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Low Even Configurations of the First Spectrum of
Molybdenum (Mo1)

Richard E. Trees and Marion M. Harvey

The analysis of the first spectrum of molybdenum has been extended by the classification
of approximately 3,000 additional lines arising from combinations including 44 new even

levels and 190 new odd levels that have been located.
belong to the three low even configurations, 4d* 5s%, 4d° 5s, and 4d° is given.

The identification of those levels that
Some unpub-

lished levels found earlier by C. C. Kiess are included.
Assignment of the terms to the three low even configurations has been aided by a theo-

retical calculation.

Over-all agreement is very good, as indicated by a mean deviation of
4+ 168 em™! between theory and experiment.

The calculation is presented in a simplified

and detailed form, which may help in applying the theory to future analyses.
The theoretical calculation assumes LS-coupling and takes into account the electro-

static interaction between the three configurations.
of configuration interaction is obtained because the interaction is very strong in Mo 1.

Excellent confirmation of the theory
Diffi-

culties in assigning a term to a configuration are discussed and tentatively resolved by the

use of the calculation.

In the 3d° 4s configuration of Fe 111, Trees has shown that polarization can be accounted

for by an empirical correction proportional to L(L-1).
in the 4d> 5s configuration of Mo 1 is demonstrated.

The applicability of this correction
The correction is only about half as

important in Mo 1 as it is in Fe 111, so that Mo 1 is not well suited for a detailed study of

polarization effects.

However, the agreement obtained is some confirmation of Racah’s

assumption that polarization can be treated linearly.
Magnetic interactions are considered briefly in an effort to explain disagreements be-
tween theory and experiment, and to illustrate additional difficulties that arise in the assign-

ment of term designations.

1. Introduction and Summary of Results

Work on Mo 1 was started at the National Bureau
of Standards more than 30 years ago and has con-
tinued intermittently here ever since. Recently, a
new description of the spectrum was made from
spectrograms obtained over this period with NBS
spectrographs. This paper has a two-fold purpose:
(1) to report preliminary results for the analysis of
the low even configurations from this latest descrip-
tion of Mo 1, and (2) to describe the theoretical cal-
culation of the term values of these configurations.

(1) The molybdenum atom has 42 electrons of
which the outer six give rise to the first spectrum.
These electrons arrange themselves into the three
configurations, 4d*5s%, 4d°5s, and 4d° giving rise to
low even terms, and into other conficurations having
higher even and odd terms. Previous work on the
analysis of Mo 1 has been published by Kiess [1],!
Cataldn [2], Meggers and Kiess [3], and Cataldn and
Madariaga [4]. The last paper contains the most
complete published analysis, which consists of 119
quintet and septet levels; it includes the ¢ ™S ground
state and all the low quintet terms, except «°F and
the levels a °D, and ¢°D;.

In the present investigation 44 new triplet and
singlet levels of the low even configurations have
been identified. We are in indebted to C. C. Kiess
for permission to use some of his unpublished levels,
which include the @ °F term and the levels ¢°D;,
a®Ds, a®Ds, a®Fy, 03Dy, and b3F;. There are now
known 19 levels of 8 terms of the 4d* 5s* configuration,

! Figures in brackets indicate literature references at end of this paper.

49 levels of 18 terms of the 4d° 5s configuration, and
9 levels of 3 terms of the 4d° configuration. A com-
plete list of the known levels of these configurations
is given in table 1. The successive columns of the
table give the configuration, term designation, /-
value, level, interval, and observed g-value. In
table 1 the levels known prior to the present investi-
gation are starred (*).?

(2) Some observed term values in Mo1 are more
than 2000 cm™ from the positions calculated with
the Slater first-order theory [5] from the formulas
given by Laporte and Platt [6] for the d* (and d°)
configurations and by Catalin and Antunes [7] and
by Laporte [8] for the d® configuration. A theoretical
calculation shows that these deviations can be largely
explained by inclusion of the effect of configuration
interaction among the three lowest configurations.
This calculation also helped in identifying certain
levels and in predicting the locations of new terms.

The method of treating the second-order effects of
configuration interaction has been outlined by Con-
don [10]. Calculations of the matrix elements of
configuration interaction for configurations with d-
and s-electrons have been made by Ufford [11] and
by Racah [12]. Several comparisons with experi-
ment have been made in spectra with 3d and 4
electrons [13 to 16]. Ufford’s calculation for Zrix
[11] furnishes the only detailed comparison be-
tween theory and experiment in spectra with 4d
and 5s electrons; this calculation shows that the
effects of configuration interaction are very strong

2 Almost 190 new odd levels have been discovered so that the total number of

known odd levels is now about 230. The odd levels will be included in a com-
plete description and analysis of Mo1 to be published later.
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TaBLE 1. Low even terms of Mo 1 (cm™1) TaBrLe 1. Low even terms of Mo 1 (em~1)—Continued
|
Electron Term ‘ ‘ ‘ Ob- Electron Term ‘ ‘ Ob-
configura- desig- | J Level Interval | served configura- desig- | J Level Interval | served
tion nation | ‘ | q tion nation q
| |
o | - 1
4d°(5S) 5s a8 ‘ 3 ‘ *0.0 | 1. 98 4d°(2D)5s b3D 3 | *26638. 8 | 119, 9 1.17
2 26758. 7 —603. 9 0. 98
4d5(58) 5s a S 2 | ¥10768. 2 2. 00 1 27362. 6 o ‘
\
4dt 5s? a D 0 | *10965. 9 4d>(2aF)5s b3F 2 27093. 3 |
1 ’ s11142.8 | 176911 50 3| xa7774.4 | TO8LT 14 00 |
2| #1454 4 | 007 | 1.52 4| 277657 Tl
* . |
3 | *11858. 5 487 8 1. 49 ‘
4 ‘ 1123463 : 1. 48 4d* 5s? b 3G 3 27383. 8 _41.8 0. 93 ‘
Ad°(*G)bs a 3G 2 | *16641. 0 51.9 0. 32 4 27342. 0 384 7 1. 10
3 | *16692. 9 54' 8 0. 93 5 27726. 7 1121 ‘
4| *16747.7 36 8 | 114 3 i
5| *16784.5 | 383 4d5CD5s | atl | 6| 282410 100
| 6 | *16783. 8 :
; 4d5CbF)5s | cOF | 2| 296420 | .- o ‘
4BCP)5s | aP | 3| *18229.1 | o0 o | 1.63 3| 30159.3 | 2373100 |
2 | *18356. 4 *]23' 3 1.79 4 30501. 9 el 1. 20 ‘
1 | *18479. 7 . 2. 45 ‘
4d5(2H) 5s b3H 4 29842. 2 139. 6 ‘
44 D)bs b 5D 0 | *19969. 9 160. 4 5 29981. 8 13‘1' 3 1.05 |
1 | *20130. 3 150' 7 1. 59 6 30113. 1 : 1k bl ‘
2 | *20281. 0 ok | 15t ‘
3 | *20350.5 | 10‘2’ 7 1. 49 4d* 5s? b 11 6 31484. 6 1.01 |
4 | *20157. 8 e 1. 49 \
4d5(2G) 5s ¢ 3G 3 | ?31507.0 3 4 3
4d* 5s? a 3P 0 20607. 5 1636. 9 4 31510. 4 : 3
1 22244. 4 631 ( 0.95 | ‘ 5 ' 1
2 | 22876.0 VL4l |
4d°(2G)bs b1G 4 32688. 3 0.99 |
4d5(*D)5s a3D il 20930. 4 20. 4 1. 04
2 | *20950. 8 687. 8 1. 20 4d5(?H) 5s a'H 5 33904. 5 1. 00
3 | *21618. 6 ’ 1. 34
) | 4ds ¢ *H 6 34810. 2 | 101. 9 1. 11
4d°('G)Hs a3G |3 20947. 9 206. 0 0.78 ‘ 5 34912. 1 | “]00' Q 1. 06
‘ 4 21153. 9 | 18‘)' 3 1. 04 [ 4 35042.0 =~ " 0.77
5| 213132 | G ‘ _
[ [ 4dS | ¢l 6 39521. 1 1.03 |
4d* 5s? a’F | 4 | 23516.5 | _ .. | 1.12 \ ‘ ;
| 3 23668 1 1§3~é 1. 08 :
i 2 | *23534. 5 N 0. 68 ? indicates some uncertainty as to the reality of the level.
| | * indicates levels known prior to the present investigation.
Adt 5s2 : | y . . . .
R Ea é g;ggg % 369. 6 (1) gg in Zri, just as in Mor.  The speetra with 4d elec-
6 | 24893 4 357.6 | 1"y trons are thus favorable for the study of configuration
. ‘ interaction in contrast to spectra with 3d electrons
4dt 55 alS 10| 7244721 where effects of configuration interaction are not very
A ED 5 0l 5| 25516. 9 4o 0 0.83 pronounced. Mot 1s especially favorable because
6 | 25548 9 o7 |1.0¢ | its configurations give rise to a large number of
7| 256386 5 113 | | terms; nearly half of these already have been found
i xperimentally i - can be tested in
s RO U e experime ly, so that the theory ca d
*OR oy | many nstances.
3 25707. 1 251.4 | 1.38 | " " g
o | #5794 6 | 875 ; A study of Mor also furnishes information about
1| *25820.7 | —26.1 | polarization effects. A major fact is that the
0 | 725980. 3 L(L+1) correction, found by Trees to apply in the
= T d
A5 OT) 5s o F | 5| *25005. 5 ‘ L 41 3d’4s configuration of Fgln [16] is shown to be
1 saz007.3 9T o applicable also in the 4d”5s configuration of Mor.
3 | *26189.4 | _ };% _2‘ | 1. 36 The L(LA4-1) correction is an empirical one that
2 :32335 8 50,1  0.85 corresponds rather closely to the difference between
! s ‘ theory and experiment in the configurations with
1d('P)5s LIP 0 26450 1 . 3d- and 4s-electrons that have been compared so far
| 1| 26414.9 | 1_038 g | 1. 44 with theory [15 to 18]. It represents, therefore, that
2| 27415.1 | ‘ 't of tl larizati oy tl b -
‘ 0 | part of the polarization energy that cannot be ac
AdS 582 2 1G ‘ 4 \ 26635. 8 | 1. 12 counted for by choosing most favorable values for the

radial integrals in the Slater theory.
Racah has pointed out [17] that the validity of a
correction. of form L(L-1) in d* (or d"s) configura-
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tions for all n values is evidence that the polarization
energy can be treated linearly, just as the electro-
static interaction is considered in the Slater first-
order theory. The fact that we obtain good agree-
ment when the L(L-1) correction is used as a linear
correction for the strongly interacting configurations
of Mor is additional evidence of the linear behavior
of the polarization energy.

The assumptions needed to justify theoretically a
linear treatment of second-order effects in Racah’s
work have not been published, but they would not
necessarily justify a linear treatment when configura-
tion interaction is present. Thus a strong demon-
stration of linearity (or of deviations from linear
behavior) in such cases should supply significant new
data to check any theory that is developed. How-
ever, the L(L-+1) correction contributes only about
half as much to the term energies in Mot as it does
to the corresponding terms in Ferrr. Since the
correction is relatively small, the agreement obtained
is not very strong evidence for the validity of the
linear treatment. It is possible that more definite
evidence will be found when the experimental analysis
of Mo1 has been carried to completion.

The smallness of the L(L-1) correction in Mo, as
compared to Ferrr, may be a result of the general
tendency of the deviations between theory and
experiment to get smaller in the heavier elements.?
It has already been noted that the magnitude of the
correction is fairly constant in spectra of the iron
group [17], but no information is available with
respect to the variation in magnitude for unrelated

spectra. This variation should provide additioral
fundamental information about the polarization
effects.

2. Application of Theory to Analysis of Data

The Slater theory, extended to include effects of
configuration interaction, has been checked against
experiment in many cases, but is not often used to
aid the experimental analysis. In the theoretical
calculation, the Slater integrals are regarded as arbi-
trary parameters and are evaluated to obtain best
agreement, with the known terms of the spectrum.
A minimum number of terms must be known exper-
imentally before the calculation can be started, and
this minimum is larger the more parameters there
are to be evaluated in the theory. In practice more
than the minimum number of terms should be
known experimentally, so that inaccuracies in the
theory will tend to compensate each other.

The theoretical estimate of term positions can be
made more accurate by applying the L(L+1) cor-
rection to the Slater theory. By using this correc-
tion it is usually possible to predict the positions of
terms within limits of 4+-400 ¢cm~%, so that the search
for new levels can be concentrated to a narrower
region of wave numbers than is usually possible
without it.

The theoretical calculation, including configura-
tion interaction is discussed in detail in section 4.

3 Part of the evidence demonstrating this tendency is briefly noted in the first

paragraph of reference [19]. The calculations for the heavy elements must be
made in intermediate coupling because the magnetic interactions are important.

227440—52——4

When completed, it predicted the positions of new
terms with good accuracy and also suggested the
term designations of the ¢'G and b°P terms, whose
levels were previously known but unassigned. This
calculation led also to the discovery of the &',
a'H, b'G, ¢3G, and a'S terms. The last is of
particular interest because it is very highly per-
turbed and is found within 100 em~! of the predicted
position.

3. Limitations Imposed by Magnetic
Interactions

In general, Mo 1 shows good LS-coupling, and it
is possible to group its levels into terms with rela-
tively small intervals and to neglect spin-orbit inter-
action in the theoretical calculation. The homologous
spectrum of Cri1 was useful in the experimental
analysis in indicating whether terms were regular or
inverted and had large or small intervals. However,
in a few cases, overlapping of terms in Mo 1 produces
strong magnetic interactions, as indicated by the
distortion of the intervals of the terms and by the
mixing of the g¢g-values of the interacting levels.
In such cases, the determination of the L- and S-
values of the levels is difficult, and the assignments
given may be partly arbitrary, just as the assignment
of a configuration and a parent term may be partly
arbitrary when the configuration interaction 1s
strong.  Qualitative estimates of the effects can be
made by examining the term intervals and the
g-values.

The clearest example appears in the interaction
between the a®D and @®P terms. If we assume that
the a*P, and a®Dj levels are relatively unperturbed,
the large intervals between the level a *P, and the
levels @ P, and @ ®P,, and between the level a D
and the levels «?’D, and «®D, indicate that the
a P, and a *P, levels have been pushed up, whereas
the a?*D, and @ 3D, levels have been depressed by
their mutual interaction. The matrix elements of
these interactions are shown in Appendix 2 to be of
the correct order of magnitude to produce the ob-
served effect.

The interaction between the @ *D; and a *P, levels
is also shown by g-sharing. The respective observed
and predicted g-values for @ ®P; are 0.95 and 1.50,
and for @ *D,; they are 1.04 and 0.50. The sum of
the observed g-values for these levels is 1.99, which
is very close to 2.00, the sum of the predicted g-values.
On the basis of g-values it might be better to inter-
change the @ *D, and the @ *P, levels. The present
assignment was made in order to keep the term
intervals as small as possible; this assignment also
gives better agreement with the multiplet-intensity
rules.

Considerable mixing of levels occurs in the region
between 26400 and 27800 em~!, where there are 13
levels belonging to four triplet terms and one singlet
term. Because of the strong magnetic interactions
between levels, some of the assignments of levels to
terms are not definite. Strong g-sharing is found
between the levels having J=3 and J=4, and only
the g-sums are preserved.
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The mixing of levels due to magnetic interaction
affects the way they combine, so that the combina-
tion properties also indicate qualitatively the pres-
ence of the magnetic interactions. Thus the b °F;
and b°G; levels and also the b °F, and b *G, levels
combine in a very similar manner with most of the
same odd levels, and the a 'S, term combines with
most of the levels with which the @ *Pylevel combines.

Many combinations with Z-values differing by
2 or 3 and mlutiplicities differing by 1 or 2 were
observed with the few well-identified odd terms that
are known. Little has been done toward assigning
L- and S-values to the majority of the odd levels.
When that phase of the analysis is carried out, more
assistance may be obtained in identifying the even
levels by considering combination properties. It is
probable that the analysis of the odd levels will be
complicated by the presence of magnetic and
configuration interactions.

4. Calculated Term Values

The matrices for the energy of terms in the d°, d° s,**
and d's* configurations are given in Appendix 1.
The elements are simple multiples of quantities
tabulated by Racah [12]; additional details are
given in reference [15]. The classification of terms
in a configuration d” must be amplified to distinguish
between terms with the same S- and L-values, and
Racah’s classification in terms of seniority number
has been used in setting up the matrices of Appendix
1 (the prefixed subscripts indicate the seniority
number). A fact of importance in understanding
this classification is that a term in the d’ s configura-
tion is usually characterized by a single seniority
number that differentiates terms with the same
S- and L-values. Terms of the same S- and -
values in the d* s* and d° configurations are not char-
acterized by a single seniority number because there
15 a nonzero, nondiagonal element in that part of
the matrix of Appendix 1 that refers to the single
configuration being considered. The L(L-+1) cor-
rection [16] has not been included in these matrices;
to include 1t a term aL(L+1) must be added to each
element in the main diagonal.

The method used to evaluate the parameters is
considerably simpler than the usual method [13]; it
has been given in detail with the idea that it may
help in future applications of the theory to the analy-
sis of experimental data. Although the procedure is
probably generally applicable, it is justified chiefly by
the good over-all agreement obtained in the final
result.

4.1. Radial Parameters for the 4d° 5s Configuration

In the d° s configuration the five parameters, A, I,
C, Gs, and «, must be evaluated. This is done with
the seven observed levels that are not perturbed by
configuration interaction, and the three additional

a2 A paper by N. Rosenzweig (Phys. Rev. 88, 580 (1952)) has just appeared
that gives the d—d’s matrix elements. Some of his elements differ in sign from

the elements in Appendix I; it is believed that the present choice of phase cor
responds to that already established by Racah.
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observed terms that enter into the 33 matrices.*
The last three observed values were corrected for the
effects of configuration interaction before inclusion
in the analysis.’

The value G,=1,795 is taken as one-sixth the sepa-
ration between the a’S and a°S terms. These two
terms are usually well separated from other terms
that can interact with them magnetically, and any
magnetic interactions present will have a minimum
effect on the value of G. because of the large mutual
separation of the 7S and °S terms. It is assumed
that G, values obtained from the separations of pairs
of terms based on the same d° parent will be con-
sistent in the absence of configuration interaction
and magnetic effects [16].

The 10 observed values are then used in a least-
squares calculation to get the best values of A, B, C,
and «. It should be pointed out that if only terms
with seniority number 5 in the d° parent term had
been selected, « could not have been evaluated be-
cause 1ts effect could be absorbed in the values of A,
B, and €. The details are closely similar to those
pointed out for the terms with seniority number 4 in
the d* and d° configurations [18]. Six of the 10
terms used in the parameter evaluation have parent
terms with seniority number 5, and four have parent
terms with seniority number 3.

In table 2 the term values are calculated without
the L(L-+1) correction in the two columns headed
(1); the mean deviation between theory and experi-
ment is +416 em~'. In the columns headed (2),
the calculation is given with the L(Z--1) correction,
and the mean deviation is reduced to =170 ecm™".
The latter agreement is probably as good as can be
expected when magnetic interactions are neglected,
as the discussion in Appendix 2 indicates.

TasrLE 2.— Term values in 4d> 5s configuration of Mo 1

(@) (2)b
Term Obs. |— —
Cale Diff. Cale. Diff.
- S| ST | R, | . —

4d3(a 58)5s a 7S 0 —153 —153 —95 | —95
4d5(a 6S)5s a 58 10768 10617 —151 10675 | —93
4d3(a *G)5s @ 5G| 16747 | 16557 | —190 | 16830 | 83
4d5(a 4P)5s a 5P 18322 19226 904 18478 | 156
4d3(a tD)5s h 5D 19846 19854 8 19714 | —132
4d5(a 21)5s a 31 25574 24946 —628 25643 | 69
4d5(a 4F)58 a 5F 26080 26291 211 26178 i 98
4d5(a 2I)58 a 'T 29024 28536 —488 29233 | 209
4ds(a 2H)5s b sH 30155 20970 —185 29959 | —196
4d5(a 2H)5s a 'H 33904 33560 —344 33549 —355

Mean dc\'iation,.,_,_;’ +416 +170

A 25307 ; 25960

B | 471 488

C | 2041 | 1898

G2 1795 | 1795

@ 38

@ No L(L+1) correction.
b With L(L+1) correction.

¢ These are the terms listed in table 2. The three terms that were corrected are
55D, a'l, and b3H.

5 It is assumed that the experimentally observed term values are the eigenvalues
of the matrices. The nondiagonal elements of the matrices are estimated as
closely as possible from considerations similar to those in section 4.3. The cor-
rected observed values are then the diagonal elements that would be required to
lead to the assumed eigenvalues. The correction is a function only of the value
assumed for the interaction parameter Hz. Because the estimated value FHa=348
is not much different from the final evaluation H:=357, the inclusion of these
corrected terms in the analysis will not reduce the accuracy.



4.2. Parameters for the 4d*5s* and 4d° Configura-
tions and Positions of Unperturbed Terms

It is usually assumed that the parameters are equal
in all configurations of the same atom when they are
defined by radial integrals having electrons with the
same 7- and {-values; this is the assumption made by
Ufford [11]. To obtain the full agreement possible
with the L (L 1) correction, it is necessary to assume
that the parameters are independent when they
occur in different configurations. To reduce the
number of parameters that must be evaluated, it
would otherwise have been preferable to use the
more usual assumption. Considerations relating to
these two approximations have been presented in
reference [13].

Only the three terms ¢ °D, ¢ °*H, and ¢ 'I are known
in the d° configuration; these are the terms that enter
into the 33 matrices and are used to evaluate the
d® parameters A, B, (', and a. In the d*§” con-
figuration the corresponding terms a°D, a*H, and
b 'l are also known, and these three terms of d*s*
were used to evaluate the four corresponding d* s
parameters. The method of correction used for the
terms in the d° s configuration (see footnote 5) is also
used in these two configurations. In either con-
figuration the three terms chosen can be calculated
with two independent parameters, each of which is a
linear combination of parameters A, B, C, and «.°
Some confirmation of the theory can therefore be
obtained at this stage of the calculation, since two
parameters are used to explain three observations.
The least-squares calculation is given in table 3. The
mean deviation for the d*s” configuration is 4128
cm ™! and the mean deviation for the d° configuration
is +43 em ™
Tasre 3.—Term values in 4d* 58 and 4d° configurations of

Mo 1 (em™1)
T o o Lo o |
| Cale. |

! Term

| Obs. | Cale. | Diff. Term | Obs. | Diff, |
AR NN SRS SR | SN S SR S
[
[ | | |
l 4d* 582 aSD ! 13506 | 13442 | —64 405 D | 24365 | 24376 | 11
| ddt5s2 adH | 24996 | 25170 174 4o ¥ | 34237 | 34192 | —65 |
4d4 5s2 HIT | 31156 | 31034 | —122 4do T | 39067 | 39100 | 33

| | | |

| Mean deviation._ . 4128 Il

‘ |

Mean deviation___+4-43 ‘

3 A 1 24850 A 33700
| B 555 ‘ B 3 455
| @ | © | 1771
; P y a | 38
| ! !

To obtain values of all four parameters 1t was
necessary to make two assumptions. The first of
these is that =38 in the d* s* and d° configurations,
which makes the value of « agree with the value
already determined in the ¢* s configuration [17, 18].
Because the L(L-+41) correction does not apply as
well in the d*s? and d° configurations [18], it is hard
to give a general procedure for evaluating « in these
configurations. In Mo 1, however, the fact that « s
small makes errors in evaluating it less important,
so that this first assumption should lead to little

6 It can easily be verified from the formula in Appendix 1 that the energies are

given by the formulas: D=X-21Y; 3H=X-17Y; 'I=X-15Y; where
X=A+421C4+132a; Y=B+4C+6a.

error. The second assumption made was that the
ratio of Fy to £, (or of B to () is the same as the
ratio already determined in the °s configuration.
This assumption should also be fairly good because
in published calculations for the spectra of the Fe
group of elements [13 to 16] the ratio F,/F, is fairly
constant and is usually within the limits 0.068
+0.003, despite the fact that the different config-
urations occur in different atoms and that the as-
sumptions used in the calculations differ slightly.
The value of the ratio already obtained in the d° s
configuration of Mo 1 (F/F,=0.0714) agrees with
the value of the ratio found by Ufford [11] in the
&* and d* s configurations of Zr1r (F,/F,=0.0715);
this is some confirmation of the constancy of this
ratio in spectra with 4d electrons.

In the columns of table 4 headed (1) are given
the positions of the terms calculated with the param-
eters evaluated in this and section 4.1. The mean
deviation of +2391 em™' will be largely explained
in the following section, when the effects of config-
uration interaction are considered. Besides indi-
ating the magnitude of the configuration inter-
action, the unperturbed positions of the terms de-
termine the configuration and parent of the ob-
served terms (whenever either of these is uncertain),
as outlined in section 4.4.

4 3. Interaction Parameters: Term Values With
Contiguration Interaction

Three parameters are required to define the ele-
ments of configuration interaction. Two param-
eters, representing interaction between the d° s
and d°, and between the d° s and d* s* configurations,
are defined by radial integrals H, whose single
electron wave functions have identical n and [/
values, and these parameters were therefore con-
sidered equal. The third interaction parameter,
(,, originates in the interaction between the d° and
d* s* configurations and was assumed equal to the
parameter G5 already determined in the @ s config-
uration, since the two parameters are defined sim-
ilarly.  With these assumptions, only one param-
eter, I,, is needed to include the effects of config-
uration interaction in the calculation. When more
terms are known experimentally, it may be possible
to check these assumptions. The agreement ob-
tained with the terms that are known at present
does not seem to depend very critically on the values
assumed for the radial parameters in the interaction
elements between terms of the d° and either the
d° s or d* s* configurations, and the assumptions are
really approximations for the values of the two pa-
rameters entering into these interactions.

The parameter FH, can be evaluated, so that exact
agreement with any one experimental value is
obtained by finding linear formulas for the eigen-
values of the matrix [13]; the iteration procedure is
convenient for finding the eigenvector needed in
making this calculation.” Because /7, is determined

7 W.J. Duncan and A. R. Collar, Phil. Mag. 17, 865 (1934). A constant larger

than half the sum of the least and greatest eigenvalues should be subtracted from
each element of the main diagonal in iterating for the lowest eigenvalue.
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TABLE 4.

Term values tm Mo 1 (¢cm™1)

| \ I i
i (1)= | @) ’ ! (1)= \ (2)®
Term | Obs. | ; ‘ Term | Obs. ‘ —]|
i ‘\ Cale. ‘ Diff ‘ Cale. ‘ Diff. 1 ‘ Cale. Diff. 1‘ Cale. Diff.
| \ ‘ | | |
| 1 } \ : ;
4d5(a °9)5s a’S | 0 —95| —95| —95| —95 | 4d5(b2D)5s ¢!D ‘ 41421 | 38045 E
4d5(a 5S)5s a®S | 10768 @ 10675 ‘ —93 | 10675 1 —93 || 4d8 c1I | 39521 | 39097 | —424 | 39555 34 |
444 5s? a’D | 11832 | 13423 | 1591 ‘ 11602 | —230 || 4d¢ c1G \\ 39043 | 40945 “
4d3(a 4G)5s aG | 16747 | 16830 | 83 | 16830 | 83 | 4ds e3D | 38737 | 41832 [
| 4d5(a *P)5s a’P i 18322 ; 18478 ‘ 156 | 18478 | 156 || 4d4 5s? c¢1F ( 38206 - 41900
| I [ | [ i |
4d5(a D)5 bSD | 20226 19714 | — 512 20066 | — 160 ‘ 4ds 5s? dsP | 42547 42133 %
4d5(a*G)5s a3G | 21178 | 24010 | 2832 | 21187 ‘ 9 || 4d¢ d1D 41891 42411 |
4d'(a*D)5s a’D | 21258 26894 | 5636 | 21352 | 94 | 4d3(b?G)5s ¢3G 41779 42572
4d* 5s? a3P ‘ 22413 | 25405 | 2992 | 21529 | —884 || 444 5s2 f3F | 42618 43489
4d4 s a’F | 23571 | 26094 | 2523 | 23575 | 4 || 4d5(b2G)5s d1G | 45369 47025
4d* 5s? alS | 24472 | 33194 1 8722 | 24464 —8 || 4d¢ d1F | 44782 47283
4d* 5s? a3H | 24506 | 25155 | 649 | 24654 “ 148 || 44s e3P | | 48272 | 47758
4d5(a2D)5s  a’l \ 25574 | 25643 69 25643 69 1‘ 444 52 e1G | 46792 | 47786
4db c¢5D | 25659 | 24373 |—1286 | 25842 | 183 || 445 c1S ‘ 40605 | | 48757
4d5(a *F)5s a®F | 26080 | 26178 98 ‘ 26178 98 || 448 g°*F 48404 | 49882
i \ ‘ i I ’
4d* 55 alG | 26636 | 31128 | 4492 | 26509 | —127 || 4d5(a°P)5s alP | 52081 52981
4d5(a 2D)5s b3D | 26824 | 27130 | 306 | 26988 | 164 || 44s f1G | | 51893 | 53320
‘; 4d5(a 4P)5s b3P | 26974 | 25658 | —1316 | 27297 | 323 || 4d5(a2P)5s f3P | 49391 | 53518
| 4dt 5s? b3G | 27510 | 27550 40 | 27465 | —45 || 4d5(c2D)5s 3D | | 53304 53891
| 4d°(a®F)5s b3F | 27608 | 27811 203 | 26820 | —788 || 4d5(c2D)5s e1D | | 56894 ‘ 55524
4d5(a?I)5s all | 28241 | 29233 992 | 28378 | 137 ‘ 4d4 5s2 f1D | | 57673 i 60044 ‘
4d5(a2H)5s b3H | 29995 | 29959 —36 | 29756 | —239 || 446 ‘ng | | 60721 | 63947 |
4d>(a*F)bs a'F | 31401 | 29069 | | 4d! 52 d1s | ‘ 70606 | 63640
" 4d3(a2D)5s alD | 30720 | 30484 4de ¢1S | | 71315 | | 74385
4d5(b 2F)5s ¢3F | 30183 | 31823 1640 | 29870 & —313 | } [
4d* 5s? b1l | 31485 | 31021 | —464 ‘ 31418 —67 || Mean deviation______ _,‘ +2391 em~! +273 em—* |
4d5(a2G)5s ¢3G | 31510 | 30175 | —1335 | 31369 | —141 | 3
4d5(b 2F)5s b'F | 35413 31550 | ‘ i [ [ o
4d5(a2G)5s b1G | 32688 | 33765 1077 | 32404 | —284 | (onfiguration A | B ‘ c | G, @
4d4 5s? ¢3D 30903 32924 | ; ) ‘ [
4d° ¢’P 34211 33249 | 4d* 5s? 24850 | 555 ‘ 2150 | 38
‘ 4d5(a2H)5s a'H | 33904 | 33549 | —355 | 33549 | —355 || 445 5s 25960 | 488 1898 { 1795 38
4d5(a 4F)5s d3F | 33358 34020 446 33700 455 1771 | 38 ‘
| 444 5s2 b1D | 34723 33585 ! } 1 ‘
| 4d5(a2S)5s a3S 34295 34295 | l
48 c3H | 34907 | 34189 | —718 | 34893 —14
‘ 4d° 3G 36084 | 37005 | Interaction parameters
4ds ¢IF 34840 | 37291 | | H=3573  Go—1795 ;
| 4d5(a28)5s b1S 37885 37359 | @ ’ ‘
| 4d5(b2D)bs d3D ‘ 37831 37812 1 | ‘
| | | il

a N_q configuration interaction.
b With configuration interaction.

most accurately from the terms that show large
effects of configuration interaction, it was evaluated
for only such terms. The values of /1, determined
from a’G, D, a®P, a®F, and a'G are 358, 362, 286,
358, and 350 em™!, respectively. The consistency of
these values is a very good check on the theory,
particularly when it is noted that the low value for
a *P can be explained by consideration of magnetic
effects (Appendix 2). If the term «’P is omitted,
the average of the other four terms leads to the value
I,—=357 (10:/1,—1130 was used in the calculations).

The columns of table 4 headed (2) give the term
values calculated with configuration interaction
included, by using the values of the parameters

determined in this and the two preceding sections.®
The mean deviation between theory and experiment
is +273 em™'; by omitting the a *P term, it is 4-222
em~'. The bF term also shows a large error, which
may not be magnetic in origin; the source of this error
is unknown. If this term also is omitted, the mean
deviation for the other 27 terms is reduced to 4168
em™!, which is the mean deviation most representa-
tive of the over-all agreement obtained.

8 The characteristic equation for the eigenvalues was determined by the Daniel-
ewsky method as described by H. Wayland, Quart. Applied Math. 2, 277 (1944).
Tt took 6 to 8 hours to find the eigenvalues of a 66 matrix in this way with a desk
calculator. Many of the values obtained were checked against values obtained
with the iteration procedure. The agreement obtained sets a limit of =2 em~! on
the error in the calculation of the eigenvalues.
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Ficure 1. Effect of configuration interaction in Mo 1.

The best confirmation of the theory comes from the
fact that seven of the eight observed values not used
to determine the parameters were predicted within
limits of twice the mean deviation (that is, within the
limits +336 em™!). Several other levels used in
evaluating parameters could have been omitted with-
out any loss in accuracy, as the preliminary calcula-
tion showed. The calculated term values under the
headings (1) and (2) of table 4 are compared graphi-
cally in figure 1 (only those terms that have been
(\.\pmlmontallv observed are shown).

4 4. Classification of Terms

An indication of the importance of configuration
interaction is obtained from the value of the param-
eter F1,. The value of this parameter, 357, (see
section 4.3) is large compared to values so far found
in spectra with 3d and 4s electrons. (The largest
ralue, 71,=172, is found in Ti 11 [13]). The strong
('onﬁgum,t‘lon interaction in Mo 1 leads to such com-
plete mixing that it is not possible in many cases to

determine experimentally the configuration, or, in
the case of d°s terms, the parent to which a term
belongs. The configuration and the parent term are
specified theoretically in such cases by naming the
terms of same S- and L-value, so that the order is
the same as that of the unperturbed term values.
This method of classification depends on the values
assumed for the parameters in calculating the un-
perturbed positions of the terms, and when two
terms have unperturbed positions that are very close
together, there may be some indeterminacy in the
naming of terms according to this rule.  For instance,
the @’D and 63D terms are separated by 236 cm™!
and the ¢*P and b°P terms are separated by 253
cm™! in the unperturbed positions, and these dif-
ferences are the same order of magnitude as the mean
deviation of the final calculation.

Another shortcoming of this method of classifi-
cation is that the name of the term may have little
physical significance.  When the configuration inter-
action is weak, the dominant component of the
eigenfunction is indicated, but this need not be the
case when the configuration interaction is strong.
The percentage compositions of the three lowest
*D levels and the three lowest *P levels are given in
table 5 as representative examples. 1t will be noted
that if the classification were made to correspond to
the dominant component of the ecigenfunction, the
assignments for ¢’D and 5°D and for «*P and b°P
would be reversed. This sort of discrepancy will
generally not arise when the unperturbed levels are
well separated, as is the case for ¢’D and ¢°P. It
is expected that naming a term from the dominant
component of the eigenfunction depends too critically
on the values assumed for the radial parameters to
make this method of classification any more signifi-
cant. A determination of the eigenvectors of all the
terms would entail considerable additional work, and
this is another disadvantage of such a classification.

TaBre 5.—Composition of lowest 3P and 3D states of Mo 1

Ob- | Pure term with no (()n(lLln ition interaction
served | = ==
Wrm | gy g2gp- | @5(4P)s 3P | doSP- | a4 s23P+ | d63P+ | d5(2P)s3P |
[ [ [ [ ; [
\ ‘ r !
a P 43.6 | 523 | 3.6 0.3 0.0 0.2 |
b 3P 53.0 | 37.7 3.3 1.2 3.8 | 1.0 |
¢3P | 0.3 | 2.4 | 745 | 16.6 1.6 4.6 |
| [ | R I A !
‘ | d5¢D)s D ‘da( 2D~ )sﬂl)‘ 4 823D | d5(2D)s3D | 83D | d3(2D%)s 3D
| | [ | ) =
asD | 2.1 | 36 | 276 | 0.1 9.1 0.3 |
b 3D 59.3 ‘ 40.7 | 0.0 | 0| 0.0 0 ‘
¢ 4D 6.5 10.4 | 8.0 | 203 | 7.5 .3

This work has been carried out in the Spectroscopy
Section of the National Bureau of Standards. W. K.
Meggers, Chief of this Section, has given it his whole-
hearted support. C. C. Kiess, who suggested this
problem; has given generously of his time and valu-
able advice throughout the course of the work. It
is a pleasure to express to them our gratitude for their
interest and expert guidance.
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db :;‘

d5(3S)s 1S

dt s? éx

dt 2 §S

d>(39)s 38
d5(§S)s 58
d5(§S)s 7S
d5(3P)s 1P

3P

d’(3P)s P

d(3P)s 3P

dt s? 3P

ds s 3P

d5(3P)s 5P

Term energies for db, ds, and d* s* configurations.

5. Appendix 1.

Matrices of Electrostatic Repulsion

B=F,—5F; C=35F,; H=+/10H,= (y/10/35) R2(dd,ds)

=, f |
| | |
A+14B+14C 6y21B 0 * —2G, 0
i
6+/21B A+6B+6C | —8H 0 G,
0 —8H A= BYBHLE 0= (e, 0 8H
—2G, 0 0 A+14B+14C 6218
0 G, ‘ SH 6+/21B } A+6B+6C
| |
l |
A—3B+8C—3G
A= SRR
A—35B—5G,
A+20B+10C—G,
— ” !
A—TB+7C 414B | — ey ‘ 0 i 26, 0
L | §
4+/14B A= @B —H V14 H 0 G,
—+14H i — 21 A+20B+10C—3G, 0 —+/14H —H
J
0 v14H ‘ 0 A—28B+7C 0 Vi4H
f
P ———————— = — *777-—_‘ pe— —_— ‘] e
g |
— e, 0 r —+14H 0 : A BRI G 44/14B
0 ‘ G, f —H V14H 44/14B A—3B+4C |
il
\- |

A—28B+7C—4G,
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Term energues for db, dds, and d* s* corfigurations.

d ;D

d*(D)s 1D

d5ED)s 1D

d5ED)s 1D

d* s?2 ;D

d* s2 D

45 3D

BCED)s *D

#(D)s *D

A5GD)s *D

&(D)s *D

dt s2 3D

B=F,—5F,; C=35F,; H=+10H,= (y10/35) F2(dd,ds)—Continued

\ 4 i l
A+15B+9C| 12v/2B VTH ‘ 0 3H — 96, 0
i \
@ :
- | . R
12¢/ 2R A+3B+6C 0 ’ H 3v2H 0 G,
\ - o .
| =
. |
NTH 0 | A+14C—G, —6y/14B 0 —7TH 0
|
o —
il -
0 } H | —6y14B |A—6B+8C—G, 0 0 — [
| |
| _I- S
311 32 0 0 A—AB Y 100702! 311 3211
——— i_ !iu- [ — — et e et — .
\ 1 ‘
—2G, | 0 | —TH 0 3H |4+15B+9C|  12v2B
\ ’ '
| |
0 : G, ‘ 0 —H 3v211 12v2B A+3B+6C
| | |
e e e e ‘ — 7 -
| _ \
A+5B+4C 0 —3v2H —2H 30 j‘ G,
1
==t e ) e e ————
0 [ A+14C—3G, —6y14B 0 0 0
— 3O —6y14B A—6B+8C—3G, 0 ' 0 3v2H
o ‘, |
—on i 0 0 A—4B+10C—3G, 0 —21
f ' | |
3H I 0 0 , 0 | A—18B+5C —3H
| |
— | ———— ‘ 1
‘; | | |
¢ | 0 | 3y21 1 —2H | —3H A—5B+4C
| |
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Term energies for db, dos, and d* s* configurations.

B=F,—5F,; C=35F; H=+/10H,= (1/10/35) R?(dd,ds)—Continued
d53D A—21B —\7TH @
d5(4D)s 5D —v7H A—18B+5C—4G: VTH
d4s23D G NTH A—21B
1
dSiF A+6C —3+v5H — G fi G,
J
d5(3F)s 1F —3+5H A—25B+10C—G, 0 —3+/5H
d5(2F)s 1T —1H 0 A= 0B 0= 1H
I
dt s IF (e —3v/5H 1H ST
di3F A=SUBALFE 128 211 0 0 =030 0
ds3F 128 A—8B+4C 3H —2H 35 H 0 G,
_ A—25B+

d5(3F)s3F 2H 3H 10C— 3G, 0 0 2H $H

d5(4F)s3F 0 —2H 0 A—13B+17C 0 0 —2H

B EF) s 9F 0 $VBH 0 0 Ang’_%a 0 —3BH
di 2 3F — ! 0 2 0 0 A—2B7C 12B
dés? i1 0 / G, $+H —2H —3+/5H 128 A—8B+4C

o




Term energies for d°, ds, and d* s? configurations.

d3(3F)s 5F

ds 3G

ds G

A3(3G)s G

BEGYs 1G

dy s 3G

df 3G

d(G)s 3G

d*(3G)s °G

d*(¢G)s G

d* s23G

dBEC)s 3G
&5EH)s 1

A—13B+47C—44,

B=F,—5Fy; C=35F,; H=+/10H,= (+/10/35) F2(dd,ds)— Continued

|
A—6B+9C 44/11B — 160 H 0 — e, 0
|
|
- f .
44/11B A—4B+6C 5v/660H H 0 G,
— 14/60H 2566071 A+3B+10C—G, 0 —160H L6601
| . ; R
|
0 $H 0 A—13B+8C— G| 0 —3H
— e 0 — /601 0 A—6B+9C 4+/11B
|
0 G, : 1oy/66077 3l | aylIB A—4B16C
| |
‘ |
A—12B+4C 3 H — 151/660H —1+/60H G.
3H AERS BES 036, 0 0 $H
— 75 V660H 0 A—13B+8C—3G, 0 /660 H
—14/60H 0 0 A—25B+5C 160 H
G, $H L2V660H 14600 A—12B+4C

A—25B+5C—4G,
A—22B410C—G,
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Term energies for dS, ds, and d* s* configurations.

B=F,—5F;; C=35F,; H=+/10H,= (v/10/35) 2(dd,ds)—Continued

45 3H A—17B+4C - i G
- [ — S
d5GH)s 3H —H A—22B+10C—3G, ; — 77
| o N - -
dts? 3H | G ‘ —H ; A—17B+4C
| |
| i
s 11 A—15B+6C —H G:
_ e — = 7;“, = = ]
d5E)s 11 o } A—24B+8C—G, H
PR = S T S —
| |
dt 52 11 G, i H } A—15B+6C i
[ [ |
. 5 | | 1
BED)s 0T A—24B+8C— 3G,

Appendix 2. Spin-Orbit Interaction
The matrix element of the a 3D —a 3P interaction is
415 ¢(d* s2)+1.031 ¢(d5s) —.065 ¢(db)

for the levels with J=2, and 0.745 times this value for those
with J=1. The value of the radial parameter for spin-orbit
interaction can be determined with fair accuracy in the d4 s?
configuration from the over-all separation of the a 5D levels.
By including a correction for the effect of configuration inter-
action, this leads to a value {(d* s2) =715 em~1. (The value
of ¢ in the db configuration cannot be easily determined in
this way, but indications are that it is considerably smaller.)
If the value 715 em~1 is used for the parameter in all config-
urations, the matrix element between the levels having J=2
is 987 em™1, and the element between those with J=1 is 735
cm~!,  Since these values are the order of half the observed
separation between the corresponding pairs of levels, the
larger part of the observed separation is probably due to the
spin-orbit interaction. This conclusion is well confirmed by
inspection of the intervals of 3D and « 3P and by consid-
eration of the g-values as already indicated in section 3.

The observed term values in table 4 are weighted averages
of the actual observed levels. The weighting factor is 2J+1
so that perturbations of the levels with largest J value are
most important in considering the effects of spin-orbit inter-
action. The considerations of the previous paragraph indi-
cate that the value calculated for a 3P should be increased by
say 550 em~!; owing to the 2J+1 weighting, the a 3D value
would be decreased by only 3/5 of this value, or by 330 em—!.
The error in the a 3P calculation would then be reduced from
—884 em~! to —334 em~1, while the error for the a 3D term
would be changed from -+94 em~! to —236 cm~1. A quan-
titative estimate of the effect would require consideration of
the interactions with other levels that are farther away and
a better estimate of the values of ¢.

The possibility that other large spin-orbit interactions have
produced an accidental good agreement has not been fully
investigated. However, qualitative estimates of the mag-

netic effects were made to explain the observed intervals by
taking into account the separations of the possible interacting
levels and the g-values. A fairly complete and consistent
estimate of the effects was obtained which indicated that
agreement was not due to accidental cancellation of errors.
However, the magnetic interaction is fairly strong and,
generally, agreement between theory and experiment better
than + 100 ecm~! would have to be considered accidental; in
certain cases, errors as large as 200 to 300 cm~! could result.

6. References

[1] C. C. Kiess, BS Sci. Pap. 19, 113 (1923) S474.

[2] M. A. Cataldn, An. Espan. Soc. Fis. Quim. 21, 213 (1923).
[3] W. F. Meggers and C. C. Kiess, J. Opt. Soc. Am. Rev.
Sci. Instr. 12, 417 (1926).

[4] M. A. Cataldn and P. de Madariaga, An. Espan. Soc.
Fis. Quim. 31, 707 (1933).

[5] J. C. Slater, Phys. Rev. 34, 1293 (1929).

[6] O. Laporte and J. R. Platt, Phys. Rev. 61, 305 (1942).
[7] M. A. Cataldn and M. T. Antunes, Z. Phys. 102, 432
(1936).

[8] O. Laporte, Phys. Rev. 61, 302 (1942).

[9] G. Racah, Phys. Rev. 62, 438 (1942).

10] E. U. Condon, Phys. Rev. 36, 1121 (1930).
11] C. W. Ufford, Phys. Rev. 44, 732 (1933).
12] G. Racah, Phys. Rev. 63, 367 (1943).

13] A. Many, Phys. Rev. 70, 511 (1946).

14] A. A. Schweizer, Phys. Rev. 80, 1080 (1950).
15] R. E. Trees, Phys. Rev. 83, 756 (1951).

16] R. E. Trees, Phys. Rev. 84, 1089 (1951).
17] G. Racah, Phys. Rev. 85, 381 (1952).

18] R. E. Trees, Phys. Rev. 85, 382 (1952).

19] G. Racah, Physica 16, 651 (1950).

WasHinGTON, July 18, 1952.

408



	jresv49n6p_397
	jresv49n6p_398
	jresv49n6p_399
	jresv49n6p_400
	jresv49n6p_401
	jresv49n6p_402
	jresv49n6p_403
	jresv49n6p_404
	jresv49n6p_405
	jresv49n6p_406
	jresv49n6p_407
	jresv49n6p_408

