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Gradient Methods in the Solution of 
Systems of Linear Equations 1 

Marvin 1. Stein 

The res u l t~ of \·arious expe rimcnts with iterative met hods fo r solving systcms of lincar 
algebraic equat ion s are discussed. :Yfodifications of the optimum gradie nt met hod are co m
pa rcd , and t hc rather interest in g self-acceleratio n propert ies of a class of methods here flam ed 
" alm ost opt imum " g radient mc t hods are poin ted out. 

1. Introduction 

The method of s teepes t descen t, or Lhe optimum 
gradient method, has been known to math ematicians 
since the time of Cau chy [1).2 O thers who have dis
cussed thi ::; met.hocl include C urry 12], Forsythe and 
Motzkin [3], Household er l4], K antorovitcb l5], an d 
Temple [6]. ILs infrequ ent appli ention in compu
tational work is no doub t due to the slowness with 
which it conv('rges. This slown ess of convergen ce 
is unfortunate] r gene rnlly Lr uC' of gradient method s. 
However, wiLh the advent of large-scal t' computing 
ilaehiJw ry it has become feasiblf' lo seriou sly conqidel· 
them in pracLical nume rical anal.\Tsis. 

In a forthcoming paper, Hestf'nes and Stein [7] 
discuss a larg·C' class of gradient wocedures for solving 
systf'ms of linear eq uations. These proecdu res con
tain the optim.um gradient mC'thod as a sp ec ial case. 
The present notC' i8 mainl)- a l"epr,r t on some num e:·
ical eXlleriments with them I·h at. were carried out on 
the IBlvf Card-Programmed E lectronic Calculator aL 
the Inst itu t(' for Numerical Analvs is of th e Nation al 
Bureau of Standards. Some att·ent ion i'l also given 
to an e.''l)('r im en t in which thr problem of so lvin g a 
sy'Stem of linear equations was changed to an equiv
alent eigenvalue p roblem and then solved by a mod 
ification of one of the gradien t method., discussed by 
}lestenes and K arush [8]. The most ~ triking resu lt 
of the experimen ts indicates that th ere is a Is ["ge clnss 
of gradient methods th at. is self-accelel'atin{/, that is, 
which irregularly shows a large increase in the rate of 
convergence withou t the introduction of an." modi·· 
fica tion in the compu tational routine This be
haviOl" is in sharp conl rast to that of the method of 
st.eepest descent, which in the light of the present 
results can no longer be considered as optimum from 
an over-all poin t of yiew unless modifi ed b)T some 
special accelerating routin e 19]. 

2. Summary of the Theory 

Let A denote an m-ro wed and n-columncd matrix, 
and let b and x b e m-rowed and n-rowed column 
vectors, respectivel)r. The yector r(x)= b- Ax is 
then an m- rowed colunID vector. In the followin g 
a s ta r (*) afJLwcl to the symbol for any vector or 
mat rix will indicate il conjugate transpose. H en ce. 

1 'l'h ~ preparat ion of I his paper was sponsored (in part) by the Omce of Naval 
Research. 

2 Figures in brackets indi c-a.te the iilcra tul'f' refe rences at the end or this pa per. 
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if J-T is a positive m X m H rrmi tia n mn t rix, we IUl.Ve 
H *= H , r*Hr> O, provided r~O . Clra riy, the 
nonnegativ(' real-valued function 

f (:r)= I'*lfr (1) 

vanishes i r and onl.,· if 

Ax= b. (2) 

Tllercfore, Lhe pro blem of minimizing (l) is equiva
lent to the problem of solving the svstem (2), ])ro
vicled a solu tion exisls. If no solu Lion exists, a 
vector x which minimizes f Cr) y ields a best fit of 
b by Ax in a least-squares sense with thr m rl ri c 
determined by H . 

H estpnes aild Stein [7] h avI' anal.vzed th r follo\\-ing 
algori thm fo r constr ll cting the minimum o( (1) . 
Consider i trJ" ::t Ljom: ot the t.' -pe 

wh ere Xo is chosen iniLialh- and w here, afte r J:j has 
been determi ned, Lh e grad ient vector ~l is defi ned b.'T 
the rule ~i= A *Tlr (.r,i) . If ~i= O , th r problem is 
solved. If ~ i ~ O , the sealar (X i is taken to be of the 
form (X j= B (Yi , wh ('l"e 

and (3 i is an.,- complex number. The sequ ence (3) 
h as been shown to conve rge to th e minimum of 
f(x) provided the codfic ients (3 j sat is fy th e condi t ion 

.l+~ ?: 1 + 8, 
f3 i ,B i 

where 8 is arbit rary on the range 0< 8< l. 
Setting f3 i == 1 gives the optimum grad ient method, 

which has the following geometrical int ':ll"pretation . 
Starting at Xo .. one proceeds Hlong the normal to th at 
mrmber of th e family of concent ric ellipsoid 

f(x ) = comtant, (4) 

which passes through 2'0 un Lil a point tangen t to 
another ellipsoid of the family is r each ed. Onf' then 
gor along th e normal to this sr concl ellipsoid until 
onp is again at a point of tangency to a member of (4 ), 
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and so on until the common center is reached. Clear
ly, it would be highly desirable to land on an axis 
of the family. However, as simple two-dimensional 
examples illustrate, one usually overshoots the major 
axis bv proceeding all the way to a point of tangency. 
H ence, it was conjectured by ]\II. R . H estenes that 
of the allowed values of f3t some of those chosen 
from the range f3;<1 would yield better convergence 
t han f3 ; == 1. This conjecture is the motivation for 
the experimental work whose results will be tabulated 
and discussed below. 

3 . Experimental Data 

The algorithm described in the preceding section 
was carried out for the problem Ax= b with 

r oo" 
.02634 -. 04640 -. 0i368 -. 02131 -. 00431 

. 02634 . 26841 - .02243 .15952 -. 05923 -. 12797 

-. 04640 -. 02243 . 10932 .05150 -. 04100 . 08558 

Al -""· . 15952 . 05150 . 25152 -. 01141 -. 07169 

-. 02131 -. 05923 -. 04100 -. 01141 . 14403 . 01105 

- . 00431 -. 12797 .08558 - . 07169 . 01105 . 19450 

(5) 

and 

r-OO-l -. 014279 

-. 000243 

"l """'J . 008043 

-.004895 

(6) 

Runs were made with fixed values of f3 t ranging be
tween f3i ==. l and f3 i== 1.9 . Since the matrix A and 
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the vector b were obtained from an origin al matrix 
B and vector c as 

A B*B, b= B*c, (7) 

A is positive and sYllune tric. Hence, a convenient 
metric is 

H = A - l. (8) 

In the metric (8) the gradien t becomes ~i=r(Xt). 
Thus the other significan t quan tities defined in sec
tion 2 assume t he form 

r*(X i) r (X i) 
r*(x ;) Ar (Xi) 

f (Xi)=C*C-(X; b + b*x;)+x;Ax; 

= c*c - x;(b + r (Xi»' 

Table 1 lists runs of j(Xt) and j(Xi)/}(X; _I) for 
various fixed values of f3 t. In each case the ini tirul 
X= Xo was zero. The values of j(Xi ) are g iven here 
to t he samo number of places as in th e original 
calculation, while the ratios j (xi)l.f (Xi-l) have been 
cu t down from a six-place table. Table 2 gives the 
values of a ; corresponding to the runs listed in table 
1. These numbers were originally compu ted to 10 
places. The results listed in tables 1 and 2 are based> 
for the most part on single fUll S of the Card-Program
med Calculator. The main check used in th e ma
chine computations was the monotonicity of j(x) . 
However, the run f3 ;==.9 has been exactly duplicated 
on two separate occasions The results of the ru n 
f3 ;== 1 check closely with results obtained by A. 1. 
Forsythe in an entirely independent manner. 



... .........-

TABLE 1 

- ----

"" 
I I 

! (Xi) I- f (x i) I .r(x ,) 

I 

! (X i) 

""" fi 

I (x ;) 
.f(x i-J J{ ri) 

](Xi-' ) 
f (·r ,) 

I .f(x i-J f (·T il 
! (Xi- ,) 

i " ~ 0.1 0.3 0.6 0.8 

0 333840 ------ 333840 ------ 333840 ------ 333840 ------
1 293093 0.8779 224451 O. 6723 153663 O. 4603 127922 O. 3832 
2 257410 . 8782 152582 . 6798 98661 . 6421 93810 .7333 
3 226497 . 8799 111480 . 7306 77941 . 7900 73423 . 7827 
4 199981 .8829 87335 .7834 67416 . 8650 65477 . 8918 
5 177424 . 8872 72579 . 8310 61492 . 9121 58631 . 8954 

6 158324 .8923 63339 .8727 57677 . 9379 55826 . 9521 
7 142190 .8981 57304 . 9047 55073 . 9548 51049 .9144 
8 128561 . 9041 52467 . 9156 52979 . 9620 49055 . 9609 
9 117033 . 9103 44607 . 8502 51324 . 9688 23614. .4814 

10 107265 . 9165 39040 . 8752 49694 . 9682 22633 .9584 

11 98962 . 9226 38532 . 9870 48416 . 9743 19411 . 8576 
12 91885 . 9285 36121 . 9374 46747 . 9655 18091 . 9320 
13 85836 . 9342 35705 . 9885 45718 . 9780 16729 . 9247 
14 80647 . 9395 34881 . 9769 41494 . 9076 16068 . 9605 
15 76184 . 9447 34138 . 9787 40042 . 9650 14243 . 8864 

16 72336 . 9495 33281 . 9749 39063 . 9755 13389 . 9400 
17 68999 .9539 32693 . 9823 38192 . 9777 13008 . 9715 
18 66094 . 9579 31085 . 9508 37193 . 9738 12727 . 9784 
19 63546 . 9614 30737 . 9888 36444 . 9799 12414 . 9754 
20 61295 . 9646 29969 . 9750 35033 . 9613 12152 . 9789 

21 59273 . 9670 29460 . 9830 34325 . 9798 11807 . 9716 
22 57423 . 9688 27849 . 9453 18343 . 53H 1154.4 . 9'177 
23 55677 . 9696 27540 . 9889 16437 . 8961 10972 . 9504 
24 53951 .9690 27027 . 9814 16011 .9741 ]0595 . 9656 
25 52120 . 9661 26105 . 9659 15288 . 9548 369·( . 3486 

26 49948 . 9583 25789 . 9879 14955 . 9782 2468 . 6681 
27 46891 . 9388 21529 . 8348 13055 . 8729 2389 . 9680 
28 42130 . 8985 21171 . 9834 12441 . 9530 1956 . 8187 
29 36978 . 8777 20929 . 9886 12216 . 9819 1767 . 9033 
30 31700 . 8573 20649 . 9866 11111 . 9095 1723 . 9751 

O. 85 0.9 0.95 1.0 

0 333840 -- - --- 333840 ------ 333840 ------ 333840 ------
1 124168 O. 3719 121487 O. 3639 119877 O. 3591 119341 O. 3575 
2 91763 . 7390 89569 . 7373 87412 . 7292 85444 . 7160 
3 71835 . 7828 70668 . 7890 70104 . 8020 70047 . 8198 
4 64192 . 8936 63092 . 8928 62460 . 8910 62360 . 8902 
5 57521 . 8961 57047 .9042 57261 . 9168 57853 . 9277 

6 54774 . 9522 54256 . 9511 54401 . 9500 54959 . 9500 , 
7 49772 . 9087 50251 . 9262 51556 . 9477 52692 . 9587 
8 47378 . 9519 47793 .9511 49435 . 9589 50807 . 9642 
9 27275 . 5757 38645 . 8086 46729 . 9453 49095 . 9663 

10 25034 . 9178 33695 . 8719 44495 . 9522 47519 . 9679 

11 23465 . 9373 31606 . 9380 40884 . 9188 ·16036 . 9688 
12 22561 . 9615 30107 . 9526 38017 . 9299 -14634 . 9695 
13 21653 . 9597 27239 . 9047 28607 . 7525 -13304 . 9702 
14 21039 . 9716 25370 . 9314 22911 . 8009 42036 . 9707 
15 20108 . 9557 24619 .9704 20890 . 9118 40825 . 9712 

16 19456 . 9676 24072 . 9778 19416 .9294 39667 . 9716 
17 ]6602 .8533 23518 . 9770 18906 . 9737 38557 . 9720 
18 14946 . 9002 23014 .9786 18497 . 9784 37489 . 9723 
19 14384 . 9624 22453 .9756 18089 . 9779 36462 . 9726 
20 13963 . 9707 21954 . 9778 17701 . 9785 35473 . 9729 
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TABLE l. - -Continlled 

~~ I f(X i) 

I 
f(:ti ) • 

I 
f(X i) 

I I 
I (Xi) 

(1 
/ (1' ,) 

I ! (J' i- I) I 
J(X i) 

T(x'- I) I 
f(J;i) 

f (Xi- l) 
f(J; i) 

.f(X i- l) 
I 

i ~ 0.85 0.9 0.95 1.0 

21 12095 .8662 21356 .9728 17306 . 9777 34518 .9731 
22 10917 .9026 20842 . 9759 16935 .9786. 33597 .9733 
23 10509 . 9626 20115 .9651 16551 . 9773 32706 . 9735 
24 10201 . 9707 19515 .9702 16190 . 9782 31843 . 9736 
25 8748 . 8576 18227 .9340 15818 . 9770 31008 . 9738 

26 7837 . 8959 17230 . 9453 15469 .9779 30197 . 9738 
27 7570 . 9659 598 .0347 15103 .9763 29413 . 9740 
28 7366 . 9730 280 . 4682 14761 . 9773 28648 . 9740 
29 6762 . 9180 273 . 9750 14396 . 9753 27910 . 9742 
30 6352 . 9394 264 .9670 14059 . 9766 27191 . 9742 

1.1 1.3 1.6 1.9 

0 333840 ------------ 333840 ------------ 333840 ------ ------ 333840 ------------1 121486 .3639 138645 . 4153 196562 . 5888 293091 .8779 
2 82591 . 6798 84466 . 6092 124599 .6339 256477 .8751 
3 70272 . 8508 69395 . 8216 85428 . 6856 219046 . 8540 
4 62921 . 8954 62726 . 9039 68391 . 8006 188063 . 8585 
5 58869 . 9356 58755 . 9367 60665 .8870 162609 .8646 

6 55940 . 9502 56019 .9534 56682 .9343 141685 .8713 
7 53827 .9622 53906 . 9623 54199 .9562 124461 . 8784 
8 52009 . 9662 52138 . 9672 52332 . 9655 110243 .8858 
9 50457 .9701 50571 .9699 50740 .9696 98480 .8933 

10 49000 . 9711 49131 . 9715 49290 . 9714 88712 . 9008 

11 47669 . 9728 47784 . 9726 47936 . 9725 80574 . 9083 
12 46391 . 9732 46512 . 9734 46660 .9734 73768 . 9155 
13 45190 . 9741 45301 .9740 45440 .9738 68046 . 9224 
14 44031 .9743 44144 .9745 44277 .9744 63212 . 9290 
15 42929 . 9750 43035 . 9749 43165 . 9749 59100 . 9349 

16 41866 . 9752 41970 . 9752 42097 .9752 55587 .9405 
17 40851 . 9757 40948 .9756 41068 . 9755 52560 . 9455 
18 39865 . 9759 39961 . 9759 40077 . 9759 49934 .9500 
19 38917 .9762 39009 .9762 39123 .9762 47640 . 9540 
20 38001 . 9765 38091 . 9765 38200 . 9764 45618 .9575 

21 37114 . 9766 37203 . 9767 37307 .9766 43820 . 9606 
22 36257 . 9769 36341 .9768 36444 . 9769 42212 . 9633 
23 35426 . 9771 35506 . 9770 35607 . 9770 40757 . 9655 
24 34619 . 9772 34700 .9773 34795 . 9772 39433 . 9675 
25 33835 . 9773 33912 . 9773 34007 .9773 38219 . 9692 

26 33073 .9775 33149 .9775 33239 . 9774 37097 . 9706 
27 32333 . 9776 32407 . 9776 32496 . 9776 36053 . 9718 
28 31613 .9777 31684 .9777 31770 . 9776 35075 . 9729 
29 30913 . 9778 30982 .9778 31066 . 9778 34155 . 9738 
30 30230 . 9779 30298 .9779 30380 .9779 33283 .9744 

----
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~---------------------------------------------------------------------- -~----------~. 

""'-
;-~ 0.1 0.3 0.6 0.8 0.85 

I -~--""'--' ----1----1------ ------. -----

I 
2 
3 
4 
5 

6 
7 
8 
9 

JO 

II 
J2 
13 
14 
15 

16 
J7 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

O. 553 
. 595 
.635 
.670 
. 702 

. 732 

. 762 

.792 

.825 

.862 

.902 

.94 7 

.096 
1. 052 
1. ll3 

1. 182 
1. 260 
1.34(l 
1.454 
1.58 l 

1. 742 
1. 9.58 
2. 264 
2. 735 
3. 534 

5. 083 
8. 606 

15. 945 
20. 844 
25.971 

1. 660 
2.094 
2.377 
2. 764 
3. 319 

4. 064 
5. 168 
7. 863 

22. 205 
21. 294 

1. 5.19 
I l. 598 

1. 198 
4. 095 
3. 761 

4. 595 
2. 977 
9. 809 
1. 233 
4. 668 

2.893 
11. 156 

1. 13l 
3. 300 
6. 757 

1. 714 
35. 356 
O. 755 
O. 9(l3 
2. 110 

3. 320 
3. 576 
3.491 
3. 585 
3. 587 

3.766 
3.714 
4. 012 
3. 688 
4. 390 

3. 336 
5. 688 
2.492 

19. 081 
1. 447 

4.218 
3. 6J 1 
4. 832 
2. 990 
8. 239 

1. 919 
116. 743 

1. 259 
1. 595 
9.841 

1. 759 
30. 924 

1. 344 
2.467 

22. 538 

4. 427 
2.827 
4. 642 
2.676 
6. 157 

2. 391 
12. 626 

2. 027 
125. 896 

2. 248 

25. 889 
J. 825 

15. 493 
2.087 

27. 349 

3. 30 1 
4. 480 
3. 474 
4. 986 
3.103 

6. 463 
2.567 

13. 274 
1. 962 

108. 581 

1. 628 
2. 204 

42. 9.57 
1. 695 
5. 189 

4. 703 
2. 691 
5. 158 
2.532 
7.173 

2. 315 
16. 049 
2.030 

108. 543 
3. 025 

4.738 
2. 912 
6. 140 
2.634 
9.972 

2. 206 
4J. 576 

1. 799 
9.9l9 
2.218 

41. 303 
1. 79(l 

10. 109 
2.207 

44. 570 

1. 793 
8.887 
2.3l4 

24. 873 
1. 884 

0.9 

4. 980 
2. 602 
5. 543 
2. 486 
7.484 

2. 362 
13. 847 
2. 14J 

50. 509 
1. 886 

17.068 
2. 128 

29. 005 
2. 525 
5. 586 

3. 407 
5. 000 
3. 207 
5. 628 
2. 954 

6.8J8 
2. 657 
9. 627 
2. 332 

20.47l 

2.015 
326. 505 

1. 8J 7 
3.01 8 
6. 291 

0.95 

5. 257 
2. 558 
5. 657 
2. 525 
6. 86.') 

2. 508 
9.251 
2. 412 

] 2. 958 
2. 248 

22. 431 
2. 085 

79. 57 l 
1. 958 

27. 906 

2. 685 
4. 786 
3. 565 
4. 596 
3. 488 

4. 747 
3. 398 
4. 942 
3. 295 
5. 200 

3. 179 
5. 550 
3. 049 
6. 03.8 
2. 907 

1.0 

5. 533 
2.55J 
5. 442 
2. 64J 
5.781 

2. 756 
6. 267 
2. 829 
6. 466 
2.849 

6. 513 
2. 853 
6. 530 
2.856 
6. 542 

2. 858 
6. 550 
2. 859 
6. 557 
2. 860 

6. 563 
2.861 
6. 568 
2. 862 
6 .. 571 

2. 863 
6. 574 
2. 863 
6. 576 
2. 864 

1. 1 

6. 087 
2. 625 
4. 437 
3. 057 
4.217 

3. 369 
4. 197 
3. 620 
4. l66 
3. 766 

4. Il2 
3. 847 
4. 066 
3. 895 
4. 036 

3. 926 
4.0l6 
3. 947 
4. OOS 
3. (l6l 

3. (l98 
3. 970 
3. 994 
3.976 
3. 992 

3. 98l 
3. (l9 l 
3.984 
3. 990 
3.986 

1.3 i 
7. U)3 
2. 983 
3. 242 
R 514 
3. 635 

3. 740 
3. 822 
3. 883 
3.92l 
3. 944 

3. 956 
3. 963 
3. 968 
3.971 
3. 973 

3. 975 
3.977 
3. 978 
3. 97(l 
3. 981 

3. 982 
3. 983 
3. 984 
3. 984 
3. (l85 

3. !l86 
3. 986 
3. 987 
3. n88 
3. 988 1 

1.6 

8.853 
3. 75l 
3.335 
3.335 
3. 398 

3. 522 
3. 684 
3.824 
3. 903 
3. 939 

3. 955 
3. 963 
3. 967 
3. 970 
3. 973 

3 975 
3. H76 
3. 978 
3. H79 
3. 980 

3.981 
3. 982 
3. 983 
3. 984 
3. 985 

3. 986 
3. 986 
3. 987 
3. 988 
3. 988 

1.9 

10. 5.1 3 
4.6J3 
3.844 
3. 827 
3.826 

3.827 
3. 829 
3.832 
3.834 
3. 837 

3. 841 
3. 845 
3.849 
3. 855 
3.860 

3. 866 
3.873 
3. 880 
3. 887 
3.895 

3. 903 
3.911 
3. 918 
3.926 
3.933 

3. 940 
3.946 
3. 952 
3.957 
3. 962 

4. Conversion to an Eigenvalue Problem 

By introducing thc variablc Xn+ l, an cquation 
Bx= c can be expressed in the homogencous form 
Cy = O, whflre 

HesLenes and Karllsh [8] have examincd in detail 
the convergence of various mcthod s for accompli h
ing the minimization of}J. . The following algorithm 
for constructing a seq'l.1'ence {y d that minimizes }J. is 
a modification of their "optimum a" procedure. 
We define the gradient flS ~ i= Hy i ) =Dyi- }J. (y i)y i . 
Let C = (B c) , ex ) y - . 

Xn+ l 

Multiplying through by C* gives the system of order 
one higher Dy= O, where 

(B*B 
D-

c* B 

B*C) 
c*c 

is a symmetric m.atrix whose leBst eigenvalu c is zero. 
Thc nontrivial eigenvector co rres~lOnding to this 
zcro eigenvalue yields a solu tion of the original 
system of lineflx equations. 

As is well known, the least eigenvector of the sym.
metric ma trix D can be found by minimizing the 
Rayleigh quo tien t 

() y* Dy 
}J.y = *- , 

Y Y 
y ~ o . 

and let a i= (3'Y i, where (3 i a positive number less 
than or equal to one. Then , given Yi, we determine 
Yi+ l by the formula yi+ l =y i- ai ~i . 

This algorithm was actually carried out with the 
matrix 

w'here A is given by (5) , b i given by (6) with all 
components multiplied by 10 and c*c = .333840. In 
view of (7) Dy = O is actually a problem of the type 
just described. Runs wcrc made with variou val
ue of (3 ranging between .7 find l'," For pUTposes 
of comparison , the same starLing point (origin) as 
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in the computations recorded in section 3 was used 
and a record of 

y *Dy 
j(x) = IYn+dz 

was kept. In table 3 3 we present the results of the 
run {3 = .9 . The runs for other values of {3 showed 
substantially the same unstable behavior, while that 
for (3 = 1 (optimunl) showed a very stable behavior 
and as a result converged quite slowly. The num
bers j(Xi) and a i , appearing in table 3, were orig
inally computed to 10 places. The ratiosj(x i)/j(X i-l) 
were computed from the original values of j(X i) and 
then cut down to th e present size. 

T AB LE 3. 

i f(xj) f(xj) If(Xi - l) 0.9Yi 

0 333840 ------ ------

1 121482 O. 3639 O. 4980 
2 86700 .7137 .2575 
3 70323 . 8111 . 7076 
4 57533 . 8181 .3951 
5 60698 1. 0550 . 5478 

6 53564 O. 8825 .3968 
7 53869 1. 0057 . 5494 
8 49788 O. 9242 .3479 
9 46902 .9420 . 5237 

10 45704 . 9744 . 3046 

11 41266 .9029 .5577 
12 41045 .9947 . 2761 
13 36337 . 8853 . 6639 
14 36011 . 99 10 . 2482 
15 31318 . 8697 . 9109 

16 30291 . 9672 . 2189 
17 24919 .8226 1. 7145 
18 22095 .8867 O. 1909 
19 7468 . 3380 5. 9172 
20 6963 . 9324 0.2.758 

21 5985 . 8595 . 6081 
22 5541 . 9258 . 2493 
23 4642 .8378 .8282 
24 4206 .9060 .2201 
25 3171 . 7540 1. 5481 

26 2644 . 8339 O. 1912 
27 264 . 0998 6. 6970 
28 151 . 5733 O. 1766 
29 117 .7708 1. 4380 
30 91 . 7806 O. 1908 

31 11 . 1274 6. 4755 
32 8 . 6933 O. 1890 

5. Conclusion 

The error functionj(x) goes monotonically to zero 
in each of the gradient methods. Hence the number 
Pn = 100j(xn)!f(xo) tells us what percentage of the 
distance from the starting point to zero remains to 
be covered at the nth step. Table .4 gives P30 for 
various values of {3 j . We note 

3 The a uthor thanks R. M . Hayes for furn ishing him with most of the data 
appearing in table 3. 

TABLE 4. 

(3 O. 1 O. 3 0.6 O. S 0.85 0. 9 

P 30 9. 49 6. 18 3.33 0.52 1. 90 0.08 
I , 

(3 O. 95 1.0 1. 1 1. 3 1.6 1.9 

P 30 4. 21 8. 14 9.05 9.07 9. 10 9. 97 

after 30 steps that, with the exception of the case 
{3 j= {3 = .l, all the gradien t methods for values {3< 1 
are converging faster than the optimum method, 
while all the gradient methods for values {3 > 1 
are converging at a slightly slower rate than the 
optimum method. For the eigenvalue method we 
have P 3z = .002. The increased rate of convergence 
for this case is offset on the Card-Programmed 
Calculator by the greater length of time needed for 
each step. However, on a high-speed machine this 
factor would be negligible. An explanation of the 
speedier convergence of the eigenvalue procedure 
li es in the fact that the transformation of the prob
lem to the homogeneous form has shrunk the ratio 
of the largest and the smallest nonzero eigenvalu es. 
This improvement of "condition" is something that 
one could not generally expect to occur (10] . 

The ratios .f(X i)/j(X i-l) compare the rate of con
vergence at each step with that of a geometric 
progression having the same ratio. A study of these 
numbers and of the corrections a i brings into sharp 
focus the contrast between the instability of the 
gradient methods employing {3< 1 and the stability 
of those employing {3 ~ 1. In the method of steepest 
descent it is just this stability that permits accelera
t ion. However, this acceleration must be achieved 
through a modification of the compu tational routine. 
On the other hand, the instability of the methods 
using {3 < 1 leads to occasional accelerations without 
the introduction of any changes whatsoever in the 
computing routine . 

From the point of view of using the "almost 
optimum" gradient method on a large scale computer, 
its self-acceleration property has m ore than theoreti
cal interest. As is well known, the high-speed 
memory capacity of the computers now in existence 
is rather limited . Hence, the necessity of storing a 
special acceleration routine might prove to be a 
severe handicap indeed. 

It is worth while to compare the values of a i with 
the reciprocal eigenvalues of the matrices A and D . 
For A these reciprocal eigenvalues have been found 
to be approximately 2.0 , 3.9, 5.7, 12.1, 63, and 372, 
while for D the finite reciprocal eigenvalues range 
between approximately 8.35 and 0.189 .4 We will 
pay particular attention to the points at which 
acceleration took place. One sees that preceding 
an acceleration there was a "smoothing run" during 
which the at's were in the range of the small recip
rocal eigenvalues. On the iteration immediately 
before an acceleration, a i was almost equal to the 
smallest reciprocal eigenvalue, while on the iteration 

• 'These values were furnished by R . M . Hayes. 
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during which acceleration took place a t was between 
the highest and next to high est reciprocal eigenvalues. 
It was just this techniqu e of choosing a t that the 
present au thor helped develop in previous experi
ments with a "fixed a" gradien t method, which were 
conducted under the direction of M . R . Hestenes. 
In this method the operator chooses the value of a 
just before each iteration, and by judicious choices 
he can successfully accelerate the method to a con
siderable extent. However, this r equires too many 
judgments of the operator to be practical for a fast 
machine or an inexperienced operator. H ence, it is 
quite hopeful to note the existence of methods 
suitable for high-speed machines that can duplicate 
the fixed IX acceleration procedures without any 
intervention by the operator once the process h a!" 
started. 
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