 
pu lses from the anodes of two photomu lti plier tu bes. 
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FI GU RE 2. Response of the fast coincidence circuit of figure 1 and 
associated amplifier to simultaneous pulses F om a merC1try
relay pulse generator. 

Fast·rising negative pulses havi ng an exponenti al decay time of 2.5xlO-' sec 
were generated by discharging a capacitor through the relay into a coax ial cable. 
The pulses were further shaped, as jn the scintillat ion counters, by reflection jn 
5·in. shoned stubs of RG 62- U coaxial cable. 

of available coincidence circuits has not been made. 
On the basis of published infol"IP.ation, however, i t is 
believed that this circuit is at least as good as any 
other in use today. Figures 2 and 3 illustrate the 
response of this circuit to pulses from the mercury
relay pulse gcnerator. In oreler to closely approxi
mate the shape of the pulsc from a scintillation 
counter with liquid scintillator, pulses having a rise 
time characteristic of the mercury swi tch and an 
exponential decay of 2.5 mllsec were used. It is in 
teresting to note that when the two input pulees are 
of different amplitud es the response of the circui t is 
nearly independent of the amplitude of the larger 
pulse. From the curve of figure 2 correeponcl.in g to 
1.3-v output, it can be seen that the ratio of the 
ampli tudes of a pair of cq ual coincident pulses to the 
ampli tude of a single pulse producing the eame r e
sponse is about 1:25. The wid th of the curves of 
voltage versus signal delay is determined by the 
duration of the inpu t. Higher pulses appear wider 
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F IGUR E 3. R esponse of the coincidence cil"cu.it of fig u.re 1 and 
associated amplifier as a function of the time separation of a 
pai,' of equal amplitude pulses fro m the mercurY-"elay pulse 
geneTatoT. 

The dashed lines refer to operation of the circuil as part of a differential eoinei
deOlce system (see text). 

because of their finite rate of rise and exponential 
decay. 

In the experiments to be described , the photo
multiplier voltages were adjusted so that pulse 
amplitudes from 1 to 5 v were produced at the co
incidence circuit as a result of absorption in the 
SCIntillator of Compton electrons having energies 
between 200 and 1,000 kev. 

4. Coincidence System 

In the detection of gamma rays with organi~ 
scintilla tors, the energetic eleetron s produced in the 
Compton scattering of the gamma ray excite the 
phosphor, and the process of deexcitation results in 
the emission of light, which is detected by the photo
multiplier. The amount of light yield clue to the 
interaction of a part icular gamma ray depends on the 
energy of the sea ttered electron . Thus, by the nature 
of the Compton process, a monoenergetic gamma ray 
produces a continmun of pulse amplitudes at the out
put of the photomultiplier, with maximum pulse 
height depending on the gamma energy. 

As the response of the coincidence circuit depends 
on the amplitude of the input pulse, it is desirable to 
work with pulses above some minimum amplitude . 
This can be accomplished without affecting the speed 
of response of the coincidence circ ui t by gating its 
output with the pulses from an amplitude discrim
inator into which the amplified pulses from the last 
dynode of the photomultiplier are fed . Because the 
pulse distribution from the Compton electrons will 
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have a well-defined maximum determined bv the 
energy of the original gamma ray, one can study the 
response of the system to as narrow a band of pulse 
amplitudes as desired in the neighborhood of the 
maximum with the use of an integral pulse-height 
selector, If one desires to work with pulse ampli
tudes below the maximum of the Compton distribu 
tion , a differelltial pulse-height analyzer is required, 
For this stud:,-, integral pul se-height selectors were 
used with two sOU]'C'E'S, Na22 with annihilation rad ia
tion coincid enC'es of O.oIO-Mev gamma rays alld C0 60 

with coincid ences between a 1.17- and a 1.33-Mev 
gamma ray. 

The resolu tion of the coincidence system as a whole 
is dependent on two factors . The 'first is the time 
distribution of pulses produced. by the two photo-· 
multiplier tubes when the original gamma rays are 
tl'uh- coincident. The second. factor is the duration 
of riulses from the photomultiplier tube because the 
coincidence ci rcuit will respond to pulses that arc 
delayed relative to one another if the delay is less 
than the duration of the pulses. . 

The usual procedure for s tud.,-illg the response of a 
coinc id ence s ,-stem is to set up two scintill ation 
counters, to excite the phosphors with coinc ident 
gamn' a rays such as those resulting from aJlnihi la
tion of positrons, and to stud~- the number of co
incidences ]"('cordeci. as a fLlnction of an artificial 
d.ela~- inserted in the system b.,- varying th e length of 
cable from one of the detectors to the coi ncideJlce 
circuit. If the pulses were square, of fixed dura.tion , 
and always coincid.ent. ill time , the co incid.ence r ate 
would be' cOllsta n t as the cable length was varied 
over a ran ge cOl'l'esponciing to twice the dlll'ation of 
the pLllse, and would. be zero outs id.e this range, 
On the other hanel , if the pu lse width were ncgligiblr , 
the curve of coincidence rat e versus illserted delay 
would conespond exac tl:,- to the time d istribution 
of the pulses from the detectors . 

The first step toward obtaining good resolution 
was the choiee of the organic scintillating material s, 
One of the fastest known Cl',\-stalline phosphors is 
trans-stilbene , which responds to a Compton electron 
by emission of an expollential pulse of light with a 
deca\- constant of abou t 6 X 10- 9 see, This was the 
phos1)hor that was chosen for the initial tests , 
N ext , a series of tests was run on a number of RCA 
5819 photomultiplier tubes in orel er to select a few 
that were capable of producing pulses large enough 
t o actuate the coincidence C'ircuit without arnplifi
cation. Some of the tubes tes ted were capable of 
operation in the neighborhood of 2 ,000 v , alld ex
hibited a maximum gain about 10 times that of the 
average tube, Two of these better tubes were 
chosen for usc in the coincidence system. In this 
way, rise-time limit a tions introciuce'cl by amplifiers 
were eliminated . The duratioll of the pulse at the 
output of the photomultiplier tube can be redueed 
by usin.g a shorted stub of coaxial cable to produce a 
delayed eanceling pulse of opposite sign , The mini
mum pulse duration obtainable by this procedure is 
approximately equal to the rise tim e of the original 

sec if the time constant of thr output cirC'uit is less 
than th is value. . 

As the best resolut ions common'" 11llai ned II- it It 
scilltillation counters arc of this order: of ma gnitude , it 
appears that the duration of the input pulses a,nd 
fluctuations therein rna," often be limit ing faelors 
that mask: the effects of the time fluctuation s ill th e 
pulses produced by coincident radiat ioll ('vents. 
A glance at figLlre 3 suggests a, method to further 
reduce the effect of pulse duration upon th e resolut ion 
of the system, Because of the width of the pulses, 
the rate of change of output voltage with dela,'- is 
small in the region around zero dela.,' . For this 
reason it is desirable to opcratc th e ci rcu it with sueh 
cable lellgths that simuHaneous pulses are delayed 
relative to on e another by about 1 mj.(sec so tha t 
small fluct,uations in the time of OCCUITencc of pulses 
will prod.uce a measurable change in the output 
voltage. In order to have a s,,'mmetric s,,-s tern , it is 
n('cessary to usc two fast coincidence circuits opera t
in g on opposite sides of the maximum of the coin
cidence resoluLion curve , as indicated b\' lhe yerlical 
clashed lines ill figure ;) , The output s of these two 
circuits are fed Lo a slow co incidence circuit. This 
complete unit is then referred to as a differential 
coincidence circuit" in analogy with a s~' s t,cm pro
posed by Ba" r [2]. The two indiv icl ual [asL coinci
dence circuits will be referred. to as channels of the 
difl'erent ial coincidence circuit. 

A coincidence is recorded 0 1111- when thcrc arc 
simultaneous output pulses from. 'lhe two fa,s l coin
cidellce circu its. The cabling from the detecto rs is 
so chosen that ill the even t of a true coincidcnce th e 
pulse from one detector alTives brfore the pulse 
from the other ci.etecLor at chan ll d 1 alld aft er the 
pulse hom. the other detector at channri 2, 

As an illustration , it is usci'ul to consid('l' the re
sponse of Lhe circuit to squ a re pulses of fixeel. ampli
tude, By making the clifferences in transmission 
time just less than the duration of the pulse, all 
incidents of simultaneity of initial pulses result in a 
coincidence being recorded , whereas evell a dela ,\' 
that is less thall the duratioll of th e pulses results in 
a rejection by th e differential circuit , Thc situ ation 
is shown schematically in fi gure 4, If the pulsc from 
detector 2 is early , there will be 110 coincidence r e
corded in ehanHell, and if it is late, there will be no 
coincidence recorded in channel 2. Both channels 
will produce an output pulse onl,' - in case o( a true 
coineidel1ce , 

VOLTAGE FROM DETECTOR I 

VOLTAGE FROM DETECTOR Z 

RELATIVE PHASE 
AT DETECTORS 

REL AT IVE PHAS E 
AT CHANNEL I 

RE LATI \IE PHA SE 
AT CHANNEL Z 

I~.I~. 
T IME T INE 

pulse. This rise time cl epcnds primarily on th e FIG URE -1 . 
photomultiplier tbue, amI appeal's to be 2 to 3X 10- 9 

P rinciple oJ the difFerential coincidence technique as 
used in this invest igation. 
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A block diagram of the differential coincidence 
circuit is shown in figure 5. The response of the 
system of coincident radiation is illustrated in figures 
5, 7, and 8. The curves of figure 5 show the response 
of the individual channels to coincidences from co
balt-50. The displacement of the curves is to be 
attributed to the cabling arrangement between 
channels. The coincidence circuits are 100-percent 
efficient for pulses above the levels of the gating 
pulse-height selectors. The width of the curves is 
principally due to the wid th of the pulses from the 
photomultipliers. 

Figure 7 shows the response when the two circuits 
are operated as a differential unit with the inser ted 
delays such that there is no loss in efficiency. The 
fact that there is no loss in efficiency indicates that 
for zero delay the pulses overlap sufhciently at both 
channels to compensate for any time fluctuations 
that are introduced by the detectors. If the differ
ential cabling between channels is increased, there 
will be a decrease in the maximum coincidence rate 
when the time during which both pulses are present 
at the inputs of the coincidence circuit becomes less 
than the fiuctuations in time of occurrence of the 
pulses. Figure 8 is a response curve for the system 
when this differential delay is sufficient to reduce 
the maximum coincidence rate to 10 percent of its 
previous value. The shape of this curve is deter
mined primarily by the time fluctuations of pulses 
from the detectors, and its width is a measure of the 
magnitude of these fluctuations. This conclusion is 
confirmed by the fact that a reduction in efficiency 
below about 20 percent results in no appreciable 
further narrowing of the response curve, indicating 
that the "channel width" in time is then much nar
rower than the distribution in time of the pulses 
arriving at the coincidence unit. A measure of the 
channel width is the quotien t of the random coinci
dence rate by the product of the individual counting 
rates of the detectors, which , under the conditions 
of figure 8, is 2.8 X 10- 10 sec. 

Another factor that contributes to the width of the 
response curve is the variation in amplitude of the 
pulses at the input of the coincidence circuit. This 
effect has been minimized in this study by limiting 
the amplitude variation to about 25 percent with the 
gating pulse-height selectors. 

FICURE 5. Block diagram of the differential coincidence system 
with gating pulse height selectors. 
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5819 photomultipliers and stilbene crystals were used with 0060 'Y·radiation. 
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'rhe width of this CUl' Ve is a measure of the time nuctuations in the scintillation 
counter. 

5819 photom ult ipliers and stilbene crystals were used with C060 ,),-radiation , 

5. Time Fluctuations in the Scintillation 
Counter 

5 .1. Theoretical Analysis 

The differential coin cidence circuit has been used 
to study tbe distribution in time of pulses from the 
photomultipliers under various operating conditions, 
Two sources of coincident radiation were u tilized . 
Na22 , a positron emitter, was used to obtain the co
incident O.5 IO-Mev gamma rays of annihilation . 
The number of unwanted coin cidences between the 
1.3-Mev gamma rays also emitted by this source and 
the gamma rays of annihilation was made negligible 
by reducing the solid angles intercepted at the source 
by the detectors. B ecause the gamma rays of 2-
quantum annihila t.ion arc emitted in exactly oppo
site directions, their coincidence rate depends only 
on a smaller of the two solid angles, whereas the rate 
of the coin ciden ces involving the I.3-Mev gamma 
rays diminishes as the product of the solid angles 
of the two detectors. A source of coincid ences be
tween higher-energy gamma rays is C060 , which 
emits a beta particle followed by 1.17- and 1.33-Mev 
gamma rays in coincidence. 

Because the apparent time distribution of pulses 
from the detectors is determined by flu ctuations in 
the rise times of the pulses, the factors that influence 
the rise time will be t he factors that influence the 
o bserved distribution. These factors are fluctuations 

in photon emission and collection time and fluctua
t ions in transit time of electrons in the photomulti
plier. Post and Schiff [3] h ave discussed Lhe sLaLis
tical limitations on the resol ving time of a sci nLillaLion 
counter imposed by the fluctuation s in photon arrival 
time, and Morton [4] has reporLed the resulLs of 
a study in which account also has been Laken of 
the transit-time flu ctuations in the photomultiplier. 
Following t he treatment of Post and Schiff , we con
sider a phosphor which, upon excitation at t= O, emits 
photons in an exponential decay process, so that 

where jet) is the average m lmber of pho toelecLrons 
produced at t he photocathode in Lhe time interval 
O- t, R is the total number of photoelectrons pro
duced as a result of t he excitation of the phosphor, 
and t- is the decay constan t of the phosphor. 

where t« l /t- . 

The nmnber, J(t), will be subj ecL to statistical 
fiuctuat;ions described by the Poisso.n distribution, 
so that the probabiliLy of N electrons being produced 
in the interval O- t is 

.~ [f(t)]Ne-f(l) 
1 N(t) = N ! . 

The probability that t he Qth photoelectron is pro
duced between t and t+ dt is 

WQ(t)= P Q-l (t) [dj/dt] dt . 

The variance (v) in t ime of production of the Qth 
photoelectron is P- (7)2. 

v= 1'" t 2WQ ( t)dt-[J~ OO tWQ(t)eltJ 

'" r'" t2 [Rt-t]Q -le -R~t _ [ roo t[Rt- t]Q-1e- mt . J2 
= R t-Jo (Q- l )! dt R t-Jo (Q-l)! elt 

~ Q/Rt-)2. 

Post and Schiff have considered the problem more 
generally, and obtain, for At < l, 

v(Q)=~ [ 1+2(Q+ 1)+hia her-order terms in 9:.J. (Rt-)2 R b R 

To develop a model with which to compare the 
experimen tal results, Q was designated as t he average 
number of photoelectrons that would be produced in 
a time equal to t he average rise time of the output 
pulse. It is assumed that the variance in the time of 
response of the system to the pulse is given by t he 
arithmetic mean of the variances associated indi
vidually with the first Q electrons. This assumption 
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is reasonable , because the pulses are essentially 
.differentiated by the use of the shorted stub, and the 
.differential coincidence technique involves a co in
cidence between the leading edge of one derivative 
pulse and the trailing edge of thf' other. The average 
variance will be called VI (Q). 

Vl(Q)=(~>-.r [~tl { N+;N+ N2) }] 

=_1_ [Q(Q+ 1) + 2(Q+ 1) (Q+ 2)] 
(R>-.)2 2Q 3R 

Q 2Q2 
~2(R}..)2+ 3R(R >-.r' 

where Q»l. 

The time of output of the signal will also depend 
on the fluctuations in electron transit t ime in the 
photomultiplier. Assuming, as did :Morton, that in 
each stage the transit times can be described by It 

Gaussian distribution: 

where toi is the average trans it time in the ith stage, 
and {3i is a constan t determined by the geometry and 
voltage in the i th stage. Let ni be the average 
number of electrons in the ith stage due to Q electrons 
at the photocathod e. The variance in the average 
transit t ime of these electrons will be {37!n ;. If (J is 
the average gain per stage, then ni= Qcr (i- J). The 
average total transit time of the secondary electrons 
due to one photoelectron is 'i:.toi, and the variance in 
this quan lity, when Q photoelectrons are involved. is 

- " m ,,{3~ 1" m 
v~= ~ n-= ~ Q (i - I) =-Q4 <T=Tl ' 

1 i t U 1 U 

For the average photomultiplier cr"",4 , so that 
terms beyond the second can be reasonably neg
lected. Thus, the fluctuations in time of the output 
pulse of the photomul tiplier are determined pri
marily by the transit-time dispersions in the regions 
between the cathod e and the first dynod e and be
tween the first and second dynodes. 

In addition, there will be an apparent t ime fluctua
t ion due to fluctuations in gain, primarily in the first 
stage, The apparent variance in time produced by 
t he gain fluctuation will be denoted by V3 = 'Y2/Q, 
where'Y is a constant determined by the distribution 
of multiplication factors over a large number of 
processes. 

To obtain the apparent variance in pulse time 
(v), we assume , as would be true for the convolution 
of Gaussian distribution , that the variance resulting 
-from the several factors involved is the sum of the 

individual variances, so that 

where T is a constant characteristic of the photo
multiplier. 

Considering the case where Q/R is small, we can 
easily find the value of Q corresponding to minimum 
dispersion. 

av 1 T2_ 
dQ= 2(BW- Q2- 0 

Q=.J'iR>-.T 

_ .J"2R>-.T T2 .J"ZT 
Vmin= 2(R>-.r + ,2RXT = R>-. · 

For a coincidence system using two photomulti
pliers, the variance of the response curve will be 
2v, and the width at half maximum of this curve 
of coincidence rate versus delay ,\-ill be giYen by 

(2) 

·When QIR is small , we can utilize the expression 
for Vmlll to obtain 

( T )1/2 
W.nlll~4 R>-. . (3) 

In practice we shall find that Q/R= O.3 to 0.5 , so 
t hat the value obtained from eq (3) for HTmin will 
represent a lower bound- perhaps 10 to 20 percent 
lower than the minimum obtainable width for the 
resolution curve. 

In order to compare the result displayed in eq (2) 
with experimental data obtained with a differential 
coincidence system, it is necessary to decide what 
factors determine Q for a system of this type. The 
shor ted stub techni que of pulse shaping will provide 
a pulse for the coincidence circui t where width is 
approximately equal to t he rise time of the original 
current pulse at the anode of the photomultiplier. 
This rise time will be determined by the dispersion 
in the multiplier. We are interested in the number 
of photoelectrons (Q) that produce the secondary 
electron arriving at the anode during the rise of the 
pulse. As the rise time is determined by the dis
persion in the tube, the number (Q) will be propor
tional to the rate of production of photoelectrons, 
and we can write 
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Q= KR>-.= K',12R>-.T. 

When Q/R is small , the dispersion is determined by 

- _ K,.J2T+~ .J2T _ (K'2+ ]) .J'iT 
v- 2R>-. K' 2R>-. - - 2K' R>-. ' 



and the width at half maXImum of the resolution 
curve IS 

This expression exhibits a broad minimum in the 
neighborhood of K' = 1, and if ] 12< K' < 2, th e 
width of the r esolution curve will be within 10 per
cen t of the minimum obtainable with the comb in a
tion of tube and phospbor. 

It is of interest to co nsider in more detail the 
determination of the valu e of K '. The curren t 
pulse at the outp ut of the photomultiplier can be 
described by 

() r oo [ . { (t - t flY }] [ . { }] I g t = c Jo exp -~ exp - Xt ", G t fl!' 

IVh ere the zero of t a nd trn corresponds t o the average 
time of ani val at th e anode of the secondaries from 
a photoelectron emitted at th e time of the in ter
action in the phosphor, 'P measures the disper sion 
of th e photomultipher, and X is the decay co nstan t 
of th e phosphor. 

It can be shown ill a s tra ightforward ma nn er that 

/2-TO hr{ (XT)2} { } g(t) , 2 .... rr exp , 2 . exp (- XT) X 

1- = cxp - - dcp >- . {
I J' (X7"-I/1") (cp2) . '! 

, 27r -(XT - I/1') 2 ) 

IVe desirc lo obta in an expression for th e ri sc 
time (t T) of this cunentpulse. At this time dg /dt = O. 
This condition yields thc equation 

1-- exp - - clcp [ 1 f (AT- I,/T ) ( cp2) ] 
, (2; - (AT-t,fT ) :2 

=~exp{ (X'P-; '/'P)~ } , (4) XT,7r2 
If X and T are known, this equation ca n easily b e 

solved for tT by numerical procedures with the aid of 
Tables of Normal Probability Functions [5], which 
tabulates both functions. B est agreement with 
data presented in th e next section is obtained by 
assuming a valu e of T = 1.8 X 10- 9 sec in normal 
opera tion of the photomultiplier at 1,500 v. 

5.2. Comparison with Experiment 

Calculation s have been made of the expected 
values of (t T) for s tilbene a nd terphenyl-toluen e 
solution , assuming t he above value (1.8 X 10- 9 sec) 
for T and 1/X= 6 X 10- 9 sec and 1/X= 2.5 X 10- 9 sec. 
r espectively. For th e t wo cases, 

tT = 1.27 T (for stilbene) 

tT= 0.86 T . (for te rphenyl- tolu ene) . 
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The maximum CUlTent occurs a t ime tT after the 
average arrival time of the secondaries produced by 
a photoelec tron ejected at th e time of interact ion in 
th e phosphor. The photoelectron charge, Q, con
tributing to the rise of the pulse is, on thc average 

which y ield s 

Q= 0.76 .j2B XT (for sti lbene) 

Q= 0.45.j2BX'P (for terph enyl-tolu ene) . 

In the case of s tilbene, we n eglect th e term in Q2 
in eq (1) to obtain from eq (3) a lower limi t on the 
wiel tll at half maximum of th e coincid ence response 
curve . • We assume, in accorda nce with the work of 
Sangster [7], that stilbene gives 50 percen t of the 
photoelectron y ie ld of a nthracene in a 5819 photo
mul t iplier. The yidd of an thracene is half tha l of 
Nal measurecl by H ofstad tcl' [8] to be about on e 
photoelectron per kilo electro n volt. For cobal t-50 
gamma rays, the average ellcrgy of the Compton 
electrons producing pulses acccpted by the pulse 
IlCighl selectors is 900 kev. F or stilbcnc we expect, 
therefore, 225 ph otoelectrons on the average. Us ing 
this valu e for H, we obtain a lower limi t of 8 .8 X 1 0- 10 

sec for Lhe width at hal [ maximum of thc r eso lL! lion 
curve. The cxpected valu e g ivcn by formul as (1) 
a nd (2) is 9.7 X 10- 10 seC' . The rcsu lts of a m easure
mcnt with the difrercnLia l co in cid cnce system arc 
shown in figurc 9, a ncl C'o nfirm this valuc to within 
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5819 photomultipliers and stilbene crystals were used. 



10 percent , which is as good as can be expected in 
view of the uncertainties in the parameters involved. 
Figure 9 also shows the r esults of a measurement 
with annihilation radiation. In accordance with 
formula (2), we would expect a ratio of widths at 
half maximum of 

Vl' Annlhllat ion 

WC060 
Co = 1 75 ( R 60 ) ~~ 

itAnulhllatlon . 

because the average energy corresponding to the 
accepted pulses from the annihilation spectrum is 
300 kev. Using this ratio and the expected width 
of the resolution curve for cobalt-60 radiation , we 
find that the expected width of the low-energy curve 
is 17 X lO- 10 sec. The observed width is 16 X 10- 10 
sec. 

In the case of the terphenyl-toluene scintillator, 
i t is desirable to include all terms of eq (1) in esti
mating a lower limit for lV, as Q/R is close to 0.5. 
The value of R is chosen in accordance with the work 
of Kallman and Furst [9] as 0.57 Rstllbene. For C060 

gammas, R = 130 is used . The expression (1) for v 
can be minimized for our particular value of AT 
and, with (2), yields lVm ln = 8.9 X I0- 10 sec. The ex
pected value of W is given by letting Q= 0.45 -J2RAT 
in the expression for v. This gives Wcalc= 9.1 X 10- 10 

sec. The experimental curve is shown as a dotted 
curve in figure 11 , and yields WObs = 10 X I0- 10 sec . 
For annihilation radiation, R = 130 /3. The value of 
W calculated from eq (1) and (2) is 16 X 10- 10 sec. 
The experimental curve is shown in figure 10 along 
with that for stilbene, and gives H'obS = 15 X 10- 10 sec. 

100 

1.0 

I O. 
·30 

/ 

T 

£>' "'" ...... o:r ~ 
I \' 

J '\ 
/1 

~ I 
TERPHENYL 

TOLUENE - ~ 
SOLUTION \". 

I \ \ 
I I \ \ 

~ STILBENE CRYSTAL~-r\ 

/ I \ \~ 

-20 -10 0 10 20 30 
DEL AY X 10'°, SECONDS 

FIG U RE 10. Ej)'ect on the res ponse of the dijJerential coin cidence 
system of figm'e 5 produced by a diff el'ence in the time distribu
tion of photons incident on the photomultiplier using annihila
tion radiation, 
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In order to observe the effect of changing T, the 
voltage across the cathode to first dynode gap was 
increased by a factor of 4 and that from dynode 1 to 
dynode 2 by a factor of 2. From the geometries 
and voltages involved, it appears that {31 "'" {32. N e
glecting "I, we have 

because the quantity {3 is a measure of the mean
square spread in transit times and should be inversely 
proportional to the square root of the voltage. Thus 
the value of T2 is (1.8 X 10-°) 1,!3.6 = 9,5 X 10- 10 sec. 

Using this value for T , we can calculate with the 
aid of eq (4) the rise t ime of the pulse on the anode 
of the tube, IV e find 

Q= O,95R"AT2 • 

T2 is sufficien tly shor t to neglect the second-orelel' 
term in calculating the lower limit on the width of 
the resolution curve. For cobalt-60 gamma rays on 
terphenyl-toluene we obtain Wmln = 5.4 X 10- 10 sec. 
The calculated value of W, using eq (1) and (2), is 
6.1 X 10- 10 sec. 

The observeel value of lV obtained from the exper
imental curve of figure 11 is 6,2 X 10- 10 sec. 
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system. of figw'e 5 produced by a change in the transit time in 
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5819 photomul tipliers and tcrphenyl-toluene scintilJators were used with Co60 ')'
rad iation . 



T A BLE 1. Width at half-maximum of CW'ves of coincidence rate 
versus delay 

Scintillator Energy Voltage It "min 

kev v sec sec sec 
Stilbenc. _________ . 900 1, 600 8.8X 10- 10 9. 7X 10- 10 9. OX 10- 10 

Do ___________ . 290 J,600 15.5 li.O 16. 0 
TCl'phcnyl-tolucnc. 900 J.600 8.9 9. 1 10.0 

])0 ___________ . 290 1,600 15.5 In.O 15. 0 
])0 ____________ 900 2. 400 .J.4 6. I 6.2 

The resul ts of the e measurements are summarized 
in table 1. The agr eement between calculated and 
observed widths of t h e resolution curves is excell ent 
in view of tIl e un cert ainty in t he values for R and A. 
These values wcre ob tained from the li terat Ul'e. The 
values for R are cons id erably more in doub t, but the 
]'elative valu es should be within 10 to 15 percent. 
The value of the single parameter , T , was adjusted 
t o give best agrcement bctween the calculated and 
experimen tal values of H' . An C1'1'or in thc absolute 
value of R would be refl ected in t his qua ntity. 'The 
value of 1.8 X IO- 9 sec obtained from this quant ity 
docs no t appear to be llllreason3 ble. 11oreove]', tll c 
consistency of t he results suggests th at the calcula
t ion accurately represents the bchaviOl' of the coin
cidell ce sys tem, and the conclusion may be drawn 
that in all cases observed the cxperimen tal resolu
tion was vcry close to the minimum obta in able witll 
the combiJla tion of phosphor a nd pholotllbc used . 

6. Multiplex Coincidence System 

The attainment of sys tems having better rcsolu
tion awaits the developmen t of ncw photot ubcs 
eapable of opera t ing at very high vol tages in the 
early s tages and t he diseovery of faster phosphors, 
0 1' r equires the use of a difl'erent eombination of 
erystal and multipl ier. The latter alternative is 
illustrated by the following suggestion . I ( there are 
fluetuations in t ime of the pulses from the detectors 
for truly eoincident even ts, the influencc of these 
fiuctua tions on data indicating delayed radia tion can 
be reduced by using two pho tomul tipliCl's viewing 
each phosphor and requiring a delayed co incidcnce 
to be registered simul taneously in t wo ind cpend ent 
coincid ence circuits. D elayed radiation will produce 
a delayed coincidence in bo th channcls, whereas a 
randomly occulTing fluctuation is mu ch less likely 
to have the same value in both sets of detec tors at 
the same timc. In faet, i t has bee n experimentally 
verified that the curve of coun ts vcrs us timc for 
co incident radiatio n cvcn ts falls off as the produc L of 
the curves for the individual co incidencc circuits. 

, The drawback: on thi s procedu)'e is that if t \vo photo
multipliers are used , a refl ector must be removcd , and 
the amoun L of light collecLed by each photomul tiplier 
is lcss tluin if only one t ub e is used . This decrcasc 
in ligh.t intcnsity corresponds to a decreasc in R a nd 
h as the samc cfrcct as a decreasc in cnergy of the 
original radia ti on. That is, the fluctua tions in t he 
response of the individual co incidence systems arc 
increased. 
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SEL ECTOR 

OI FF ERENTIA L 
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MU LTIPL E 
COINCIDENCE 
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F I GUR E 12. B lock dia(J1'U?n of multiplex coincidence system devised to minimize the e.O·eets of the time fluctuations 1'n the scintillation 
counters. 
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A system based on this principle has been designed 
and constructed. It consists of two phosphors, each 
viewed by two photomultipliers. In this system, 
RCA 5199 photomultipliers were used because of 
t heir high gain and low noise. Four of the six 
t ubes available were operated successfully at 2,000 v 
and produced larger pulses than th e selected 5819 
photomult ipliers used previously. The pulses from 
each photo tube are fed to the inputs of two fast 
double-coincidence circuits , so tha t four of these 
circuits are used in the system. To minimize the 
effect of pulse width , the cabling is arranged so that, 
for zero delay and coincident radiation , each pulse 
arrives earlier than its counterpart at one coincidence 
circuit and later at the other. A time fluctuation in 
either direction will then eliminate the coincidence 
in 1 of the 2 circuits. The outputs of the fast 
coincidence circuits drive four inputs of a sixfold 
coincidence circuit . The other two inputs are 
driven by the ou tputs of two pulse-height selectors, 
each of which analyzes the summed pulses from the 
last dynodes of the photomultipliers viewing one of 
the phosphors. 

A block diagram of this system is shown in figure 
12. The system has been tested by means of the 
coincident gamma rays from Co 60 and from positr~n 
annihilation. The resolution curves are shown m 
figure 13. The resolution obt~ined 'yith this ~~stem 
is about the same as that obtamed wIth one dIf1eren-
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F I GU RE 13. Response of the multiplex coincidence system of 
figure 12 to pulses produced by coincident gamma rays incident 
on terphenyl in toluene liquid scintillators. 

__ I Co60 gamma rays; ________ , annihilation radiation . ()l99 photom ul-
tipliers were used . 

tial coincidence system and 58 19 photomultipliers 
operated at 2,400 v. From the standpoint of sta
bility, however , the new system has been much 
more satisfactory than the old one, primarily be
cause of a noticeable reduction in fatigue of the 
photomul tipliers. 

7 . Applications of Coincidence Techniques 

The mode of operation of high-speed coincidence 
circuitry is determined by the specific requirements 
of th e problem at hand . If high efficiency is re
quired in the detection of a coincidence, a sacrifice in 
resolution must be made because of the inherent 
t ime fluctuations in the detectors. Such a situation 
is encoun tered , for example, in the absolute calibra
tion of radiation sources by coincidence methods. 
In this case, the system must operate with a con
stant known efficiency. An effi ciency of 100 percent 
has been found to be the easiest to measure and hold 
constant, and a coincidence system has been de · 
veloped for the absolute calibration of cobalt- 50 
sources by the method of gamma-gamma coinci
dences operating at this efficiency. For this applica
tion, the differential coincidence technique was not 
feasible because, with terphenyl-toluene scintillators, 
the maximum fluctuations in pulse time are of the 
order of magnitude of the pulse width. Because of 
the fluctuations in pulse time, it was necessary to 
accept a resolution T= 1.5 + 10- 9 sec in order t.o 
achieve 100 percent effi ciency. Under these condi
tions we are able to determine the disintegration 
rate of mill icurie sources of cobal t- 50 to an accuracy 
of 1 percent. 

If the problem is primari ly one of measllring short 
time intervals between radiations, on the other 
hand and less than 100 percent efficiency is tolerable , 
it is preferable to operate the coincidence system in 
such a way as to provide maximum resolution . In 
this application, it is possibl e to measure time inter
vals considerably shorter than the width of the reso
lu tion curve for the system . Bay [10] and Newton [11] 
have discussed some methods for analysis of the data 
obtained in such measurements. I t can be shown 
tha t if the time delays are the result of the exponen
tial decay of an intermediate state excited by the 
firs t radiation , the cUt"ve of coun ts versus artificial 
delay is given by 

where A is a constant that depends on the geometry 
and resolution of the syst '3m , S is the source strength, 
a is the decay constant of the intermediate state, and 
tbe prompt coincidence resolution curve of the 
system for radiations of the same energy is de
scribed by C(d) = CoeK~d~. The function contained 
ill brackets has been tabulated in [5] so th'Lt it is 
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possible to calculate cUJ'ves to be compared with thc 
experimental curve and to determine the value of a 
that gives a best fit. From a prompt coincidence 
resolution curve such as the solid curve of figure 13 , 
it is possible to measure lifetimes of the order of 
10- 10 sec to an accuracy of the order of 10- 11 scc. 
These techniques have been applied to data obtained 
from the annihilation of positrons in metals and 
differences have been determined of 4 X 10- 11 sec 
between mean lives to a precision of 1 X 10- 11 sec. 
D etails of this work will be published elscwhere. 

8. Conclusions 

The data and a na lys is presented here indicate that 
the circuitry an d techniques described enable onc 
to obtain coincidcnce resolutions very close to the 
minimum to be cxpected for the combinations of 
scintillator and photomultiplier presently available. 
The analysis of the detectors ancl circuitry takes 
account of the fluctuatio ns in emission time of the 
photons from t he phosphor and assumes Gaussian 
distributions for the interstage transit timcs in the 
photomultipliers. The time of occurrence of a pulse 
is considered to be the average of the arrival times 
at the a node of the electrons that contribute to the 
rise of the output pulse. This analysis results ill 
the satisfactory prediction of the magnitude of t he 
resolution a nd the effect on the resolution produced 
by a variation of t ube voltage, phosphor decay time, 
or energy of exciting ra.diation. The data illdicate 
that the root-mean-sq uare deviation of the transit 
time in the cathode-to-dynode region of t hc 5819 
photomultiplier is 1.8 X 1 0- 9 sec when the volLage 
across the gap is 180 v . 
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Fluctuations in photon-emission time and 
electron-transit time limit the time resolution obtain
able with a scin tiUation co un ting system, so that th.e 
use of circui try ha.ving too short a resolution results 
in reduced efficiency for the detection of coincident 
radiation . For l-~lev gamma ra.ys the limiting 
resolution for 100-perce nt efficiency is approximately 
1.5 X 10 -9 sec. Opcration of the system at reduced 
efficiency enables one to measure t ime in tervals of 
the order of 10- 10 sec betwee n radiaLions to an 
accuracy of 10 percent. 
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