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Effect of Camera Tipping on the Location of the 
Principal Point ) , 2 

Francis E. Washer 

Asymmetri c di stor tion is in t rodu ced in a lens-camera combinat ion w hen t he cam era is 
in correctly a lined for calibration . A m ethod is described whereby the magn it ude an d 
direction of t he angle of cam era t ipping can be dete rmin ed from a nalys is of t he a~y m illetri c 
valu es of distor t ion fo r t he case of th e object lyi ng at eq ual bu t opposi te a ngles rrom t he 
cent ral line of sigh t . The displacem ent of t he ce nt ral image from t he p rin cipal poin t of 
a utocollimation is t llC l1 r f'adil y determined . Theoretical analysis of t he problem is given 
and t he rcsult s confirm ed by experime nt. The point of symmetry a nd the p rinc ipal poin t of 
a utocollima{"ion coin cide for t he case of no pl:ism effect prese nt on the le ns. 

1. Introduction 

One of the problems lha t arises during the cali
bra lion of precision aerial-mapping cameras is lhe 
accurate loca tion of tllC proper principal poin t [1] 3 

with r espect to the cen tel' of collimation (the poi 11 t 
determined by the in tersection of lines joining 
opposite pairs of collimation index markers) . The 
principal point in pho togrammetr~r is defin ed as the 
point a t the foot of th e perpendicular drawJl from 
the interior perspec tive center to the plan e of the 
pho tograph. The proper manner of locating thi s 
point has long been a subj ect of discussion. There 
are at present three different procedures that arc 
employed in locating a point which is beli eved to 
be a ~ufficiently close approximation to lhe t rue 
principal point. 

The fu's t method, whi ch has enjo:,-ed considerable 
popularity, locates a point called the principal poinl 
of autocollimation [2 , 3], which is th e cen ter of the 
image formed in the emulsion pl ane by the camera 
lens from an incident beam of parallel light, which , 
in the object space, is perpendicular to the emulsion 
plane. This point has usually been designated 
" center cross" [4] by the vvriter for convenience. 
This point is located by the simples t of the three 
m ethods, and its popularity undoubtedly derives 
from this simplicity. To locate it, one needs only 
to aim an autocollimating telescope a t a distant 
object. The camera is then interposed between the 
obj ect and the telescope; a plane parallel plate with 
a. mirror surface is pressed against the focal plane. 
With the aid of the autocollimating telescope, one 
can easily adjust the camera until its focal plane is 
llormal to the line of sight of the telescope. The 
reflec ting plate is then replaced by a photographic 
plate and the dis tant object is pho tographed . If the 
collimation index markers are simultaneously photo
graphed, one can then easily loca te the center cross 
with respect to the center of collimation. 

The second method, which was developed at the 
Bureau, is based on the knowledge that most lenses 

1 T his is the second paper of a series dealing with problems tha t. relate to the 
calibration of precision airplane mapping cameras (see reference 113] at the end of 
this paper). . 

' Th is wor k was sponsored in part by the U . S. Air }o' orce. 
3 Figures in brackets ind icate the li terature references a t the end of this pa per. 
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sufl'er from small eLTors in cenlering tlwt cause th e 
lens to behave (in a first approximation ) as though 
it were composed of a well-cenlerecllens plus a thin 
prism [4, 5]. Thi s is furlher accen tuated in the 
calibra tion of precision cameras by the presen ce 
in fron t of the lens of a filter that is seldom truly 
plane parallel , which accordingly introduces a trLle 
prism dreoL. This prism d rec L causes a d isplace
ment of Lhe center cross from lhe position i L would 
have occ upi ed in the absence of pri sm cffec L. This 
immedia tel.,- poses , the quesLion as to which of these 
locations should properly be regarded as the principal 
point. I t has been the custom at the Bureau to 
regard the point tha t wOldd Jlonnally have becn 
occupied by the center cross ill Lhe absence of prism 
effect as the proper principal point of the photograph . 
It is an invari an t point when located under standard 
conditions of locating the cen ter cross and is not 
affect ed b.,- subsequ ent changes in filLers having dif
ferrn t dcgrees of surface parallelism . The actual 
shift of the principal poin t from the cen ter cross is 
easil.\- determin ed from anal.'Tsis of the asymmetric 
distortion pattern produced by such prism effect. 

The third method came OLl t of a t tempts to cali
brate cameras by a field method [6] . I t was not 
cll stomary nor readily practicable to aim the camera 
at the central target of a gi ven targe t-array with the 
aid of an autocollimating telescope and, conse
quen tly, small errors of alinemen t sometimes were 
present. Such errors of alinement, called camera 
tipping, can produce an asymmetric distortion pat
tern similar but not identical to that produced by 
prism effect. In the analysis of the measuremen ts 
made under these conditions of test, i t was found 
possible to make the distortion pattern symmetrical 
by appropria te adj llstmen t of the angles and image 
separations from the cen tral image by compu table 
incrernents. The poin t about which the distortion 
is tolerabl.'- symmetrical is called the point of sym
metry. 

It is evident that for an ideallel1s-camera combina
tion, where no tipping of tho camer a occurs and where 
there is no prism effec t in the lells, all three methods 
will lead Lo the same result,. In other words, for 
this case, the principal point of autocollima tion (or 
center cross), th e principal poin t, and the point of 



symmetry will be identical. In the present paper, 
the effect of camera tipping on the displacement of 
the central image from the original position of the 
center cross is considered. The magnitude of the 
asymmetric distortion introduced by such tipping i s 
evalua ted theoretically and confirmed experiment
ally. A method of determining the magnitude of 
the angle of camera tipping is shown for the case of 
equal opposite angles . The identity of the principal 
point of autocollimation and the point of symmetry 
is shown for the case of a lens having no prism effect . 

2 . Effect of Improper Alinement of Camera 
for Test 

vVhen th e camera is being calibrated under condi
tions such that the focal plane of the camera is not 
normal to the line drawn to it from the central 
target, the calibration data are likely to show the 
presence of asymmetric distortion [7 , 8, 9]. This 
asvmmetric distortion is sometimes confused with 
the asymmetric distortion produced by prism effect 
in the lens [4 , 10]. It is , however, much simpler to 
elimina.te the asymmetry of the distortion values 
arising from camera tipping than it is to eliminate 
01' reduce the asymmetrical distortion arising from 
prism. effect. In this section, the effect of cam era 
tipping upon the values of focal length and distor
tion is considered. 

2.1. Determination of the Equivalent Focal Length 

In figure 1, N is the r eal' nodal point of an ideal 
lens, L ; 0 is the point where a perpendicular dropped 
from N intersects the focal plane, consequently NO 
is equal to j, the equivalent focal length. The 
points of intersection with the focal plane of ra~-s 

y 
~-0"" ---------y.£--------

x 

F rrlURE 1. Schematic dmwing showing the image shift produced 
by rotating the camem by amount e about an axis normal to 
the plane of the paper and passing through the rear nodal point 
N of the lens L . 
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inclined at, angles {3 with the optical axis are desig
nated X and } -. As L is an ideal lens having no 
distortion, 

OX = OY=j tan (3. (1) 

Let the camera be rotated by amount E about a 
line through N normal to the plane of the paper. 
The foo t of the perpendicular from N moves to 0' , 
the image of the central ray is at 0", and the images 
formerly found at X and Y are at X' and Y'. The 
relations connecting the various quantities and 
distances are 

and 

0'0" = j tan E 

O"X'=j tan({3-E)+j tan E 

0" Y' = j tan ({3 + E) -j tan E. 

(2) 

(3) 

(4) 

The distan ces O"X' and O"Y' are the only quanti
ties directly m easurable. It is clear from figure 1 
that 

OIX'+ O"Y'= j tan ({3- E) + j tan({3 + E) (5 ) 

or 

0" X' + O"y' 2 f tan {3 
(6) 

whence 

.f 
O"X'+ O"Y' 2 2? 

2 tan {3 cos E(1 - tan {3 tan- E). (7 ) 

For small E, the term (l-E2) can be substituted for 
cos2 E, and E2 for tan2 E. By neglecting the term in 
E\ eq (7) becom es 

For very small values of E, the term in E2 call be 
dropped , and the expression becom es simply 

.f 
O"X'+ O"Y' 

2 tan {3 
(9) 

Thus, the equivalen t focal length , j , can be de
termined to a good degree of approximation by using 
the measured values of 0" X', 0" Y', and the known 
value of {3. The value of j, so determined , will be 
correct to the nearest th ousandth of a Tl'illimeter for 
E ~ 10 min for values of the focal length of the order 
of 150 mm. If eq (9) is used when E> lO min, the 
values of j will be higher than the true value, the 
errol' running as high as 0.012 mm for E= 30 min. 
In such case i t is n ecessary to determine E by the 
m ethod shown in a later port ion of this paper and to 
use this value of E in eq (8) . The value of .f de
termined with eq (8) agrees with the true value for 
values of E as high as 30 min. 



2 .2. Asymmetric Distortion Produced by Improper 
Alinement 

'Vhen a camera is tipped in th e mamlCr described 
in section 2.1, it is found that an asymmetric distor
t ion is ill t roduced by such tippillg. This distortion 
affects the relat ive location in the image plane even 
as does th e dis tortion inherent in the lens arising 
from lens abenations. There is, however , one pro
nounced difference. ,Vher eas distortion arising from 
lens aberrations is symmetri c abou t t he optical axis, 
distortion arising from cam era tipping is decidedly 
asymmetric. 

In this sect ioJl, the magnitude of this asymmetric 
distortion will be derived ill terms of {3 and e for the 
case of a lOll S that is distortion-free as far as lens 
aberrations are concerll ed . By r efenin g to figure 1, 
when disLortion is comp u ted from the measurttble 
quan tities ill the usual m ann er , th e distortion, D [, on 
Ol1e side is 

(10) 

or 

(11) 

which m ay be wri tten 

(tall e- tan (3) 
D [ 1 tan {3 Lan e 1 + L {3 t ' an an e 

(12) 

which for small values of e is eqll ivalo ll L to 

(13) 

or Oll neglecting LllC term in e3 , 

D --1· t . 2 {3 + .fe2 tan f3 . 
[- e an cos2 {3 (14) 

The distortion , D 2 , for Lh e other side is 

D2= O"Y' - OY (15) 

or 

which for small values of e can he shown to be 

(17) 

On illspectioll of the equ aLiOlls 1'01' Dl allCl D 2 , it 
is obvious lll at for small e the second term containing 
e2 will be very small compared to the fLl'St Lerm in 
both equations. It is , lilereJOJ'e , clear that Dr is 
approximately equal to D2 i]1 magnitude but is oppo
site in sign. The effect of camerfL t ipping is, accord
ingly , an in trodu ction of a symmetri c distortion 
w110se magnitude is a fUllction of {3 and e. It is 
worthy of mention that, when one is an alyzing the 
results of m easuremen t made on a camera whose 
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direct ion of Lipping is llllkll OW Il , Lil e s ign of Lhe 
distortion valu es can serve as a guide in determillill g 
the angle of tipping fL n([ the resultant direct io ll o[ 
displacement of th e centr al image from Ul e t rue 
position of lhe cen ter cross 01' poin t of sy mm.etry. 
The point of symmetry or true position of the con Lor 
cross li es on the sa me side of the ce n tral image as 
those points showing maximum n egative distortion . 
To express it another WHY, the central image is 
displaced from the ce ll tel' ('ross to ward those points 
showing maximum posiLive disto rtion . '1'0 illustr a to 
the efrect of camera tipping, ('ompu ted va lli es or 
Dr and D2 are listed ill tfLble ] Jor the case of a 
camera t ipped throu gh an angle e= 20 min . Evell 
for this relfLLively large amount of tip , it ca n he seen 
that Dl iS ll early equ al to ])~ bu t is opposiLe in s ign . 

TABLl!; 1. Asymmetric distortion, D l Ct nci D2, i nduced in the 
i lllCtge plane by ti ppin g Ct camera, equipped with (t lens hCtvill(J 
an eqttivCtZent Jocal length oj 150 /lilli , throu gh an angle 
<= 20 min 

/3 

d ey 
7. 5 

15 
22. 5 
30 
37.5 
45 

...-\. \'erage asymmetr ic 
distortion 

lh I), 

mw 'tWI/I. 
- t) . OH O. Ol/j 

- .OUI . 0(;4 
-. 147 . I .S~ 
-. 287 . 295 
-.507 . . )20 
-. SU3 . 883 

Dis iortion 

I Hes ul ta ni .u \',e rage d istortion 
111 linage 

IJ, - Ih Ih + f) , 
2 - 2-

mm 7ft"" 

0. 01 5 0. 00 1 
. Oli3 . 002 
. 150 . 002 
. 291 .004 
.5 14 . OOB 
.873 . OlO 

a . Evaluation of the Distortion 

Tho val ues of the dis tortion ass igned to it cnJlle l'fl
lens combinfLtiOll are usu ally obta in ed by fL veragill g 
the valu es measured fL t th e t wo correspon din g 
opposite ang ular separaLio ns from th e ax is along H 

single diameler. Tllis cor responds to lllO evalu a
t ion of 

(18) 

In the present case, the contribution or lOll S abernt
tions to th e dis tortion has been assumed zero, so j f 
D is not zero, the departure therefro m is a conse
quence of th e camera tipping nlono . J t is eviden t 
th at for sm all values of e 

D1+ D 2 f e2 tan {3 
2 cos 2 {3 . (19) 

Values of D 11 fLve been compuled 1'0 1' selected " alu es 
of e and are shown in table 2. It is rea dily apparen t 
that cam era tipping docs induce a r esultall L dis Lor
tion tha t is no t eliminated by Lh e fLver aging process. 
This enol' in distortion produced by camera tipping 
can be safely neglected for values of e less than 10 
min but may assume seriou s proportions 1'01' yalues 
of e gr eater than 20 min . 



T ABLg 2. Distortion induced in a nOTlnally distortion-free lens 
by tipping the camem , eq1,ipped with a lens having an equi 
valent focal length of 150 mm , thTQ1,gh a s'malt angle E 

D isto rLion for E of-

/3 
10 nlin 20 min ao mill 1° 

deg 'lInn mm mm mUl, 

7.5 0. 01l() 0.00 1 0. 002 0. 006 
15 . 000 . 002 . 003 . OIJ 
22. 5 . 001 . 002 . 00f> .022 
30 . ~Ol . 004 . 009 . 035 
3i.5 . 002 . DOn . 014 . 056 
15 . 003 . 010 . 023 . 091 

For tIle case of fI refll lens havillg measurable 
inherellt distortion , it may be inferred that the 
distort ion at a given angle {3 is given reflsonably 
closely by eq (18) provided tha t f is kept less than 
] 5 mill. If one is dealing with a lells which is 
required to show less than O± .020 mm of distortion 
referred to the equivalen t Jocllllength, it is possible 
(0 illduce fill error of ± 0.003 mm in the distortion 
referred to the ca librated focal length if f is as great 
IlS 30 mill . It is also likely that small additional 
errors may arise in flverflging for those vfllues of {3 
where tIle distortion characteristics of the lens are 
changing rapidly with {3 . Even ill such installces, 
tIle errors in d istortioll win usu ally be small com
pflred with the total distor tion . 

b. Evaluation of the Angle of Camera Tipping 

When a camera is Lested under cond itions such that 
the test targets are symmetrically located about the 
central target , it is possible to evaluate f , the angle 
of camera Lipping, in a ver~- simplc manner. It can 
he shown for small values of f that 

(20) 

\iYhen D l , D2, f, and {3 arc known, f can be compu ted 
from the relation 

(21) 

This expression is, of course, co mpu ted for the case 
of a distortion-free lens but can bc used quite satis
factorily for a lens having distortion arising fron lens 
aberrations. This apparent anomaly results from the 
fact that the lens aberration is symmetrical about 
the axis and has the same value at + {3 and at - {3. 
Consequcntl~-, when the difl'crence, D l - D2, is formed, 
the contribution to this differcnce from lens aberra
t ion is negligible, the onl~- real con tribu Lion being 
the difference in lens distortion between the angles 
{3 + f and {3 - f, wllich is u suall~- ver~- small for small 
values of f. This difrerenee can become appreciable 
in regions where the d istortion is changing rapidly 
with angle. In such cases, a correction can be made, 
if one knows the uSlial values of the distortion for 
the given type of lens, whicll usuall.\- will be satis
factory. Table 1 li sts tlle value of (D z- D I )/2 for 
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one case of camera tipping. If f is evaluated from the 
values listed, it will b e found that the above approxi
mation (eq (2 1)) yields the correct value of f. 

The value of the equivalent focal length, j, used 
in eq (2 1) is the approximate value determined with 
the aid of eq (9). The departure of this value of j 
from its corrected value will usually be too small to 
affect significantly the accurac~T of the determination 
of f. However, the valuc of f , derived from eq (21), 
is sufficiently accurate for use in eq (8) to determine 
the correct value of the equivalent focal length.f. 

2 .3 . Point of Symmetry 

It is clear from the foregoing d iscussion that if a 
camera is not properly alined for test and if com
putations of equivalent focal length and distortion 
are nonetheless performed in the usual manner, 
marked asymmetries in the distortion pattern will 
appear. 'the magnitude of the asymmetry will, of 
course, depend upon the amount the camera is tipped 
from the condition of proper alinement. In the field 
calibration method when the camera is not initially 
so alined that the focal plane is normal to the line 
connecting the front nodal point of the lens and the 
center target, an appreciable amount of asymmetric 
distortion is introduced. Methods have been de
veloped that tend to reduce the magnitude of the 
asymmetric distortion . This usually involves locat
ing a new point in the image plane with respect to 
which thc distortion pattern becomes more nearl.,
symmetrical. This point is called the "point of 
symmetr.v" [6 , 11]. 

In the absence of prism effcct, point 0 in figure] 
is the principal point of the camera, and the distance 
0'0" is the shift of tlJ e central target image from the 
principal point. As O'O" =j tan f , and as the value 
of f tan f can be deduced from the measured value of 
the asymmetric distortion for a given value of {3, 
the location of the principal point can be rletermined. 
For this condition the principal point and point of 
symmetry are iden tical. 
. \~Then 'both prism effect and camera tipping a.rc 

present, the value of j tan f gives the location of thc 
point of symmetry for a selected value of {3. For 
these conditions, the principal point and the point 
of s~-mmetry do not coincide. 

3. Experimental Verification for Tipped 
Camera 

In thc calibration of precision cameras b~- the field 
method, it is usual to locatc a point about which the 
distortion is symmetri cal. This point is called thc 
point of s~'mmetry [6] and this point is sometimes 
set into coincidence wi th the center of collimation 
instead of setting the principal point into coincidence 
with the center of collimation . The prevailing prac
tice at most calibrating laboratorics is Lo seL either 
the principal point or th e principal point of au to
collimation [2] into coincidence wi th the center of 
collimation (or fiducial center). The principal point 
is located at the foot of the perpendicular ch'opped 
from thc center of the exit pupil for the paraxial ra.,-s 



to the image plane and is the point custom~rily 
brought into coincidence with the center of collima
tion by the Bureau. The principal point of auto
collimation is the image of an infinitely distant point 
located in the object space on a line perpendicular 
to the focal plane of the camera. This point is 
identical to the point referred to as the center cross 
in calibration made by the Bureau. In the absence 
of prism effect, the point of symmetry, principal 
point and the center cross should coincide. The 
truth' of the foregoing assertion is readily proved 
experimentally and the balance of this section is 
devoted to a simple experimental proof. 

3.1. Experimental Arrangement 

The camera selec ted for test was one which on 
calibration has been found to have negligible prism 
effect. The separation of the principal point and 
the center of collimation was less than 0.010 mm; 
and the separation of the center cross and the pril~
cipal point was too small to be measured. ThIs 
camera was placed on the camera calibrator and 
tipped about a horizontal axis lying in a plane defined 
by the optical axes of the e?llimator b.anks III and 
IV (see figures 2 and 3 for chagrammatic sketches of 
the trace of this plane in the focal plane of the 
c9,mera). To achieve a measured amount of camera 
tipping, a small prism was mounted in front of. the 
autocollimating telescope, and the telescope aImed 
to point at the center of the reticle in the central 
collimator of the camera calibrator. The prism was 
then removed. The camera under study was then 

A 

iO-1--------------------y --------------------m-0,! 
! 0." : 
! ; 
! 0 ~~~ 
j 
i 

l 
! , , , 

'J , 
: , 
! 
I 

i 
I 

i 
i 

o 
o 

o 

o 
o 

o 
o 

, 

! 
! 

{ c 

! O~.; 0 
I ." , , , 
: m n : 
: 0 '; ~ 0: L __ ~ ________________ ____ _ ~----------- ---- ---- - ------~ 

B 

FIGURE 2. Schematic drawing of test negative obtained on 
camera calibrator showing the positi on of the collimation 
markers A, B , C, and D and the images of the various colli
mator targets. 

The four radial banks are indicated by the numerals I , II, III, and IV. This 
figure is to be considered in connection with plate 2B, figure 4. 
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placed in position on the calibrator. An optical 
plane parallel was set on the focal plane and the 
camera was tipped until its focal plane was normal 
to the optical axis of the au to collimating telescope. 
The measured deviation of the line of sight produced 
by the prism was 0.2583 °. The tip of approximately 
15 min accordingly may be expected to produce its 
maximum effect along the diagonal that is the inter
section of the focal plane and the plane defined by 
the optical axes of the collimators in banks I and II. 

In making the first negative (hereafter referred to 
as plate 1A), the camera was so oriented in azimuth, 
that marker A (which designates the line of flight) 
lay between the radial rows of images formed by the 
camera lens of the targets contained in the collima
tors of banks II and IV. Because of the tipping, all 
of the collimation markers are moved with respect 
to the target images toward quadrant 1. Accord
ingly when the location of the central image is deter
mined with respect to the center of collimation, 0 , 
it will be displaced from the center of collimation 
along the diagonal toward the corner of quadrant II. 
The amount of this tip was measured direc tly and 
found to be approximately 0.2583°. In making the 
second, or check, negative (plate 2B), the camera 
is rotated 180° about the optic axis of the lens with 
all other conditions r emaining unchanged. Accord
ingly for plate lA, the central image should appear 
in the quadrant AOD, and displaced from 0 in direc
tion II, while for plate 2B, the central image should 
appear in the quadrant BOG and displaced from 0 
in the direction II. In the 180° rotation the direc
tion II remains unchanged and AOD is replaced 
by BOG. 
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FW URE 3. Displacement of the center image from the center of 
collimation produced by a camera tipping of approximately 
15 min. 

The upper sketches show the displacements computed from the distortion 
measurements. The lower sketches show the displacement resolved along tbe 
coordinate axes defined by tbe collimation index markers. 



3.2. Results of Measurement 

The distances separating all images on the negative 
from the image of the central collimator target were 
measured and are listed in tables 3 and 4 under the 
heading r. (The image of the central collimator 
target corresponds to 0" in figure 1, and the values 
of r are the measured values of 0" X' and 0" Y' for 
a series of values of (3. ) The symbols at the top 
and bottom of the columns headed} tan {3 indicate 
the orientation of the row of images with respect to 
the collimator banks and the fiducial markers in the 
focal plane (see figs. 2 and 3). The values of equiva
lent focal length were determined with the aid of 
eq (9) using the measured values of {3, and the value 
of f for each diameter appears at the top of the 

TABLE 3. Measured values of distances sepamting images at 
angle {3 from the center image for plane 1 A 

Camera tipped b y approximately 15 min (deviation of normal by 0.5 prism 
diopter). D is the distortion for each angle. 

/=153.368 mm / =153.359 mm 

C B B D 
fJ I III 

T / tan f3 D T /tan f3 D 
---- -----------

cleo mm mm mm mm mm mm 
45 152.368 153.197 -0.829 153.259 153.508 -0.249 
37. 5 117.234 117. 562 - .328 117. 784 117.785 - . OOt 
30 88.313 88.464 - .151 88.653 88.612 . 041 
22. 5 63.389 63.467 - . 078 63.535 63 . 572 . 013 
15 41.023 41. 062 - .039 41.126 41.126 . 000 
7. 5 20. 168 20. 184 - . 016 20. 203 20.202 . 001 
0 0 0 0 0 0 0 
7.5 20.184 20.168 0.016 20.204 20. 205 - 0.001 

15 41.121 41. 061 . 060 41.127 41.108 . 019 
22.5 63.633 63.474 . 159 63.609 63. 563 . 046 
30 88.775 88. 467 .303 88.695 88. 616 . 079 
37.5 118.029 117. 563 . 466 117. 848 117.778 . 070 
45 153. 690 153. 205 I . 485 153.378 153. 512 - . 134 

A D C A 
II IV 

T AB LE 4. M easured values of distances separating images at 
angle {3 f rom the center image for plate 2B 

C onditions identicai with tbose for lA except camera is rotated 1800 about its 
optical axis. 

/=153.341 mm / = 153.356 mm 

D A A C 
fJ I III 

r /tanfJ D T /tanfJ D 
- -------- --- ------ ---

dey mm mm mm mm mm mm 
45 152.346 153.170 - 0.824 153.280 153.504 -0.224 
37.5 117.222 117.542 - .320 117. 793 117. 782 . 011 
30 88. 299 88.449 - . 150 88. 655 88.610 .04, 
22. 5 63. 386 63.456 - . 070 63.686 63.570 .OIG 
15 41. 020 41. 055 - .035 41.127 41.125 .002 
7. 5 20.164 20. 181 -.017 20.204 '0. ~02 .002 
0 0 0 0 0 0 0 
7. 5 20. 181 20.164 0.017 20.202 20.204 -0.002 

15 41.121 41. 054 . 067 41.1"0 41. 107 .013 
22.5 63. 630 63. 463 . 167 63.601 63.561 .040 
30 88.769 88.452 .317 88.6S2 88.614 . 053 
37. 5 118.026 117. 543 . 483 117.829 117.775 .054 
45 153. 701 153. 178 .523 153.356 153.503 -.152 

B C D B 
II IV 

proper column. By using the proper} for each set 
of measurements, the values of} tan {3 are computed, 
and the value of the distortion, D , obtained from 
the relation 

D=r-} tan {3. (22) 

These values are shown under the headings} tan {3 
and D. It is clear from the measurements that the 
principal effect has been produced along the direc
tions I and II as planned. The asymmetric distor
tion appearing along the diameter I and II is shown 
graphically as curve 1 in figure 5. It may be noted 
that Dr (hereafter referred to as I) and DII (hereafter 
designated II), although opposite in sign, are of 
unequal magnitudes. This difference in magnitude 
is, in large part, a consequence of the large value of 
distortion inherent in the lens itself. 

a . Evalua tion of the Angle of Camera Tipping 

Tables 5 and 6 show the evaluation of the angle of 
camera tipping e from the distortion arising from the 
camera tipping. Values of } tan e are computed 
from the relation 

(23) 

derived in section 2.2 (b). For convenience in com
putation, the average values of tan {3 and tan2 {3 for 
the actual measured angles are listed in table 7. 
The values of} tan e are quite constant for the larger 
angles of {3 for anyone set of computations. For 
plate 1A the values range from 0.658 mm at 45° to 
0.691 mm at 30°, with the values of 22.5° and 37.5° 
falling within this range. The simple average for 
these four values is 0.678 mm, with the maximum 
departure being -0.020 at 45° for a deviation of 
approximately 3 percent. This spread of values 
can be appreciably reduced if one corrects for the 
presence of distortion, which in this case would 
raise the value of} tan e at 45° by 0.018 to 0.676 
while producing changes not exceeding ± 0.002 mm 
for any of the other three values. Although this 
would substantially reduce the spread, this correction 
changes the average by less than 1 percent; it does 
not therefore appear worthwhile to include it in the 
present discussion. The values of } tan ~ at the 
smaller values of {3 are less reliable, as a small error 
in r produces a large error in} tan E; for example, an 
error of ± O.OOI mm in r at {3 = 7.5° produces an 
error in} tan e of ± O.029 mm. The values of } 
tan E at 7.5° and 15° accordingly are not used in 
evaluating the average value of} tan e. This type 
of error decreases rapidly with increasing f1 and 
becomes negligible for angles greater than 30°. 
Some of the small discrepancies at thl3 larger angles 
doubtless arise as mentioned from the small differ
ences in lens distortion at {3 + e and {3-e which are 
small but noticeable for large e. These errors are, 
however, small in comparison to the larger values of 
jtan e. 
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TABLE 5. Computation of f tan. or displacement of the center 
image induced by camera tipping fl'om distortion values in 
Table :1 for plate lA 

{J I II II-I I tan , 
- 2-

- --------------
deg mm mm mm mm 

45 -0.829 0.485 0. 657 0. 668 
37.5 -. 328 . 466 .397 .676 
30 -. 151 .308 .230 . 691 
22.5 - .078 . 159 . 118 . 688 
15 -.039 . 060 . 050 .698 
7.5 - . 016 . 016 . 016 . 924 

Average (22.5° to 45°) I tan . = 0.678 mm, tan , = 
0.004421, and , = 0.2533°. 

{J III IV IV-III I tan • 
- 2-

---------------
<leg mm mm mm mm 

45 - 0. 249 -0. 134 0. 058 0.058 
37. 5 -. 001 .070 .036 .061 
30 . 041 . 079 . 019 . 057 
22.5 . 013 . 046 . 016 . 093 
15 .000 . 019 . 008 . 111 

7. 5 . 001 -. 001 -. 001 -. 058 

Average (22.5° to 45°)/tan , = 0.067 mm, tan , = 
0.000437, and , = 0.0250°. 

Resultant I tan e= 0.681 mOl , resultant tan , = 
0.004440, and . = 0.2544°. 

TABLE 6. Computation of J tan E 01' displacement of the center 
image induced by cameT a tipping from the distortion values in 
table 4- for plate 2B 

I~~ 
II II- I 'IX" I 

- 2 -
J • • 

mm mm rwm 
45 - 0.824 0.523 0.67'1 0.675 
37.5 -.320 .483 .402 .684 
30 -.150 .317 .234 .703 
22. 5 -.070 . 167 . 118 .689 
15 -.035 .067 .051 .711 

7. 5 -. 017 . 017 . 017 . 982 

A verage (22.5° to 45°)/tan . = li .688 mm, tan.= 
0.004486, and . = 0.2.570°. 

{J III IV I~ /tsn. 
2 

---------------
deg mm mm mm mm 

45 -0.224 -0. 152 0. 036 0. 036 
37.5 . 011 .054 .022 . 037 
30 . 045 . 068 . 012 . 036 
22.5 . 016 . 040 . 012 .070 
15 .002 . 013 . 006 .083 
7.5 . 002 -. 002 -. 002 -. 115 

Average (22.5° to 45°) I tan <= 0.045 mm, tan . = 
0.000293, and .=0.0168°. 

Resultant/tan <= 0.689, resultant tan <= 0.004492, 
and <= 0.2574°. 

Although care was taken to ensure that the 
maximum effect of camera 'tipping would take place 
along diagonals I and II, the setting in azimuth was 
not quite perfect so a small effect of the tip mani
fested itself in directions III and IV. The compu
tation of this component of} tan E is shown in the 
lower portions of tables 5 and 6. The full magnitude 
of} tan E is then obtained by finding the square root 
of the sum of the squares of the t.wo orthogonal 
components. The resultant} tan E for plate 1A is 
0.681, and the corresponding value for plate 2B is 

------------- ,._-- -

TABLE 7. Values of average tangent and tangent squared for 
use in interpreting data from camera calibrator 

The measured values of {J are used in computing tall {J. 

{J I tan {J I tan ' {J 

COLLIMATOR BAN KS I AN D 11 

deg 
7. 5 0. 1315530 0.0173062 

15 . 2677322 . 0716805 
22. 5 .4138446 .1712674 
30 .5768210 .3327225 
37.5 .7665412 .5875854 
45 . 9989116 .9978244 

COLLIMATOR BAN KS III AND IV 

7.5 0. 1317395 0. 0173553 
15 . 2681092 . 0718825 
22.5 .4144998 .1718101 
30 .5778216 . 3338778 
37.5 .7680095 .5898386 
45 1. 0009800 1. 0019610 

0.689 . It is evident that excellent agreement exists 
between the values, even though the camera was 
rotated 180 0 and the direction of the effect thereby 
reversed. 

The values of} tan E computed from the measure
ments of plates 1A and 2B are the amounts by which 
the center image has been displaced from the position 
it occupies when the camera under test has been 
properly oriented by autocollimation. As the center 
image was initially in ncar coincidence with the 
center of collimation , the computed displacement, 
} tan €, can be regarded as a displacement with 
respect to the center of collimation . The magnitud es 
and directions of } tan E derived from tables 5 
and 6 are shown in the upper part of figure 4 for 
plates 1A and 2B. In the lower part of the figure, 
the displacements, originally determined along the 
diagonals, have been resolved into their components 
along AB and CD, which form the reference system 
afforded by lines connecting opposite pairs of col
limation index markers. The resultant, fl , for each 
plate is shown at the bottom. It is clear that there 
is remarkably good agreement between the values 
of R for plates lA and 2B. 
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FIGURE 4. Measured displacement of the center i mage from the 
center of collimation on plates lA and 2B . 

The computed R is t he resultant displacemcnt expected for lh e measured 
amount of camera tipping introduced. 



Finally, the positions of the displaced center image 
were measured on the plates themselves with respect 
to the center of collimation. The results of these 
measurements are shown in figure 4. Also shown in 
the lower part of figure 4 is the actual measured 
value of the induced angle of camera tipping, which 
is 0.2583°, and the computed value of f ta.n ~ derived 
from this value of~. Oomparison of these results 
with those shown in figure 3 demonstrates that the 
displacements of the center image computed from 
the asymmetrical values of the distortion agree in 
direction and magnitude with the observed shift 
t hat actually t ook place. The small discrepancies 
that remain may be at tributed to several factors 
t hat include the presence of a small residual prism 
in the lens, small additional distortions induced by 
tipping not completely compensated, small amounts 
of plate curvature, and small errors in rand {3. 

Accordingly the resultant f tan ~ has been de
termined in three ways with the following results: 
(1) f tan ~ has been computed from the measured 
values of the asymmetric distortion, and its average 
value for plates IA and 2B is 0.685 mm; (2) f tan 
~ has been measured directly on the negative with 
respect to the center of collimation, and its average 
value for plates IA and 2B is 0.698; (3) fin311y, f tan 
~ has been computed on the basis of the known value 
of the induced camera tipping, and its value is 
0.691. In view of the relatively large value of j tan 
~, it is clear that excellent agreement exists among 
the three methods. This accordingly justifies the 
use of eq (23) in evaluating the angle of camera 
tipping from the asymmetric values of distortion 
and provides a simple method of locating the poin t 
of symmetry on the basis of distortion measurements. 

h. Evaluation of the Distortion 

In point of symmetry operations, it is customary 
to equalize the distortions. This can be done in the 
present case by sub tracting the distortion produced 
by tipping from the measured values. This is done 
in table 8 for one diagonal of plate IA. In table 8, 
column 1 lists t he values of the measured asymmetric 
distortion for one diagonal, and column 2 lists the 
average asymmetric distortion computed for f tan 
~= 0.678 mm. By adding the values in 2 to those in 
1, the resultant lens distortion is obtained, which is 
shown in column 3. The distortion values in 3 are 
nearly equal for corresponding values of {3. This 
process is shown graphically in figure 5. In the 
figure, curve 1 shows the values of the distortion 
computed with the displaced central image as the 
center. Ourve 2 shows the amount of this distortion 
attributable to camera t ipping. Ourve 3 shows the 
amount of distortion still remaining after the cor
rection for camera tipping is applied. It is evident 
that curve 3 is ab'eady quite symmetrical and closely 
approximates a typical distortion curve for this 
variety of wide-angle lens. In the table, column 4 
shows the complete equalization obtained by aver
aging. Oolumn 5 shows the difference between 3 
and 4 and leads to t.he belief that complete equal
ization was not achieved because of the introduction 

TABLE 8. A djustment of distol'tion values from tipped camer~ 
data f or plate 1 A, collimator banks I and II 

EFL= I53.368 mm, [tan .=0.678 mm, CFL=I53.31O mm. 

{J 1 • 2 3 4 5 6 7 

----------------- - - ---- --
dey mm mm mm mm mm mm mm 
45 -0.829 0.678 -0. 153 - 0. 172 0.019 0. 058 -0. 114 
37.5 -.328 .398 .070 . 069 .001 . 044 . 113 
30 -. 151 . 226 . 075 .078 -.003 .033 . 111 
22.5 - . 078 . 116 . 038 . 040 -.002 . 024 . 064 
15 -.039 . 049 . 010 . 010 .000 .016 . 026 
7. 5 -.016 . 012 -. 004 . 000 -.004 .008 . 008 
0 0 0 0 0 0 0 0 
7.5 . 016 -0. 01 2 .004 . 000 . 004 -- --- -----

15 . 060 -. 049 . Oll . 010 . 001 . -- -- .-.-. 
22.5 .159 -. 116 . 043 .040 . 003 -- --- --.--
30 . 308 -. 226 . 082 . 078 . 004 --- -- - ----
37.5 . 466 - . 398 . 068 . 069 - . 001 ----- -- - - -
45 . 485 - . 676 -. 191 - . 172 -. 019 ---- - --- --

a Colmun: 
1. Initial asymmetric values of distortion. 
2. [tan . tan 2 {J (con tribution from camera tipping). 
3. Value of distortion compensated for camera tipping. 
4. Averaged values of distortion referred to equivalent focal length . 
5. Departure of compensated distortion from average. 
6. I>ftan {J , where 1>[=0.058 mm. 
7. Values of d istortion referred to calibrated focal length. 

of a small amount of residual distortion induced by 
plate tipping. Oolumn 6 shows the correction in 
distortion introduced by changing from the EFL to 
the OFL by amount t..f= O.058 mm. Oolumn 7 
shows the values of the distor tion referred to the 
calibrated focal length . These final values of the 
distortion referred to the CFL are nearly the same as 
those obtained from the properly oriented camera' 
the small differences arising from the uncompensated 
distortion introduced by camera tipping, which in 
this instance would not exceed ± 0.003 mm. 
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FIGURE 5. Evaluation of the true values of distortion fro m the 
aSl1mmetric measured values. 

The open circles (cnrve 1) show the actual values of distortion as initially 
determined from the measuremen ts. 'rhe triangles (curve 2) show the values of 
asymmetric distortion produced by a tipping of amount .=0.2533° (see table 5) 
or 15.2 min . The closed circles (curve 3) show the symmetrical distortion pattern 
remaining when curve 2 is subtracted from curve J. 
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4 . Discussion 

When a camera under calibration is initially so 
alined that the focal plane of the camera is not 
normal to the line joining the front nodal point of 
the lens and the distant target, the values of the 
distortion based on the assumption that the central 
image is indeed in its proper position will be asym
metrical about this point. The values of the dis
tortion at points located at equal but opposite 
angles from the center can be used to evaluate the 
magnitude and direction of the displacement of the 
central image from i ts position for the condition of 
true normality . On making this correction, which 
can be done in a simple manner, the point of sym
metry can be readiIy located. For the case of no 
prism effect on the lens, the point so located is the 
point of autocollimation or center cross. Accordingly 
it is clear that for these conditions, the point of 
autocollimation and point of symmetry are identical 
and can be regarded as the true principal poin t of 
the camera. 

The au thor expresses his appreciation to other 
members of the staff for assistance rendered during 
the course of this work. The negatives used in the 
confirmatory experiments were made by W. P . 
Tayman. Measurements on the negatives were 
made by W. R . Darling. The drawings were made 
by E . C. Watts. 
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