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Frequency Response of Second-Order Systems
With Combined Coulomb and Viscous Damping'

Thomaz A. Perls ? and Emile 3. Sherrard

Curves obtalned with sn spalog computer are presented for the megnifiestion factor

vireus frequency ratio of sepgnd-order systems with combined coulotn
The rangea of the parameters Are as follows: Viggous dampl

steps; coulpmb damping retio from O to 0.9
Botodarics betwesan regions with 0, 1, and 3

1. Introduction

The increasing importance of vibration nteasure-
menta for both military apd nonmilitary applica-
tiona has stimulated the preduction of a large variety
of vibration-measuring instruments in recent ycars,
This activity in design and manufacture has not
been matched by progress in the anslysia of the
response of vibration instruments, or in the exten-
sion or modernization of previcus analyses of their
response, It iz still frequently assumed, in the
qu]ica.t.ion of these instruments, that the responsc
of an actual vibration instrument is identical with
the responsz¢ of nn ideal mstrument in which the
damping is antirely *viscous,” i. e., proportionsl to
the velocity of the mass or “‘seiemic element.” The
actug] response may differ significantly from the
idenl response if the dsmping varies with other than
the first power of the welocity, or iz dependant on
displla.ﬂammtr, or if sny spprecisble omount of
coulomb damping is present. This last type of
damping, sometimes referred to s dry or eliding
friction, excris on the moving element w foree that
ia constant In magnitude and slwsys acts in the
direction opposite to the wvelocity of the moving
elament.,

Coulomb damping is usually present in & mechani-
cal second-order syetern such as is illustrated in
figura 1. Hare, in addition to the eoulamb deomping,
& apring forer and a viscous damping foree arc ashown
&g acting upon the seiemic element. The motion of
such a syatem hes been analyzed by Dan Hartog?
mm a4 1931 paper in which resulizs are presemted
graphically in a series of figures. For spplication to
vibration ingtruments in present use, Den Hartog's
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results require extension Lo larger values of viscous
friction and & larger range of fraquencies.

The present. paﬂer axtends these results threugh
the ranges applicable to such inertial instruments ns
accelerometers and jerkmeters. Thess inertisl in-
strurments are usually designed for viscous damping
batween 0.6 and 0.7 of eritical damping, and are
usuelly employed between zers frequency and a
Iaxitnit jrequency less than the resdnance fre-
queney f{of the mass and spring). Particular empha-
sia is therefore placed in this paper upon resslts for
viseous datnping between 0.6 and 0.7 of critical
damping, and for frequencies between zero and the
resonance fraquency.

Results are pressnted graphically in figures 2 to
17. These eutves extand from zero to twice resonancs
frequency, and are presented so as to be readily
a.rlfglicahf’; to vibration instruments used below their
PesOAnY fre]ﬂ?ency. They were determined without
particular diffieulty through the use of an analog
computer. The original program called for the
computation of an additionsl set of cuorves for
frequencies between twice the resonance frequency
and 560 times the resonance frequency. These
curves would havae been applicable to devites such
ns seismometers and wvelocity meters, which are
ordinarily employed at frequenciee above their
resonance frequency.  Unfortunately, the analog
computer sccuracy proved poor at these high fre-
quencies. The computation of diaFlacaament- at high
trequencies mnaisteg essentislly of the double inte-
gration of the diffcrence of a sinuseidal forcing fune-
tion znd the coulomb friction. When the analog
computer stiempied this double integration, its results
contained apprecisble errors caused by drifting and
hunting. @ size of these errore canszed a termina-
tion of the high-frequency computations. Hence,
only curres appliceble to vibration instramentis
usuzally employed below their resenance frequency
are presented in this paper.
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2. Diﬂerenﬁul Equation for Vibraton
Instruments

Figure 1 shows a typical vibretion inetrument
with its jrame ngidly sttached to a sinusoidally
vibrating structure having a motion X cos . The
displacemant, x, of the seismic element relative to the
frome of the nstrument safiefies the Jdifferential
aquation:

Mz O+ Rad F=MXo* cos wf,
whera (gos fig. 1)

(1}

M=mass of seismic element.

C'=vwigegue damping foree per unit velosity,

K=reﬂt-orirﬁ foree exer by the spring per
unit displacement.

F=ppulomb ing force, assumad constant
m megnitude and chenging =ign so as

always to oppose the motion.
X=amplitude of forcing motion.
w=2xf=angular frequency of forcing motion.

A number of ﬂuaﬁuns in Den Hariog's paper give
a complete literal solution of this equation with the
right-hand side of the equation replaced b?r 8 term
FPeos (w4, where P is the amplitude of a “periodie
disturbing force.” For ]ﬂmutica] application Iren
Hartog expressed his results by a set of computed
curves of magnification factor versue frequency ratio
for seven values of viseous damping ratic betwoen 1)
end 0.5 of critical damping, snd for a number of
values between 0 and 0.9 of the ratio of coulomb
damping force to peak disturhing force. Most of
Pen Heartog’s curves extend over & frequency range
of 0.5 to 2.0; the ona for zero viscous damping ex-
tendz over & irﬁqueqcy range of ¢ to 3.0, Curves for
zero coulomb damping (i. ., viscous damping only)
ara also available elsewhere.' In the present paper,
all the curvee axtend over the frequency ratio range
betwaeh ( and 2.0, ‘They are given for 15 velues of
viscous damping ratio between 0.05 and 5.0, and for
11 valuas of conlomb damping ratio between 0 and
0.0,

3. Summary of Results

The curves shown in figures 2 to 17 are drawn
through poiata plotted by an analog computer. Each
ﬁ?;um te & family of curves for a constant value
o CICL, tha ratic of viscous damping , to critieal

viscous demping, £.=2/KAf. Each curve of the
family i= & plot of magnification factor or aceeleration
response rwilX versus the frequeney ratio, w/fuw,,
whare 7, is the maximum value of the displacement =,
we= A M iz the undamped resonance fraguency of
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the mass-spring system, and X=o't is the pesk
aereleration of the forcing motion. For inertial
instruments, the term *“acceleration response’ seeme

appropriate for m.’fi" becaues this quantity mey e
interpreted as the preduct of two important instru-
ment characteristics: rf/X, the response (displece-
ment) of the seismic element unit acceleration
ppplied to the instrument, ahd 3, the resonance
frequency of the instrument, to which instrument
sensitivity is inverae]g praportional.

Each curve of the family is drawn for a particular
value of the paremeter ¢p/ Y, where gp 13 the mini-

inum acceleration that must be spplied to the Instry-
ment to overcome coulomb frietion and produce
motion, This parameter /X is equivalent to the
parameter F{P vsed by Dlon Hartog. Either may be
obtained from the other by employing the relations
F=Mar and P=MX.

The daszhed line plotted in esch fizure ia & boundary
line between atﬂn.cﬁ'-st.nt.e motiohs with no stop and
one giop per half-cycla. In the region above this
boundary, the steady-state motion iz econtinuous
without stops. In the region immediately below this
boundary, the motion stops once sach half-cycle.

Only these two m?unﬂ, nonetgp end one-atop
maotion, were computed for CFC, >0.2.8nd w/e, >0.1,
For O1¢7, 0.1, four repions characterized by no stop,
one stop, two stops, or more than twe stops eac
hali-cyeles wore computed. When more than twoe
regions pecur, the maprifieation factor versos fra-
quency refic eurves become very irregular for wfu,
leas then about 0.4. For wfw, <<iv.1, larper and larpar
amounts of computing time would be requirad for
accurately determining the magmification factor as
4, becomes smaller and smaller. Henee for
CiC.=02, 0.1, and 0.05, the curves are tarminated
at il —0.1.

4, Accuracy of Resulis

The curves of :’Jiuraﬂ 2 to 17 are plotted to permit
reading the magnifiestion factor to within 1 percent
of the full scale of each figpure. These curves ware
drawn through points plotted by an analep computer,
Over-sll accuracy of the points plotied by the snslog
computer, which consistad of elements with an ac-
curaey of +0.1 percent of rated output, iz eatimatad
at 1.2 pereent of the full-gcale magnification factor,
A number of check pointa computed manually and
by the computer agreed with each other to within
+1.0 percent. Total compuater errors and drafting
errora ars believed to introduce, in any figure, inac-
curacies of no more than 1 percent of the full-scale
m.el.gniﬁcatinn factor of each fipure.

t 15 belicved that greater sccuracy in computa-
tion would have resulted_from the use of » digitel
computer thet employed Den Hartog's litersl equa-
tion=. However, sn estimate of total costs showed



sneleg computation to be more ecencemicsl. One
regson was the availability in the analog computer’s
suxiliary equipment of & plotting board, which eould
partially process the results of the computer study by

Jotting pointe of the magnification-factor curves.
H.‘he oﬁ:&r important important advanisge of the
enalog computer wus ita use of eq (1) rather than the
involved literal equations of Den Hartoga paper,
which would have been employed by the digit.alpcum-
puter. Use of the analog computer aveided the ex-
penditures nac.easar{' for w careful scrutiny of thesa
equations for possible mieprinta.

8. General Effecte of Coulomb Frictior Upon
Instrument Response

The presence of coulomb friction makes instru-
ment response dependent on the amplitude of the
sinuscadal excitetion. This amplitude dependence
is shown grnphiu&]éy in figure 18, which is a eroes-plot
of the date for /¢ =0.65, as given in figura 1¢. In
fipure 18, magnification factor is plotted versus

X/ax for various constant valves of wfe,.

The agymiptotes shown as borizontal lines in the
right-hand porticn of figure 18 represent the magni-
fication factors at wibration amplitudes sufficiently
Iarpe to make negligible tha effect of coulomb frietion.
An inspection of the figure shows that, for &/, =0.85,
Xfay must be >25 if the actual response is to he
within 5 percent of the azymptote for sll values of
o .

Rules similar to thiz can be stated for other values
of ¢, For £/C.>0.3 and for ¢Swfwa<1.0, a

neral rule of thumb for estimating the arror intro-
ssmed by coulomb friction is to assume thet this
error is equsl Lo the arror at wiw,=0. According to

thia genersl rule, & given percentage value of ax/X
reculis in that same percentage reduction of mapnifi-
cation fastor from its ideel (@r/X=0) valus, This
rule iz & good approximation for the reduction in re-
sponse for £, 0 the range 0.6 to 0.7.  As the value
of i, moves furiher and {urther outside thie range,
the approximstion hecomes poorer and poorer.
However, tha damping in most inertiel inatruments
is between 0.6 and 0.7 of ¢ritical damping; hence,
thiz rule iz useful for practical inertial {hstruments.
A physical example of the effact of coulomb frac-
tion upom instrument response ja shewn in figyre 18,
This Egura reproduees an  oseillogram {rom two
different velocity metsrs mounted back to back and
subjected to the same zinuzoidal forcing funmction,
The upper trace echows that one insirument is stop-
ing once ench half-cyele aa the result of coulomb
?rictiﬂn. The lower trace showe the other to be
exhibiting essentislly ideal behavior.
Figure 20 shows the time variation of displacement
and velonity for various values of 4, X, for a low
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value of viscous friction (€¥C,=0.1), and a low valua

oi [reqlimncy ratio {wfw,=0.1), ese records were
mude during the computer study. Each set of two
traces i3 for a different value of gpfX. At apfX =03
one-stop mobion sceurs, as avidenced by thalungdweli

of the vdocity trace on the (central} zero line. For

arf X equal to 0.6, the second trough of the dampad
sinuscidal oscillation in the velocity trace approaches
the zaro lina, At g,/ X=0.424, this trough reaches
the zerc, snd the motion stops twice durmp each
half-cycle. Further increass of an/X to 0.55 fur-
niches an additional restrsint, which prevents
another start after the motion stopa at neardy the
same point of the veloeity trough, Thus we have
agein one stop per half-cycle. The motion ramaina
one-stop until displacement and velocily decrease
sufficiently for a stop to occur at the first trough of
the velocity, piving twosiop motion onee more,

This cccurs at approximately 2/ X—=0.8. However,

an increase of ¢pfX to 0.9 furnishes the additional
restraint necessury to prevent enother start. Thus
mation again becomes one-stop.

As O, decreasss from 0.1, the damped sinuscid of
velocity becomes less damped and it is coneeivable
thet for wiw, %0.1, motion stop not only at the
third, second, or first trough of the velgcity, but also
at a fourth, fifth, or hgber-order tre of the
velocity. In such casea, the responsa of the instru-
ment becomes very irregular.

The analog computer study was performed by W.
MceCool end B, Zimmerman of the Naval Research
Laboratory. The authors fhank Mesars, McCool
and Zimmerman for their suggestions and excellent
epoperation in this etudy. . Abramowitz and R,

Dressler supq‘lged information on the usa of the digital
computer. W. A. Wildhack continually furn:ig‘hed
stlmulatmildam during the investigation. A. Byeek
propared the curves and flustrations shown in this
report.
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