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Thermal Converters as AC-DC Transfer Standards for 
Current and Voltage Measurements at Audio Frequencies 

Francis 1. Hermach 

Thermal con verters and associated equipment that are used as ac-dc transfer standards 
at t he National Bureau of Standards for the precise measurement of current and voltage at 
power and audio frequencies are described. The tandards and t he equipment are primarily 
used to standardize a-c ammeters and voltmeters submitted to the Bureau for certification. 
Th e ac-dc transfer may be made with t hese thermal converters at currents from 1 milliampere 
to 50 amperes, voltages of 0.2 to 750 volts, with an accuracy of 0.01 percent at frequencies 
from 25 to 20,000 cycles per second. 

The special tests to insure t he required accuracy of the transfer standards are described, 
and the results are presented. A number of factors that limit the transfer accuracy of ther­
mal con verters have been discovered, and the results of special tests and theoretical work to 
evaluate these factors are discussed. The solut ions, by an approximation method, of certain 
pertinent nonlinear differential eq uations governing the heating of a conductor by an electric 
cun'ent arc given. 

1. Introduction 

The increasing usc of electric energy for aircraft, 
induction furnaces, and induction heating, and the 
greater accuracy required in measurements in 
electronics , have led to increasing demands for the 
accurate standardization of ammeter and volt­
meters at frequencies e tending upward from power 
frequencies thTOugh the entire audio-frequency 
range. To meet these demands, special instruments 
have been developed at the National Bureau of 
Standards for th e measurement of current and 
voltage over rather wide ranges. They make u e 
of thermal converters 1 (often called thermo elements) 
like those incorporated in ordinary thermocouple 
instruments, but differ in the manner of reading 
and use. They may be used either directly to 
measure the ac-dc differences of ammeters and 
voltmeters, or with a suitable potentiometer and 
accessories to measure al ternating currents and 
voltages. They were de igned and are used pri­
marily for testing electric instruments, at currents 
from 1 ma to 50 amp and voltages from 0.2 to 750 v, 
with an accuracy of 0.01 percent at frequencies 
from 25 to 20,000 cis. 

2 . Transfer Principle 

The basic electrical units are defined in terms of 
a concordant system of mechanical units and are 
realized by absolute electrical measurements carried 
out at national tandardizing laboratorie to fix 
the value of groups of standard cells and resistors. 
These standards are used in conjunction with a 
potentiometer to make measurements of direct 
voltage, current, and power. It has been known 
for a long t ime, but not sufficiently realized, that 
the measurement of the corresponding alternating-

1 Proposed AIEE definitioll 30.89.040: A thermal converter is a device tbat 
consists of one or more thcrm ojunctions in thermal contact with an electric 
healer or integral therewith, so that the electromotive force developed at its 
output terminals by therm oelectric aetioll gives a measure of the input current 
in its beater. 

curren t quantities depends fundamentally on certain 
standard types of electric transfer instruments that 
ideally have the same response on direct and alter­
nating current . If the instruments are calibrated 
on direct current at the time of each use and if the 
precision of reading is uitably increa ed, long-time 
stability, freedom from drift, small temperature 
influence, low losses, and other normally desirable 
characteristics become of secondary impor tance, 
and the insLruments may be primarily designed and 
constructed to have the best possible frequency 
characteristic. For difference m easurements such 
instruments need not have long scales in the ordinary 
sense, but rather may be designed for increased 
precision of reading by methods that would not be 
applicable to insLrumenLs inLended for general 
service. 

Special electl'odynamie transfer insLruments have 
long been used at the Bureau for accuraLe a-c 
measurements. These transfer standards are used 
largely to standardize (tesL) other insLruments 
submitted to the Bureau for certification. There 
arc two distinct types of such tests. For the 
"straight a-c test", the instrument under test and 
a transfer standard are connected to measure the 
same alternating electrical quantity (current, volt­
age, or power), which is adjusted to produce the 
desired deflection of the test instrument. The 
response of the standard instrument is observed, 
then the standard is transferred to direct current. 
The direct quantity is adjusted to give the same 
response of the standard and is then measured with 
a suitable potentiometer and accessories. For the 
so-called "ac-dc difference te t", both instruments 
are cOlmeeted to measure the same quantity first 
on alternating and then on direct current, which 
is in each case adjusted to give the same deflection 
of the test instrument. From the averaged difference 
in the response of the transfer standard, the ac-dc 
difference of the test instrument is computed. 
The second type of test can be made with somewhat 
higher accuracy than the first, and in conjunction 
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with a test on direct current gives more information 
about the performance of the test instrument. 
B ecause the ac-dc difference of an instrument de­
pends upon geometrical factors that are relatively 
permanent, subsequent tests for checking the con­
stan cy of calibration need generally be made only 
on direct c~rrent . Occasionally transfer tests are 
made by usmg a selected low frequency (such as 
60 cis) as the reference in place of direct current. 

An example of the accuracy with which such 
tests are made, labora tory standard instruments 
with sC3:les 12 in . long, are regularly standardized 
and certified at the Bureau to 0.05 of a scale division. 
For a l 50-division instrument this requires an 
accuracy of m easuremen t of 0.03 percent or better. 

3 . Development and Description of Electro­
thermic Transfer Standards 

3.1. Choice of Standards 

Several types of instruments were considered in 
choosing transfer standards to cover the full audio­
frequency range. E lectrodynamic instruments have 
been highly developed [1 , 2, 3] 2 at the Bureau for 
measureJ?ents at the commerc.ially important power 
frequencIes and can be used WIth proper corrections 
up to about 2,000 cis. However, unavoidable in~ 
ductance and stray capacitance errors limit th eir 
use~ul frequency range and present little hope for the 
desIred extension . Electrostatic instruments have 
been carefully studied [4, 5] at the National Physical 
Laboratory. They are u~eful over wide frequency 
ranges, but because of theIr low-torque- weight ratio 
at low voltage are not readily adap table for either 
the low voltage or th e current ranges desired in this 
application. Electrothermic instruments, which use 
an ef!ect produced by the heating of a conductor 
carry~n.g a current to be m~asured , seemed more 
promIsmg . . Of t~e several bnds, thermocouple in­
struments, m whlch the temperature rise of the con­
ductor (heater) is measured by a thermocouple 
seem.ed most feasible . Straight-wire h eaters allo,,~ 
a WIde frequency range, and the thermocouple 
measur~ments permit high precision of reading. The 
usual dIsadvantages of poor stability and larO"e tem­
perature influence are not important in theu~ use as 
~ran.sfer instrun~ents, . a~d tf1eu' .10w overload capac­
Ity IS no t a serIOu lImItatIOn m careful laboratory 
work . Fortunately, good thermal converters are 
commercially available. They have been used for 
measurements at frequencies up to about 65 Mc with 
a d-c millivoltmeter as the indicator and are ~ener­
ally considered in the }~- to 2-p~rcent acc~racy 
class~s . So fa~' as is known, they have not been 
prevIOusly studIed for use as transfer instruments at 
the frequencies and the accuracies needed in this 
a pplica tion. 

For these reasons, commercial thermal converters 
were selected for study to determine th eir value as 
ac-dc standards in a wide-range audio-frequency 

2 Figures in brackets indicate tbe literature references at tbe end of this paper. 

transfe~' voltmeter. A .careful experimental and 
theoreLICal study of thelr performance led to the 
purchase of additional commer cial thermal converters 
of suitable ranges and the design and construction of 
equipment fol' using them as transfer standards for 
voltage and curren t. 

3 .2. Description of Transfer Standards 

Each thermal converter purchased in the milli­
ampere ranges is of the :acuum type, mounted in an 
evacuated glass bulb wlth supports of copper wire 
embedded in the glass. Th~ conductor, heated by 
the current to be m easured, IS a short straight wu'e 
generally less than }~ cm long and often less than 
0:001 in . in diameter.. The heater alloy and dimen­
SIOns are chosen to gIve a temperature rise of about 
200 0 C at the. center wh ere the hot junction of the 
thermocouple IS fastened by a ceramic bead. This 
bead provides electrical bu t not thermal insulation 
betw~en th e he.ater and thermocouple cu'cuits, with a 
couplmg capaCItance less than 1 MILf and an insulation 
resistance gr~ater than 50 megohms at 25 0 C. 

Because hIgh currell~ sensitivity is not requu'ed, 
the thermal converters III the 1- to 50-amp ranges are 
not evacuated. The hot junction of the thermo­
couple is welded directly to the midpoint of a thin­
walled tubular heater. These thermal converters 
are temperature compensated [6]. 

For curren t measurem ents, thermal converters in 
the ~eries 1, 2, 5, 10, etc. , with rated output electro­
motIve forces of 10 m v were purchased, with ranges 
from 1 ma to 50 amp. Thermal converters of 7.5-
and 30-ma ratings, with appropriate series resistors, 
are used for voltage m easurements. Figures 1 and 2 
show some of the thermal converters and the model 
A and model B voltmeter elements. It should be 
cmphas.ized that th~ c~ption NBS on the nameplate 
shoWll III figure 2 sIgmfies only that the equipment 
was assembled for use at the National Bureau of 
Standards. All the thermal converters were pur­
chased commercially, as wer e the components of the 
voltmeters. It should also be emphasized that the 
thermal converters ShO'''lll in these figures are the 
transfer elements only. An indicator (to be dis­
cussed in the next section) is necessarv for allmeas­
uremcnts, and a potentiometer and accessories are 
also necessary, excep t for transfer tests of other 
ins truments. 
Th~ model A voltmeter was developed as a proto­

type Illstrument to meet an immediate need for 
voltage measurements. It consists of a 30-ma 
thermal converter connected with its heater in 
serie~ with a commercial decade resistance box, 
modIfied to have two 1,000-ohm-per-step decades, 
~nd 3: 100-, a 10- aI~d a l -ohm-per-step decade, all 
III sen es. As ShOWllIll figure 3, one end of the heater 
of the thermal converter is connected to the low-side 
terminal of the box, with the shield of the box con­
nected to the other end of the heater and to the 
shield o~ th~ coaxial cable connecting the instrument 
to the CIl'CUlt. The center lead of this cable is con­
nected directly to the high-side terminal of the box. 
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l i'wUHE 1. T ypical thennal converters. 

FIG eRE 2. 1110unled thermal COnVeTte1'S and the model A and 
model B voltmeler elements. 

Like the electrodynami c transfer standards used at 
lower frequ encies, the series resistor is adjusted in 
use to give the same nominal current level for each 
measured voltage. This was chosen at 20 rna, re­
sulting in a voltmeter having a constant 50 ohms/v 
and an upper range of 400 v. The model A volt-

. meter , described in some detail in an earlier paper 
[7] is now no longer used for routine measurements. 

For the model B voltmeter, a built-in 7.5-ma 
th ermal converter was used, with a fixed resistor 
having taps to give voltage ranges of 1.5, 3, 6, 7.5, 
15, 30, 60, 75, 150, 300, 600, and 750v. The resist­
ance cards for this instrument were purchased com­
mercially, and th e card s and thermal converter were 
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mounted in a suitable shielded box wi th the shield 
connected to the low-side terminal of the insLrumen t, 
a shown in figure 3. For both instrument the 
effects of capacitance currents and of the self­
inductance of the resistors were carefully considered; 
the limi ting factors are discussed in another section 
of this paper . 

I 

- ____ ~Sh~<L. _____ , 

~~}-0J I 
T I I 

l I 
( I 
L _____________ -.J 

Thermal Converter 

A 

Shield:l Thermal Converter r------ ------------ -
I ~-~~~~~ __ ~--~~~ __ ~~ 
I 750 600 300 150 75 60 30 15 7. 5 6 

I 
I I L _____________________ ~ 

B 
FlCURJ!; 3. Circuit diagrams oj Ihe model A and model B volt-

meter elements . • 
A, Model A \'oltmctcl' clement; B, model B voltmeter clement. 

3.3. Indicator 

Because of i ts convenience and portability, a milli­
voltmeter is generally used for measuring the emf in 
the usual th ermocouple instrument. The precision 
of reading of the usual millivoltmeter is of course 
far too low for thi application. For increased ac­
curacy a potentiometer can be u ed to measure the 
thermocoupl e emf. However, if th e thermal con­
verter is used only as a transfer standard , the emf 
need not be measured in a "sLraigh t a-c" test; and in 
ac-dc difference tests i t is onJy the small change in emf 
between the a-c and d-c settings that is significant. 
The change and the full emf with which it is com­
pared need b e meas llred with relatively low accuracy, 
provided the change is referred to a highly stable 
base valu e. Thus high sensi tivity and high stability 
but only moderate accuracy in the measuremen t of 
emf are required of the indicator. For th ese require­
ments, a Lindeck potentiometer for providing the 
base value, used in conjunction with a sui table gal­
vanometer, the deflection of which indicates the 
change, forms the ideal indicator. In a Lindeck 
potentiometer , based on Poggendorf's second prin­
ciple [8], the emf to be measured is balanced by an 
adjustment of the current through a fixed resistor . 
At balance th~ voltage drop across the resistor, 
which is the product of the potentiometer current 
and the resistance, is equal to the measured emf. 
The current is ordinarily measured with a milliam-

.1 
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meter , which generally sets the limit on the accuracy 
obtainable with this form of potentiometer . 

Such a potentiometer has been incorporated in a 
panel constructed for the audio-frequency testing. It 
was designed to have adequate stability, freedom from 
changing extraneous electromotive force and the re­
quired ranges, with sufficient precision of reading. Its 
circuit is shown in th e central portion of figure 4. 
The resistor , R, is made of manganin, and a special 
th ermofree k ey [8] and copper binding posts are used 
in th e electro thermally sensitive emf circuit. The 
components are mounted in the central part of th e 
panel, as shown in figure 5, and are enclosed by a 

From AV 

I Supply 

AV 
Trans former s 

8c Switch 

6 6 From DV Supply 

0 0 
AV input DV Input 

AV AV-DV DV 

-
3 .4. Use of Instruments 

These transfer standards are used almost solely for 
standardizing other a-c instruments . The necessary 
switching and control circuits for such t es ts have been 
incorporated in the panel shown in figure 5. In 
addition to these circuits and th e Lindeck potenti­
ometer, th e panel contains th e impedance-matchin~ 
transformers for the high-voltage circuits used in 
testing voltmeters and the high-current circuits used 
in testing ammeters. The present transformers pro­
vide ranges up to 50 amp and 800 v , with a nominal 
input voltage of 150 v and a power level up to 100 w . 

From AC 
Supply 

AC 

Transformer 

AC Input DC Input 

Check 

T C 

AC AC -DC DC 

FIG U R E 4. Schematic diagram of circuits 1ised for testmg instruments. 
e signifies coaxial lead with shield grounded; S signifies shielded lead wit.h shield groun ded. 

grounded m etal shield . N o other thermal pre­
cautions were found necessary. A reflecting wall­
mounted galvanometer is used, with a voltage sensi­
tivity (in the circuit) of 1 mml MV. A No. 6 dry cell 
supplies the potentiometer current, which is adjust­
able from 0.2 to 1.2 rna. At these current levels, 
repeated tests have shown that the steady drift in th e 
voltage across the four terminal resistor is less than 
0.02 percent per h our, and that superposed fluctua­
tions are much less than 0.01 percent. The four­
terminal manganin resistor has taps at 0.1 , 0.5, 2.5, 
5, 10, and 25 ohms, giving milivolt ranges, at a 
curren t of 1 ma, of th ese same numerical values. 
The lowest range is used in transfer tests as a quick 
ch eck of th e poten tiometer. Wi th th e th ermocouple 
of th e th ermal conver ter connected to th e " TC" 
posts of the potentiometer, but with no curren t 
through its h eater, a galvan ometer deflection of 10.0 
cm to the left on the scale wi th the Lindeck set for 0.1 
mv serves as a valuable partial ch eck of the required 
accuracy and correctness of th e Lind eck cir cui t . 

Motor-gen erator sets and voltage stabilizers are 
available for tests at 60 cis and audio-frequency 
oscillators and power amplifiers for tests at other 
frequencies. Batteries, controlled by suitable ad­
justable resistance voltage dividers and series resis­
tors, are used for th e n ecessary direct-current sources. 
The poten tiometer, standard cells, volt boxes, and 
resistors are those normally used for instrumen t 
testing and are periodically standardized to insure a 
continued accuracy of considerably better than 0.01 
percent. 

A schematic diagram of the major circuits and 
equipment on this panel is shown in figure 4 . For an 
a-c test of an ammeter, the transfer thermoelement 
is connected to the AC-DC binding posts and its 
th ermocouple to th e TC posts on th e panel. The 
test instrument is connected to the AC posts, and a 
suitable four-terminal standard resistor is connected 
to th e D C posts for use in m easuring the d-c current 
by means of a poten tiometer. For low currents at 
the high er audio frequencies , shielded leads wi th th e 

124 



shields grounded arc u ed to minimize errors due to 
stray capacitance current . The alternating current 
is adjusted for the de ired deflection of the test instru­
ment, and the Lindecl( potentiometer is adjusted for 
an "on-scale" deflection of the galvanometer. The 
tandard instrument is then switched to direct cur­

rent, which is adjusted to give the same galvanometer 
deflection and is then measured with the external 
potentiometer. The direct current through the 
heater of the thermo element is then reversed and the 
d-c measurement repeated.3 

FIGURE 5. Instrument testing panel, including Lindeck 
element. 

For a n a··c test of a vol t)netcr, a similar procedure 
is used . The transfer standard is connected to the 
A V-DV receptacle on the panel with a coaxial lead, 
with du e care to connect its thermal converter to the 
grounded shield of thi lead, and the thermocouple 
is connected to the TO posts on the panel. The 
test instrument is connected to the circuit with a 
special twin lead consisting of two coaxial lines per­
man ently paralleled at the instrument and connecting 
to the t wo A V receptacles on the panel. Similar 
leads of tbe same length arc used to connect the high 
side of a vol t box for use with th e external poten­
t iometer to measure th e direct vol tage, to the two 
DV receptacles. The use of these leads eliminates 
the effect of any s tray magnetic field or lead resistance 
on the nleasurements. 

This imple procedure j reliable only if the drift 
of the r esponse of the s tandard instrument is negli­
gibly sm all in the t ime taken for a series of uch 

3 Such reversed d·c readings are common pracLice for highest accuracy witb all 
types of ac-dc instnuncnts. 

r eadings. This is fortunately true for each of the 
thermal converters used . After an initial warm-up 
period of a minute or so, the maximum observed 
drift under those laboratory conditions of any of the 
thermal converters tested was less than 0.5 percent 
per hour, and the average less than 0.05 percent per 
hour. If it were necessary, the effect of ignificant 
drift could be practically eliminated by using a deflec­
tion method as outlined for transfer tests, calibrating 
the standard instrumen t on direct current at the 
nominally correct current or vol tage before and after 
each a-c setting. 

For ac-dc difference or tral13fer test , which are 
more frequent and usually more important than 
straight a-c tests, the test and standard instruments 
are connected in serie to the AO-DO posts 4 in the 
case of ammeters, or in parallel with suitable coaxial 
leads to th e A V-DV receptacles in the case of volt­
meters. Suitable short leads are used to connect the 
two AV recepLacles together a nd to connect the two 
DV recep taele together . The current or voltage is 
adjusted for the desi.red de flecLion of the test instru­
men t, and Lhe Lindeck poten tiometer is adjusted for 
a defiection ncar the null position at the center of 
the galvanometer calc. The two instrument arc 
then in quick succession co nnected to alternating, 
direct, reve r-sed direct, and then al ternating current . 
The cun-en t is adjusted to give t he same deflection 
of Lhe test instrument in each case. The resulting 
deflections of the galvanometer of the L indeck poten­
tiometer are observed with the potentiometer con­
trols undisturbed . This procedure practically elim­
inates any effect of drif t in either in trument, and 
error in repeating the ettings of the instrument 
under test can be made very small by using a low­
power microscope a nd et ting the image of the 
instrument pointer in coincidence with a cross-b ail' 
in the eyepiece. The con trol circuit have been 
arranged to facili tate witching, and with two 
observers t he procedure is rapid even with moder­
ately fluctuating voltage~ as only one of the two 
instruments is set to a given deflection. 

From the average of the deflections on alternating 
and on direc t current, the ac-dc difference of the test 
instrumcnt is readily computed by a simple formula .S 

4 . Evaluation of Transfer Performance 

The ac-dc difference of each transfer standard 
must be known to the full accuracy desired in the 
mea Ul'ement to be made. As, in a sense, there are 
no absolu te transfer standards, such an evaluation 
essentially consists of four step . 

1. Ohoice of a type of instrument that theory in­
dicate is suitable over the desired ranges. 

2. Study of all known effects that can cause such 
an instrument to depar t from thi ideal. 

3. Oonstruction and use of a ll instrument in such 
a way that these effects, by computation or 
direct test of the separ-ate components, are 
negligible or known. 

---
, One terminal of tho beater is connectcd to tbe post tbat is gronnded on 

alternating current. 
, 'rhe formulas used in computing the results of tbe a-c and transfcr tests are 

developed in appendix 1. 
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4. Comparison of actual transfer pel'formance of 
the standard with that of some other instru·· 
ment, preferably of a quite different type, 
whose performance has also been evaluated . 

The evaluation of these electrothermic transfer 
standards was considered of primary importance 
because of the high order of accuracy demanded in 
this application. The unique facilities of the Bureau 
made this quite feasible , particularly for step 4, 
which is necessary to guard against errors from un·· 
suspected causes. Prototype instruments such as 
these, in which previously available ranges are 
greatly extended , cannot be directly compared with 
other types of standards over their full range. . The 
evaluation therefore consisted of the study, compu·· 
tations, and special tests of steps 2 and 3 during the 
design and construction of these instrumen ts and 
their panel, the intercomparisons of thermal con­
verters of adjacen t current ranges in the series, the 
comparison at low frequencies of selected thermal 
converters with the electrodynamic transfer stand·· 
ards at the Bureau, and the comparison of these 
thermal converters with certain portable hot-wire 
and electrostatic instruments also available. 

A thermal converter can be used as a transfer 
standard for alternating··cm"rent measurements over 
the range of frequencies for which the response char·· 
acteristic, E = j(J) , is the same as with direct cUlTent , 
where E is the output emf, and I the current tlu-ough 
the heater of the thermal converter. For a volt·· 
meter element consisting of a resistor in series with a 
thermal converter, the magnitude of the effective im­
pedance Z = VII must also be equal to the effective 
resistance on direct current, where V is the applied 
voltage. In addition to these two requirements for 
instrument testing, the fundamental principle that the 
standard and the instrument under test "see" exactly 
the same quantity must be carefully observed. 

The response characteristic of the types of thermal 
converters used were believed to be suitable at fre­
quencies far higher than those used in this applica-

cation, and their direct-current and low-frequency 
responses were verified by special tests described in 
other sections. The effective impedance of each 
voltmcter element was approximately computed 
from inductance and capacitance data supplied by 
the manufacturer of the resistance cards, and was 
verified by special tests to be described later. The 
capacitance and resistance of the Lindeck potenti­
ometer to ground were measured and found to be 
1,600 J1.J1.f and 10,000 megohms at an ambient relative 
humidity of 40 percent. Thus the computed stray 
currents are sufficiently small so tha t no appreciable 
fraction of the currents measured will be diverted 
through the thermocouple at audio frequencies when 
one end of the heater is grounded. The use of 
shielded leads where necessary, the avoidance of a 
ground between the test instrument and the standard 
in the current circuits, and the use of the special co­
axial lines in the voltage circuits assure that the 
fundamental principle is observed even at the 
smallest current and voltage in the present ranges. 

The comparison tests of step 4 were planned to 
give maximum possible assurance against errors due 
to unsuspected causes. Each comparison consisted 
of repeated careful transfer (ac-dc difference) tests, 
as described in section 3.4. The 1-, 2- and 5-amp 
thermal converters werc compared with the NBS 
electrodynamic transfer ammeter at selected fre­
q uencies from 25 to 200 cis. The model A vol tme tel' 
was compared with the NBS suppressed-zero electro­
dynamic voltmeter at frequencies of 30 and 60 cis and 
voltages from 20 to 240 v. Both of these electro­
dynamic instruments have b een carefully studied 
[1, 2]. They can be read with a precision of better 
than 0.005 percent. The results of these compari­
sons, corrected for the small known transfer errors of 
the electrodynamic instruments, are shown in table 1. 
They are estimated to be accurate to 0.005 percent or 
better. The results of these tests disclosed that the 
model A voltmeter and the electrodynamic voltmeter 
were in excellent agreement at these frequencies. 

'fA BLE 1. R esults of compm'isons of thermal converten with other types of instruments 

Thermal con vcrtcr 
range Other instrume nt 

T est C omr:arati ve ac-dc di rTerence 
current 1---;---:-----,,------,---,---,------,-----·--

vo~~ge 25 30 GO 100 200 1, 000 1 10, 000 1 15.000 20, 000 
~ ~ ~ ~ $ $ $ $ ~ 

1-------1--------- --------------- - --------------

amp 
L _________________ ___ Electrodynamic ammeter __ _ 
L _. __ __ ____ . _ _ __ __ _ __ . ___ do. _____________________ _ 
L __ __ ___ __________________ do .. _ . __ __ __ ________ . ___ _ 
2. ______ __ ________________ _ do ___ . __ ______ . _________ _ 
2._. ____________________ ___ do. __ . __ ________________ _ 
2. _________________________ clo ___ .____ _ _ _ ___ __ _ ____ _ 
5. _. ______________________ . do .. _. ________ . _________ _ 
5. _. _________ __ ________ ____ clo. __ .___ ____ _ __ _ ______ _ 
5 ___________ _____ ____ ______ cl 0. __________________ . __ _ 
5 _______ ____ . ______ . Hot-wire ammeter ___ . ___ __ _ 

_____ do_ ... __________ ________ _ 

Model A voltmeter .. E lectrodynamic voltmeter _. 
Do. ___ __ ____ __ __ __ ___ . do. __ . ___ ______ __ ____ ___ _ 
Do._. ___ ________ _ ____ . do. __ . __ _______________ _ _ 
Do. __________________ .do. __ . ______ ___ _________ _ 
Do ... ________________ .do ___ . __ __ ______________ _ 
Do._ .. ___________ Electrostatic voltmeter. . ___ _ 
Do __ .. ______ __________ do. __ _____ . ____ ______ ___ _ 

amp 
0. 4 
I 
1.2 
0. 8 
2 
2. 4 
4 
5 
G 
4 
5 

20 
50 

120 
150 
240 
150 
300 

% 
- 0. 001 
- . 053 
-. 067 
-. 022 
-. 115 
-. 154 
-. 004 
-. 010 
-. 011 

% % % % % % % % 
+ 0. 001 - 0.00 1 -0. 002 

- .008 - .001 
- . 0 13 -. OC8 - .005 
- . 001 +. 001 +. 001 
-. 025 - .009 +. 001 
-. 035 -. 015 -. 002 
-. OOG -. 005 

-. 005 
-. 01 8 - .008 

- 0.006 
- . 007 - 0.001 -. 002 

- . OO~ 
- .005 

- 0. 002 
- .003 
- . 002 

+. 004 - . 002 +. 004 - .004 -. 002 
+. 004 -. 004 -. 010 - 0. C08 +. 009 
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They disclosed significant disagreements between the 
ampere-range thermal converters and the electro­
dynamic ammeter, which were considered to be due 
to a low-frequency error in the 1- and 2-amp thermal 
converters and a small error independent of frequency 
in the 5-amp thermal converter. 

The model A voltmeter was also compared with 
two new 11igh-grade portable pivoted electrostatic 
voltmeters, having scales over 5 in. long, at selected 
frequencies from 30 to 20,000 cis. For increased 
precision a low-power microscope was focused on 
the pointer of the electrostatic instrument under 
test. This instrument was always set to the same 
deflection and was tapped ligh tly before each read­
ing. Repeated sets of careful readings were taken 
at each frequency, and all tests were at the full-scale 
deflection of the electrostatic instrument. Because 
of these repeated readings and the favorable condi­
tions, the averaged results arc estimated to be accu­
rate to 0.01 percent. The results, as shown in table 
1, verify the . absence of capacitance errors in the 
thermal voltmeter. Direct comparisons at the 
higher frequencies could not be made at lower 
voltage, but calculations indicate that skin effect 
and the effect of inductance should be considerably 
less than 0.01 percent at 20 ,000 cis. 

Similarly, the 5-amp thermal convcrter was com­
pared with a nigh-quali ty portable 5-amp ho t-wire 
ammeter at frequencies from 25 to 20,000 cis. The 
results, as shown in table 1, indicate excellent agree­
ment at frequencies of 1,000 cis and above. Tests 
~t lower frequencies showed very puzzling discrep­
ancie, which, ill a separate investigation, were 
traced to vibration errors G in the hot-wire instru­
ment. For that reason the results at frequencies 
less than 1,000 cis are not shown in this table. 

A plus ign in table 1 indicates that with equal 
response of thc thermal converter on direct and 
alternating currents the response of the other instru­
ment was greater on al ternating than on direct 
current. 

Each thermal converter was compared with the 
next higher- and lower-range thermal converter in 
the series at two currents and at selected frequencies 
from 25 to 20,000 cis. The results of each of these 
comparisons at the higher of the two currents at 
which tests were made are shown in table 2. They 
are estimated to be accurate to somewhat better 
than 0.01 percent, with very little possibility of 
systematic error. A plus sign in the table indicates 
that with equal response of the lower-range thermal 
converter on alterna ting and on direct currents the 
response of the higher-range thermal converter' was 
greater on al ternating than on direct currents. This 
series of tests was made to extend stepwise the 
results of low-frequency comparisons with the elec­
trodynamic a~nmeter, and to indicate any high­
frequency effects that might well be expected to 
differ in different thermal converters.7 The group 

, Electromal(11etic forces between the hot wire and its closely adjacent iron 
mounting plate resulted in vibration of the wire because the plate was magnetized 
by the dampmg magnet of the illstrument. T his vibration caused additional 
cooling and thus an error that was as large as 0.2 percent at certain frequencies. 

1 T he percentage errors due to any high·freQueney e(Tects would be expected 
to be independent of the current level and could thus be evaluated by these tests 

T AB L E 2. Results of intercolnpal'isons of the1'1nal con'vel'iers 

Thermal con vcrte l' 
ranges 

Test 
cur­
rent 25 

cjs 

Compnrati vc nc-d e d i (Terence 

JOO 400 1,000 10,000 20,000 
cjs cjs cjs cjs cjs 

---------.1---- -----------------

I to 2 ma ...... . .. . 
2 to 5 mu. ________ _ 
5 to 10 rna ... __ .... 
10 to 20 rna ..••.... 
20 to 30 m aa ______ _ 

ma 
1.2 
2. 4 
6 

12 
24 

30' to 50 ma .... __ . 36 
50 to 100 rna....... 60 
100 to 200 ma.... .. 100 
200 to 500 m a .... . _ 240 
500 to 1,000 rna.... 600 

1,000 ma to 1 amlL 
I to 2 amp ...•.... 
2 to 5 amp _______ _ 
510 10 amp ...... . 
10 to 20 amp ..... . 
20 Lo 50 amp ••...• 

amp 
1.2 
I 
2 
5 

10 
20 

% % % % % % 
0. 000 .. __ ... __ .... . 0. 000 ....... +0.006 

+. 006 .. __ ........ . +_ 003 ....... - .003 
+.004 ............. . . 000 ....... . 000 

.000 .......... . +.004 ....... -. 006 
+. 001 ....... -0.003 -. 001 ....... . 000 

+. 004 .... __ . . . ..... .000 ....... . 000 
+. 024 +0.028 .... . .. +. 036 .. __ . __ + . 027 
-. 046 . .. ........... -.044 - 0. 050 -. 049 
+. 026 . . ......... __ ............... +. 039 
-. 002 . . .... ........ -.C02 +. 002 +. 002 

+. 03~ __ ........... . 
-. 028 -. 002 ...... . 
-. J23 -. 011 .... __ . 
-. 008 -. 006 .. __ . __ 
-. 010 -. 010 ..... 
-. 014 -. 015 -. 014 

-. 065 
-. 002 
+. 003 
-. 006 
-.008 
-. 01 8 

-. 056 - . 065 
-. 002 +. 00 1 
+.004 +. 009 
-.007 -. 004 
-. 012 - .009 
-. 035 ....... . 

• Th is 30·ma thcrmal cou verter was the one used ill the model A voltmeter. 

of tests discl?sed small discrepancies independent 
of frequency Jl1 a few thermal converters and ver­
ified the absence of any high-frequency' errors in 
the thermal convCl~ters tested. However, they could 
no t be used to aSSIgn numerical values to the errors 
of individual t?ermal converters in the milliampere 
range as the dlfferences were found to depend upon 
the current. The concluding eries of tests to eval­
uate these errors were comparisons of a shunted 
thermal converter with each of those pairs of thermal 
~onverters t~at showed di crepancies in the previous 
mtercompansons. The model A voltmeter was 
shunted with a bifllar re istor of computed skin effect 
and time constant for tests at currents from 1 to 40 
amps, and with a suitable high-quality audio-fre­
quency decad e resistance box for tests at lower 
currents. The results are shown in table 3 and are 
estim~t.ed t<;> b e. acc~rate to ?et~er than 0.01 percent. 
A POSItIve slgnm tIllS table IndICates that with equal 

T ABT.E 3. Results of comparisons of selected thermal converters 
with shunted model A thermal vol!.meter 

Comparath"c no-de difference 
'J:'hcrmal con vcrtcr Test 

range current 
25 cjs 100 cjs 400 cjs 

ma rna % % % 
50 ..•... __ ........ _ .... 60 - 0.003 

100 .......... . ........ . { 
70 - 0.043 

100 -.062 
1"0 - .065 - 0. 065 

200.. ............. _ .... 240 -. 010 +.002 +. 002 

500 .................... { 
200 -. 044 -. 042 
400 -.056 -. 054 
600 -. OilS -. OiO -. 069 

1,000 ............. _ .... { 
400 -. 041 
600 -.000 
800 -. 061 -.059 

amp amp 

10.._ .. ...... ..... _ .... { 
5 -. 004 -.006 

10 -.014 -. 015 
12 -. 018 -. 020 

20 ....•........... __ . . . { 
10 -. 003 -.006 
20 -. 01 5 -.017 
24 -. 023 -. 02·1 

50 •. _._ ... . ... ... __ .... { 20 -. 008 - . 010 
40 - . 010 -. 010 -. 010 
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response of the thermal converter on alternating and 
on direct current the response of the shunted model 
A voltmeter was greater on alternating than on 
direct current. The results of tests of the 1-, 2- and 
5-amp thermal converters, duplicating those with 
the electrodynamic ammeter, are not shown in the 
table. The average difference between eight such 
duplicate results obtained with this ammeter and 
with the shunted model A voltmeter was 0.004 per­
cent, and the largest difference was 0.013 percent. 
A few additional check tests of these thermal con­
verters with the shunted voltmeter were made at 
other frequencies but are not tabulated. 

The results of all these tests were combined to 
assign reliable values of ac-dc difference, 0, to each 
thermal converter in the series from 1 rna to 50 amp 
and to the model A voltmeter. These values were 
less than 0.01 percent for the model A voltmeter and 
for all the thermal converters of ranges less than 100 
rna. The values for the other converters (rounded 
off to the nearest 0.005%) are hown in table 4. 

T ABLE 4. Observed percentage ac-dc differences of thermal 
converters (to the nearest 0.005 percent ) 

Converter 
range 

(a) D iffcrences Independent of frcquency 

Percentage of rated current 

40 50 00 1>0 100 120 
1---- - 1--- - - ------- - -

ma 
1 through 50 . __ 
100_ ••• _______ _ 
200 __ __ _______ . 
500 ____ _______ _ 
1000 ____ ______ _ 

amp 5 __ ___________ _ 
10 __ __ ________ _ 
20 __ __________ _ 
50 __ __________ _ 

(.) 

( 0) 
- 0. 0.5 
- . 040 

. 000 

- .010 

- 0. 005 
- . 005 

(b) D ifferences dependent upon frequency 

}<-requ6ncy (cycles per second) 
Converter T est 

range current 
25 00 100 

amp amp 

r4 
- 0. 010 0. 000 0. 000 L ______ ___ LO - . 0.15 -.OlD 

1.2 - .065 - . 015 - .010 

rs 
-. 020 . 000 . 000 2 __ ____ _ • __ 2. 0 - . 120 . -. 025 -. OlD 

2.4 - . 155 - . 035 - .015 

• Less than 0.01 percen t throughout. 

200 

o. oeo 
. 000 

-. 005 

. 000 

.000 

. 000 

The model B voltmeter, which was developed to 
give a wider voltage range and greater convenience 
of use than the model A, was compared with the 
model A voltmeter at rated voltage on each range 
up through the 300-v range and at 400 v on the higher 
ranges, at selected frequencies from 30 to 20 ,000 cis. 
The results are shown in table 5 and represent 
directly the ac-dc difference, 0, of the model B volt­
meter. They disclosed significant but not unex­
pected errors for the higher voltage ranges at the 
higher frequencies. 

T ABLE 5. Results of comparisons of model A and model B 
thermal voltmeters 

sc-dc difference of model B voltmeter 

Voltage Rsngeof 
modelD 25 1,000 5,000 15,000 20,000 

cis cis els cis cis 
1-----1----- 1-- ---------

Volts v % 
3 through 75 __ Rated ________ Ca) 
150 __________ _ ____ _ do _______ _ 
300 ____ _____ ___ ____ do _______ . 
600 _________ __ 400 ___ _____ ____ . ___ . 
750 ___________ 400 _______ ___ . + 0. 003 

% 
C·) 

% 
Ca) 

% 
Ca) 

+ 0. 014 + 0. 044 
+ 0. 011 + . 028 + . 064 

• Less than 0.01 percent. 25 to 20,000 cis each range,. 

% 
(.) 

+ 0. 013 
+. 02~ 
+. 05~ 
+. 082 

A a result of these extensive series of tests, the 
transfer performance of each of this first set of ther­
mal converters and of each of the two voltmeters 
was uniquely determined. Small but significant ac­
dc differences of both known and unsuspected causes 
were found . Corrections for these differences can 
readily be applied when these thermal converters are 
used as transfer standards. However, an investiga­
tion of such differences is an especially important 
objective of a development such as this. As a result 
of such an inve tigation, a number of factors that 
limit the transfer accuracy of an electrothermic in­
strumen t were discovered and evaluated, 'with the 
results given in the following sections. 

5 . D-C Response 

In all measurements with a transfer standard the 
average of the d-c response of the standard for the 
two directions of current is taken as the reference upon 
which the a-c measurements are based. For all 
three types of such standards, the reversed d-c aver­
age gives a better basis than does the response for one 
direction alone as effects that lead to small differ­
ences in response for the two directions of direct cur­
rent are reduced to the second order of smallness 
when the average is taken . ' 

R eversal differences may be expected in a contact 
thermal converter because of the flow of heater cur­
rent through the hot junction of the thermocouple. 
This can cause a voltage drop in the thermocouple 
circuit, which may lead to second-order errors be­
cause of the nonlinearities of the thermal and electric 
circuits. This cause of reversal difference is mini­
mized by the special constructions used in most 
high-range thermal conver ters, and is eliminated by 
the use of the small insulating bead between the 
heater and the thermocouple in the low-range ther­
mal conver ters. Surprisingly, however, early tests of 
the first thermal converters purchased for the mod el 
A voltmeter showed appreciable reversal differences 
(up to 0.2%) even in these insulated-heater thermal 
conver ters . It was soon realized tha t this was prob­
ably due to thermoelectric effects in the heater cir­
cuit. Peltier and Thomson heating of the heater can 
cause dissymmetry in the temperature rise of the 
heater, and thus cause differences in the emf of the 
thermocouple unless the hot junction is exactly at the 
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midpoint of the heater. This supposition was veri­
fied by an analysis of the data, which showed that 
the differences were larger in those thermal converters 
with heaters having larger thermoelectric effects. ~ 
Further verification was secured by tests of special 
thermal converters, constructed by one of the manu­
facturers 9 at the Bureau's request, with the hot 
junction of each deliberately and considerably off­
center. The reversal differences were much larger, 
and the signs and magnitudes were found to be 
roughly in agreement with calculations ba ed on 
thermoelectric data for the alloys used. 

Early intercomparison of these few thermal 
converters indicated that no significant ac-dc dif­
ferences should be expected, even with rather large 
reversal differences from this cause, provided that 
the average for the two directions of current is 
taken as the d-c response. However, intercom­
parison and tests of the much larger number of 
thermal converters later purchased for current 

(
measurements howed that a good proportion had 
measurable ac-dc differences, all of the same sign 
and independent of frequency. This suggested 
la d-c error, for which these thermoelectric efforts 
seemed the most likely cause. This was inves­
tigated theoretically (see appendix 2) by consid­
ering the temperature rise of a homogeneous con­
ductor heated by an electric current and cooled 
solely by conduction to two relatively massive 
terminals; i. e. by neglecting, for simplification, 
radiation and convection losses and the heat ab­
stracted by the attached thermocouple. 

With only the normal joule, or resistance, heating, 
and with the terminals of the conductor at equal 
and fixed temperature, the temperature distri­
bution along the conductor is parabolic, and the 
temperature rise at the midpoint is, as Goodwin 
howed ,IO equal to 

(1) 

where V c is the voltage drop across the conductor, 
and p and k. are the electrical resistivity and ther­
mal conductIvity, respectively. In addition, how­
ever, there is Peltier heating or cooling at the junc­
tion of dissimilar metals (the two junctions between 
the heater and its two supports) and Thomson 
heating along each half of the wire. Unlike joule 
heating, these are dependent upon the direction 
of the current flow and can thus cause a dissym­
metry of the temperature distribution along the 
conductor, which reverses when the direct current 
through the conductor is reversed. On alternating 
current, even at the low frequencies in which we 
are interested, the reversal of current occurs so 
rapidly that the thermal inertia of the wire prevents 
any such dissymmetry, and the temperature dis-

'This dissymmetry has actually been utilized to mcasure the Thomson effect. 
See [9]. 

• M. Rosenfield, of the Field Electrieal Instrument Co., who first showed that 
the reversal differenees were dependent upon tbe type of beater material. 

10 See [6]. In addition to tbis classic paper, Goodwin has written an excellent 
series of articles on II rrhcnnal prohlems relating to measuring and control serv­
ices", wbicb aopcared in Wcston Eng. Notes, 1948- 50 (Weston Electrical Instru· 
ment Corp., Newark, N. J .). 

tribution is unchanged by these thermoelectric 
ef~ects .. Calculations show (see appendix 2) that 
WIth dIrect current the temperature rise at the 
midpoint of the conductor, where the hot junction 
of the t~ermoco~ple is attached, is unaffected by 
the Peltler heat111g, for completely symmetrical 
construction o! .a thermoelement. They show, 
however, that It IS changed by Thomson heating 
and becomes, approximately,ll ' 

ee = e{l -~(~:)] (2) 

where 8e is the midpoint temperature nse 111 the 
presence of Thomson heating, in 0 C; ed, the rise 
withol!-t T~omson heating; lJ, the Thomson voltage 
coeffiClent 111 volts-degree -1, Ve , the voltage across 
the conductor in volts. 

Tlus was derived by considering lJ a constant 
whereas both experimental results and the electrOl~ 
theory of metallic conduction indicate that lJ = BT 
where B is a constant and T is the absolute tempera~ 
ture. . However, a solution by a perturbation 
method ,J2 of the nonlinear equation that results when 
lJ. BT, shows that. the. above results give a suffi­
Clently close approXlmatlOn for the temperature rise 
of about 200 deg C encountered in typical thermal 
converters. Thu eq 2 shows that an ac-dc difference, 
or transfer error, should be expected in a thermal 
converter, and enables the appro}..'imate calculation 
of this errol'. Such calculations have been made for 
some cO~llnon metals and some of the alloys used a 
heaters 111 thermal converter, on the assumption of 
a 200 deg C rise at the midpoint, and a voltage drop 
of 0.2 v at rated currentsY The results , converted to 
ac-dc difference for the same temperature rise rather 
than temperature difference for the same cUlT~nt are 
shown in table 6. For the computation of these 
results, the Thomson coefficient lJ was considered to 
be equal to B(80 + 2/38a+ 273 ), where B is the second 
derivative of the characteristic curve of emf versu 
~e~perature for a thermocouple con posed of the 
mdlCa.ted metal and lead.14 80 is the ambient temper­
ature m deg C. The results show approximately the 
errors to be expected for these materials. 

T ABLE 6. Calculated ac-dc difference at rated current due to 
Thomson effects in thermal converter' healers 

Metal 

Copper __________ ...... _______ .•... ____ . _. _._ 

~:~~~~-.-~:::: :::::::::::::::::::::::::::: 
Constantan (60 Cu-40 Ii) _______ •• ________ . _ 
90 Ni-lO Cr. _____ ....... ___ .. _._ ...• _______ ._ 
85 Pt·15 If. ._. ___ . _. _. ________ . _. _. _________ _ 

B 

"1°C' 
+ 0.8XlO-' 
-3.2 
- 0.08 
-7.3 
-3.2 
-2.1 

ac-dc 
difference 

Percent 
< 0.005 
-. 013 
<.005 
-. 064 
-.013 
-.005 

." At other p.oints along tbe conductor tbe average temperature rise for the two 
dIrectIOns of direct current IS also changed by Thomson heating 

12 T his metbod was suggested by Cbester Snow. . 
13 From eq I , a series of t bermal converters baving similar thumoeouples and 

t~e.same rated output eIl!f at rated current, and baving beaters that obey tbe 
V, eldemann·Franz law Will all have tbe same temperature rise and tbe same 
voltage drop across the heater. The temperature rise is about 200 deg C, and tho 
voltage drop about 0.2 v at rated current for most thermal converters 

~. This weigbted average absolute temperature gives results in closer' agreement 
wltb those computed by the more exaet metbod tbandoes the unweighted average 
00+1/28d+273. ' 
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The results may be compared with the observed 
ac-dc differences shown in table 4. From information 
supplied by the manufacturers, the 1-, 2-, 5-, 10-, 20-, 
50-, and 200-ma thermal converters have heaters of 
either carbon, nickel-chromium, or platinum­
rhodium-ruthenium alloys. The observed ac-dc dif­
ferences of these converters were less than 0.01 per­
cent. The 100-,500- and 1,000-ma thermal convert­
ers had heaters of constantan (Advance). The 
observed differences for these converters (at rated 
current) were close to the calculated value of - 0.06 
percent. The 1- and 2-amp converters, of platinum­
iridium, had observed differences (from table 4,b) 
less than 0.005 percent, except at low frequencies, 
also close to the calculated values. The 5-, 10-, 20-
and 50-amp converters, of a special platinum- 3-
percent-copper alloy, had differences of - 0.010 to 
- 0.015 percent. Thus the agreement between the 
computed and observed values serves as excellent 
verification of this source of error in transfer thermal 
converters. Very fortunately, the error is signifi­
cantly large only for materials having unusually 
large thermoelectric effects, such as constantan. 
However, this does lead to the interes ting conclusion 
that for operation at a low temperature a thermal 
converter should have large thermoelectric effects 
in the thermocouple, but that for the highest transfer 
accuracy it should have very small thermoelectric 
effects in the heater. 

Additional experimental verification of this cause 
of transfer error was secured by constructing15 at the 
Bureau two 5-amp thermal converters differing only 
in that one had a heater of manganin and the other of 
constantan. These were 5-amp thermal converters 
with a small Borax bead between the hot junction of 
a copper-constantan thermocouple and the center of 
t he heater wire, to eliminate contact effec ts. Careful 
ac-dc difference tests with the standard electro­
d vnamic ammeter as the reference established agree­
ment within 0.005 percent for the manganin element 
and indicated an ac-dc difference of - 0.06 percent 
for the constantan element at an emf of about 5 mv. 

As a result of this work, a second set of thermal 
converters in the 1- to 1,000-ma range was purchased 
under specifications prohibiting heaters of constantan 
or similar alloys. All of these converters were found 
to have ac-dc· differences less than 0.01 percent at 
audio frequencies. 

6 . Low-frequency Response 

It has long [10] been known that there is a low­
frequency limit to the correct rms response of a ther­
mal converter, for reasons analogous to those causing 
a similar low-frequency limit in all other types of 
transfer instruments. Below this limit the response 
characteristic E j (I ) is no t independent of frequency 
(except for symmetrical square waves), and may be 
expected to be in error by an amount that is inversely 
proportional to the square of the frequency. As 
table 4, h , shows, such an errol' was observed for the 
1- and 2-amp thermal converters. 

15 'I' bese thermal converters were constructed by E . S. Williams. 

When a constan t direct current is applied , the 
heater of a thermal converter reaches a constant 
temperature. When an alternating current is ap­
plied (after the transient state is over) the tempera­
ture of the heater varies cyclically about a mean 
value, with an amplitude that decreases with in­
creasing frequency because of the thermal capacity of 
the element. At frequencies high enough so that the 
cyclic variations are negligible, the temperature rise 
of the heater is independent of frequency (provided 
that at very high frequencies the skin effect and 
electromagnetic radiation are negligible and that 
standing waves do not alter the temperature distribu­
tion). However , at lower frequencies the mean 
value, to which the d-c instrument or potentiometer 
connected to the thermocouple responds, may not be 
the same because of nonlinearities in the thermal and 
electric circuits. These nonlinearities are caused 
principally by radiation losses, the dependence upon 
temperature of the electrical resistivity and the ther­
mal conductivity of the heater, and the curvature of 
the emf versus temperature characteristic of the 
thermocouple. A theoretical evaluation of these ef­
fects for the conditions in a thermal converter, in 
which most of the cooling is by conduction to the 
heater , is difficult, but does serve as a guide in deter­
mining the approximate limiting frequencies for an 
arbitrarily chosen error and for determining which 
factors influence that error. Such an approximate 
analysis has been carried out by a perturbation 
method (see appendix 3). The results show that the 
average (time average) temperature rise at the mid­
point of a conductor heated by a sinusoidal electric 
current and cooled solely by conduction to massive 
terminals is approximately 

(3) 

and that the percentage ac-dc difference of a thermal 
converter having the ho t junction of a thermocouple 
fastened to the midpoint of such a heater is approxi­
mately 

where 
(4) 

8ac= the midpoint temperature rise in de­
grees cen tigrade on alternating cur­
rent of rms value I amperes 

8dc= the midpoint temperature rise in de­
grees cen tigrade for the same value 
of direct current. 

h= a- {3 - 2NTgl2, where a is temperature 
coefficien t of electrical resistivi ty. 

{3 = the temperature coefficient of thermal 
conductivity of the conductor, 

N = ptK/ak. . 
p and a = the perimeter and area of the cross 

section of the conductor, respec­
tively. 

t = the emissivity. 
f{ = the St efan-Boltzmann constant in 

watts-cm- 2-(deg K) -4 
lc = the thermal conductivity in watts­

cm- 1-deg- 1 
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To= the ambient temperature in degrees 
K elvin 

q= d/wl2 and is (approximately) the ratio 
of the crest value of the cyclic 
fluctuation of temperature at the 
midpoint to the average temperature 
ri e at the midpoint 

w= 27rj, where j is the frequency of the 
applied current in cycles per second. 

d= the thermal diffusivity of the heater 
material in cm2-sec- 1• 

l = one-half the length of the conductor in 
centimeters. 

I-I= h+ B /2A, where A and B are the con­
stants in the emf-temperature char­
acteristic for the thermocouple it­
self, that is, in the expression, 
E = A8+(B/2)82 

These equa tions indicate the factors upon which 
the low-frequency error depend. They show that 
the temperatm'e rise can correctly be used as a 
mea ure of the rms alternating current, at fre­
quencies high enough so that the second term in 
the bracket of eq 3 is negligible for the accuracy 
desired ; in other words, at frequencies for whi ch 
the heater integrates r easonably well . This is true 
even if the thermal and electrical conductivities 
of the heater are dependent upon temperature. 
As a corollary, these equations show that a thermal 
converter correctly indicate rms response, except 
at low frequencies , even though its re ponse char­
acteristic E =j(J) is not quadratic. 

The above equations are valid only at frequen­
cies for which the second term in the brackets of 
eq 3 is small compared to 1. 

Equation 4 may be used to calculate approxi­
mately the frequ en cies for which ac-dc differences 
may be exp@cted to cause an error of an arbitrarily 
chosen value. This has been done for som e typical 
materials for an enol' of 0.1 percent, a temperature 
rise of 200 0 0, and a typical heater length of 0.4 cm. 
The resul ts are shown in table 7.16 

T A B LE 7. Frequencies for which the computed ac-dc differ­
ence is 0.1 percent 

[TC1-A signifies 3 t bermocouple of Chromel P anu Alumel, a nd TC-B a t hermo· 
couple of copper and constantan, for which B/2A=-0.lXID-3 and + O.9X10-', 
respectively 1 

H eater material 

Approximate tem perature 
coefficient. 

Frequency for 
a=o.!a 

Thermal ---.-.----diffusivityl---.---

TC- A TC- B Electrical Thermal 
rcsisti vity • conductivity 

1------1----·1--------------
%I"C %/OC cm2-sec-1 

Copper __ 0, ____ ._ +3 .9XlO-3 -0.2X!Q-3 1.1 
Platinum _______ +3.5 +.5 . 25 
M angaoin _______ <. 1 +2.7 . 075 
Constantan _____ < .1 +2.3 .OM 
80 Ni-20 Cr.. ___ .J b+3 . 5 . 038 
Carbon __________ -.5 + .4 .2 

• F or a heater 0.4 !:m long with a temperature r ise o[ 200° C. 
b Estimated from Lorenz' L a w. 

cis cis 
ff.I 70 
j2 14 
3 2 
3 2 
2 2 
5 1 

16 The effect o[ rad btion losses has been neglceled in p reparing this table. 
I n general. lbis efrect; is signi ficant onl y in t he very low and very high range 
thermal con \'orters. 

It i evident that the most significant factor in 
the error term of eq 4 is the length of the h eater 
as the error i dependent upon the fourth power 
of this quantityY It is of interes t to note that 
the lengths, 2l, of the heater of the 1- and 2-amp 
thermal converters are only 0.2 and 0.19 cm, 
r espectively, and that the length of each of the 
higher-range thermal converters i abou t 0.5 cm . 
The value of I-I can be determined from the depar­
ture from "square law" of the characteristic equa­
tion E =j(I) of a thermal converter. For these 
thermal converters it was considerably less than 
the factor given for platinum in table 7. The 
estimated frequencies for a O.l-percent error, on 
the assumption that the diffusivity of the plat­
inum-iTidium alloy used in these thermal converters 
is the same as that of platinum , were about olle-half 
the observed values. 

7 . High-Frequency Response 

As these thermal converters are inherently suit­
able at frequencies up to 100 M c or more, the upper ­
frequency lim it is set by th e circui ts in which they 
arc used . The precautions indicated in section 4 
arc sufficient to control capacitance and leal age 
currents in tes ts of ammeters at frequencies con­
siderably higher than the 20,000 CI S established 
as the present upper limi t by the demand for this 
testing service. The actual upper-frequency limit 
has not been established. 

The magnitude of the effective impedance se ts the 
upper frequency limit for the model A and the model 
B voltmeters. For an accuracy of 0.01 percent at 
20,000 cis, a time constant of less than 1 X 10- 7 and a 
skin effect less than 0.01 percent are necessary for 
the impedance of each s tep of the model A and each 
range of the model B instruments . The time con­
stant of each decade of the model A voltmeter was 
computed from the inductance and direct-capaci­
tance values furnished by the manufacturer of the 
resistance box used . This was less than 5 X 10- 8 for 
each decade. The skin effect was also negligible for 
each decade. The resistance box is connected as a 
three-terminal resistor, with the shield connected to 
the grounded side of the line. For this connection 
the errors caused by the capacitance currents to the 
shield are much less than those that would occur if 
the shield were connected to a resistor terminal. 
They are significant only for the two 1,OOO-ohms­
per-step decades. The effects of the capacitance of 
the resistance cards and switch studs of these decades 
to the shield were computed from the manufac­
turer's capacitance figures of about 10 J.l.J.l.f per decade 
by considering the capacitance as distribu ted along a 
uniform transmission line, composed of resistance 
elements and short-circuited at the end. From the 
usual transmission line form ulas, the magnitude of 

17 For a giv('11 heatr.r alloy, the low~frcQ lIf'ncy range cao be extended by llsing 
longer heaters, with propo..-t ioll n. tcly greater cross-sectional arca to give the same 
tempemture r ise for the same current. If solid heat.ers are used , t he improved 
low-frequency perrormance will be accompanied by increased OlTor du e to ~kin 
effect at high freq uencies. 
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the current at the short-circuited end was computed 
as approximately 

11!= ~ [1 - 0.0056 (WOR)2], 

where 
V = the applied voltage 
1 = the current at the short-circuited end 
R = the resistance in the circuit 

(5) 

0 = the total capacitance to shield of the 
windings in use 

w= 27rJ. 

At 20,000 cis for a capacitance of 30 J.lJ.If this is 
changed by less than 0.005 percent at 20000 ohms 
the maximum etting. The effect of the c~pacitanc~ 
(about 10 J.lJ.If) of each rather large switch blade to 
the hield was separately computed, and found to be 
less than 0.005 percent at 20,000 c/. Thus it was 
concluded that the error of this voltmeter hould 
be a maximw.n of 0.01 percent at the highe t ettings 
and frequenCles used, and less at lower ettings and 
frequen?ies. The performaIl;ce a~ the ~op settings 
was ve~ified by the tests outlined m sectlOn 4. 

The m1pedance of the model B voltmeter was simi­
larly computed, and only the capacitance to the shield 
was found to . be ~ignific:;mt . As a rough but ade­
quate approxunatlOn t~llS may be considered the 
s~me for eac,h s~ep , whIch leads to the approxima­
tlOn of consIdermg the capacitance as distributed 
alo?g a nonuniform transmission line composed of 
reSIstance elements and short-circuited at the end 
Th~ effective impedance was computed by a pertur~ 
ba~lOn method,18 ~m the rough assumption that the 
reSIstance per umt length was proportional to the 
square of ~he electrical distance from the output end. 
The magmtude of the current at the short-circuited 
end was found to be approximately 

111= ~ [1 - 0.0022 (WOR)2]. (6) 

From the measured capacitance of 50 J.lJ.If and the 
total resistance of 100,000 ohms for the 750-v range 
the change in current was computed as - 0.09 per~ 
cent at 20,000 cis, which is in very good agreement 
with the observed results of table 5. Moderately 
good agreement for the other ranges was also ob­
tained, but the change in current was not observed 
to increase in proportion to the square of the fre­
quency as indicated by eq 6. However th e aaree-. d ' . b ment IS goo enough to show that the ac-dc difference 
of thi~ instrument is due to capacitance currents to 
the s.hwld. The~e curr~nts cannot easily be reduced in 
a shIelded multrrange mstrument of reasonable size 
(A shield is desirable to control the currents. ) They 
could . be compensate~ by connecting appropriate 
capacItors across sectlOns of the resistors but this 
seems less d~sirable than the procedure 01 applying 
small correctlOns and has no t been done in the model 
B voltmeter. Much of the capacitance is that 
between the binding posts of each range (see fig. 2) 

J8 Sce appcndi<4. 

an.d betweeJ?- th~ high-side binding post and the top 
shIeld. ThIS shIeld is brought as close as 2 5 cm to 
the row of high-side posts. . 

8 . Other Effects 

The inter~omparisons of insulated-heater thermal 
converters dIsclosed an unsuspected ac-dc difference 
that was dependent upon the voltage between the I 

heater and ground and upon the heater current of . 
each of these elements. T~s was traced to a very 
mall leakage current flowmg through the ceramic 

bead between the heater. and thermocouple and then 
t!rr0ugh the stray capacI~ance of the Lindeck poten­
tlOm.eter to ground. ThIS current caused additional 
heatmg of the bead and thus an error as on direct I 

current .the insulation resistance of the Lindecl was 
much hIgher than the capacitive reactance even at 
20 cis. In addition, t he ceramic bead of each of 
t~ese ther~al converters exhibited marked dielec­
trIC absorptIOn, 0 that its a-c resistance was much 
less than its d-c resistance. For a typical thermal 
converter at rated current a leakage current of 0 7"J.la 
resulted from a differen ce of 50 v between the h~ater 
~nd ground, resul.ting in a power dissipation of 35 J.lW 
m the bead. T lllS was sufficient to cause a 0 2-per­
cent error, w~i~h was proportional to the sq~are of 
the voltage dIfference and was very markedly de­
pendent upon the heater current.19 The reactance 
of a capacItance as small as 100 J.lJ.If is less than the 
computed bead resist~nce, even at a frequency as 
low as 50 cis, so that IJ?- almost any application this 
source of error makes It necessary to maintain the 
heater near ground poten tial. 

9 . Other Applications 

Thi~ equipment was designed for the testing of 
?ther mstruments. Portability and the ease of mak­
mg other a-c measurements were not considered to 
be import~nt. However, the thermal converters and 
voltmeter ele?1en ts are readily portable and have 
been used, WIth a small portable millivol t potenti­
ometer as the indicator , for measurements at other 
locations. For m?as.urements of current or voltage 
to 0.01 percen t, It IS necessary to use a transfer 
method, calibrating the thermal converter or volt­
meter on direct current at the time of use. For a 
more moderate accuracy of about 0.1 percent, it 
should be feasible to use a low-range thermal con­
verter, shunting it for current measurements and 
adding a series resistor for voltage measurements. 
Only the thermal converter itself need be transferred 
to direct current if the resistances of the shunts and 
the series resistor are properly adjusted. Thus d-c 
sources of extended range, volt boxes, etc., should be 
~nnecessal'y. The whole apparatus could be built 
m a convenient case, containing a small potenti­
ometer for the measurements of the current through. 
or the voltage across the thermal converter heater . 

!' This. was dne t o t he marked decrease in the resistance of the ceramic bead 
wIth. an lIlcrease III temper,ature, W ith a fi xed voltage across the bead, t he error 
was III some cases proport IOnal to t be tentb power of the heater curren t. 
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A suitable low-range thermal converter should also 
make feasible an a-c potentiometer with an inherent 
accuracy of 0.01 percent. The basic circuit for a 
polar form of uch a potentiometer (to measure the 
magnitude but not the components or phase angle of 
an alternating voltage) is shown in figure 6. With 
the switch thrown to direct-current the potenti­
ometer is standardized in the usual manner, and the 
deflection of the indicator of the thermal converter is 
observed. The switch is then till· own to alternating 
current, which is adjusted for the same deflection 
of this indicator. The circuit is surely not new, but 
a proved thermal converter makes possible a con­
venient transfer with accuracies comparable to those 
of a d-c potentiometer. The other basic limitation 
r emains that any a-c potentiometer measures only 
the fundamental component of the unknown voltage. 
However for an alternating quantity having a har­
monic content as large as 2 percent, the rms value 
differs from the fundamental by only 0.02 percent. 
Audio-frequency oscillator and amplifiers with am­
plitude distortion much less than this are now avail­
able. uch an oscillator could be u ed to upply the 
potentiometer directly and to upply the test circuit 
through an amplifier preced d b. a uitable phase­
shift network. 

10. Summary 

The electrothermic transfer standards used at the 
Bureau for the precise measurement of voltage and 
current at audio frequencies, and designed primarily 
for the standardization of electric instrumen ts, have 
been described. The extensive tests to establish the 
transfer performance of the standards have been out­
lined, and the results have been given . The causes 
of the observed ac-dc differences have been outlined 
and the error evaluated. The equations governing 
the temperature rise of a conductor heated by an 
electric current and cooled by conduction to relatively 
massive terminals have been solved to establish the 
steady-state midpoint temperature rise on direct 
current with P eltier and Thomson heating, as well as 
the ordinary resistance heating, in order to obtain 
the d-c error of a thermal converter . The equations 
have been solved to establish th e average midpoint 
temperature rise on alternating current, in order to 
obtain the low-frequency error of a thermal converter 
in which the electrical and thermal conductivities of 
the heater are temperature dependent, in which some 
loss of h eat occurs by radiation, and in which the 
characteristic of the thermo couple is nonlinear. 
Possible applications and modifications of the equip­
ment for measurements under less stringent con­
di tions have been suggested, and the application to 
an a-c potentiometer of excellent inherent accuracy 
has been diagrammed. 

The results of this work establish the excell ence of 
thermal converters a tran fer standards of highest 
accuracy, comparable over wide ranges with that 
obtainable with other types of tandards at much 
narrower ranges. The requirements for such stand· 
ards are feasible and the manner of usc to insure such 

accuracy not unrea onable. The cost of the required 
number of standards and the equipment is not pro­
hibitive. Thus electrothermic instruments may be 
ranlred on a par with electrodynamic and electro­
static instruments for a-c measurements of the high­
e t accuracy. 

As a result of this work, thermal converters of 
negligible or small known transfer error are now 
available as transfer standards with which the trans­
fer performance of other thermal converters may be 
evaluated at the NB to 0.01 percent at audio 
frequencies. 

The author acknowledges the help of Murray Blitz, 
who made most of th e intercomparisons described in 
section 4 of this report and checked all the tables and 
equations, and of Earl William , who constructed all 
the equipment and as isted with the mea urements. 
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Appendix 1. Development of Working 
Equations 

By definition, the percentage ac-dc difference of an instru­
ment is the percentage difference in the quantity required 
to give the same response on alternating and direct current. 
It is 

( 7) 

where Q is the quantity (current, voltage, or power) that 
t he instrument measures. 

I n a "straight a-c test" the direct current or voltage is 
adjusted to give the same response of the transfer standard 
observed on alternating current. The direct current or 
voltage is measured with the potentiometer and its accessories. 
Therefore, from the above definition, 

(8) 
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where Ode is the quantity m easured wit.h the potentiometer, 
0, is the ac-dc difference of the transfer standard, and Qae 
"is the a -c value required for the observed deflection of the 
test inst.rument. 

AC 

Thermal 
Converter 

AC 

FIGUHE 6. Elementary form of Polar a-c potentiometer. 

When a thermal converter is u sed for transfer tests the 
small percentage difference, Ot, between the values req uired 
for the same indication of the test instrument on alternating 
and direct current is determin ed from the resulting deflection 
of the Lindeck galvanometer. Ther efore, for each transfer 
t hermal converter, the small percentage differ ence in output 
emf resulting from a small percentage difference in heater 
current must be evaluated. This relationship may be 
expressed as 

( 9) 

where E is the output voltage, [ the heater current, and n 
a number that is generally close to 2, but may range from 
from 1.5 to 2.2. The characteristic, n, may be evaluated on 
direct current by measuring with a potentiometer the small 
percentage differences in E resulting from small percentage 
differences in heater current successively set with a po­
tentiometer at selected current levels, then computing n 
bv the above expression and plotting n versus E. The 
characteristic need not be deteTlnin ed with an accuracy 
better than 1 percent and is relatively permanent. 

If the Lindeck potentiometer shown in figure 3 is used to 
measure E and t;.E in milli volts in a transfer test, then at 
balance E = V p,20 the voltage drop across the four-terminal 
resistor. If the galvanometer defl ection D, is. directly pro­
portional to the current through the galvanometer 21 and if 
the potentiometer voltage is unchanged during a determina­
tion, 

where t;.D is the difference in galvanometer deflection corre­
sponding to a difference t;.E in .the.applied el?f, R p is the 
resistance of the galvanometer CIrCUIt, and S IS the current 
sensitivity of the galvanometer in centimeters per milli­
ampere on the scale. In the Lindeck potentio meter used in 
t his setup, t he galvanometer sensitivity is adjusted so that 
numerically 

100R"_1. 
S -

These relationships may be combined with eq 9 to give 

100AI= t;.D. 
[ nV" 

( 10) 

" An accuracy of 1 percent is sufficieni for this measurement. 
21 The use of a siraight instead of cylindrical scale introduces an error that can 

be shown to be less thAn 1 percent if the ~alvanomcter·to·scale distance is at 
least three times the scale length . 

Therefore, for a t ransfer test of an ammeter with a thermal 
converter that has no transfer error, the required ac-dc 
difference of the test instrument is by eq 7 and 10 

or = 100 (I ae - [de) = Dae- Dde, 
I de nV p 

( 11 ) 

where the alternating and direct currents are adjusted for the 
sa me response of t he test instrument, and the r esulting 
galvanometer deflections are D ae and D d " respectively. 

If the transfer thermal converter has a p ercen tage ac-dc 
differen ce, 0., at the current and frequency a t which the test is 
made, t hen the a c-dc differ ence of the instrument under test 
is, to the desired order of approximation, 

Similarly, for a voltmeter test, 

Or = 100 (Vae - V de ) 
V de 

Dae- D de+, 
V ",· n p 

( 12 ) 

( 12 ) 

in which 0, is the percentage ac-dc difference of the range (or 
setting) of t he standard voltmeter used . 

In this deflection method of using t he Lindeck potentiom­
eter for rapid transfer tests, t he r esista.nce of the circuit seen 
by t he galvanometer must be constant to better than 1 per­
cent. The resistance of the thermocouple of each thermal 
converter has been adjusted to the same value so that t he 
simplified formulas may always be used. The temperature 
coefficient of t he resistance of the Lind eck circuit has been 
computed as less t han 0.1 percent p er deg C, and computations 
show that the resistance seen by t he galvanometer is changed 
by less t han 0.2 percen t by the adjustable battery circuit, for 
all ranges of the potentiometer except the topmost. 

Appendix 2. Effect of Peltier and Thomson 
Heating 

The problem is to find the steady-state temperature rise of a 
uniform conductor of length 2l and uniform cross-sectional 
area, a, carrying a constant current , [ , and cooled solely by 
conduction to its terminals. The joule heating of a length dx 
occurs at the time rate [2pdx/a watts, where p is the electric 
resistivity in ohm-cm. The differen ce in the heat conducted 
per second across the two ends of t his differ ential element is 
ak (d20/dx2)dx watts where k is t he thermal conductivity in 
watts-cm- 1-degrees- l , and () is t he temperature of the 
element in deg C. Equating t h ese and dividing by dx gives 
the differen tial equation governing the temperature of the 
conductor 

( 14 ) 

which is of the form 
()" =-b, ( 14a ) 

where b= [ 2p /a2k. 
If the terminals remain at equal temperatures 00 , and if the 

origin is at t he midpoint of the conductor, the boundary con­
ditions are O= ()o at X= ± l. The solution, by direct integra­
tion and application of these conditions, is 

and at the midpoint 

( 15 ) 

If t he terminals are of different metal t han the conductor, 
P eltier heating and cooling (proport ional to the first power of 
the current) may occur at the junctions of t he conductor wi th 
the terminals. These will b e equal and opposite in sign a t 
the two terminals, and, if we can assume complete thermal 
symmetry, t heir effect will be to raise the tempertaure of 
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one termin.al by a small amount flO and Lo lower the other by 
an equal amount. The differential equation t hen has as its 
boundary conditions, O= Oo+flO at x = +Z and O= Oo-· flO at 
x= - Z. The solulionis 

b ? flOx 
0- Oo =2(12 - x-) + - Z- ' (16 ) 

and is therefore unchanged at th e midpoint.22 Of course, 
complete t hermal symmetry is never attained, so that Peltier 
heats may cause a change in t he midpoint tempel'atme. 
However, for massi ve terminals the temperature changes, 
flO, are very small , so that Peltier h eating need not be con­
sidered significant. 

Thomson heating occurs in homogeneous conductors having 
a temperature gradient in the dir~ction of the eUJ'J'ent flow. 
For t h e one-dimensi0na.1 case here considered, the Thomson 
heat in an element of length dx having a temperature differ­
ence dy is ul de watt s wllCre er is the Thomson voltage coefficient. 
Experiment and theory indicate that er is proportional to the 
abso lu te t(>mperature, but, as the Thomson heating is small 
co mpared to the joule hea t ing, we might, a s a first approxi­
mation, consid er er constant. Equation 14 t hen becomes 

(1 7 ) 

whi ch is of the form 
0" + cO' + b= O (17a) 

with the boundar~' conditions 0= 00 a1 x = ± l , wh pr(> c= erl/ak . 
The steady-stale sol ution of this cq is 

where q= cl< < 1. At the midpoint, where x= O 

Om - 00 = bZ2 (COSh q-1) . 
q smh q 

Expandin g the hyperbolic function s gives, by neglecting 
higher-oreler terms, 

(18 ) 

By substituting the valu es for band c and noting that 
2Ipl/a= V, the VOltage drop across the conduct.or, eq 1 and 2 
of the text can be obtain ed . Thev sho\\' t hat Thomson heat­
ing causes a small (second order 0'£ small ness) decrease in t h e 
temperature rise at the midpoin t of t he conductor, and can 
t hus lead to a transfer errol' in a thermal cOllv.erter. However , 
the approximation of considCl'i ng er a constan t is a drastic one, 
and a more accurate approach will be to consider er = BT, 
where B is a e0l1stant,23 and T is the absolute temperature. 
Equation 17 then becomes 

which is of the form 

T" + wTT' + b= O, (19) 

with the boundary conditions T = To at x = ± Z, where 
w= T31 /ak 

This is a nonlinear equation and very difficult to solve. 
Chester Snow showed that it could be reduced to a Ricatti and 
then to a Be sel equation, but suggested an approximation 01' 

perturbation method to give the desired resu lts more simply 
and directly. The answer is not significantly different from 

!2 Since Peltier beating depends npon tbe juuetion temperature, a second, 
order cbange in midpoint temperature mal' occur. 

" B=d2E/dT' , where E is the emf of a thermocouple composed of the metal in 
question and a metal such as lead, whicb bas "ery small Thomson heating. 

------~~ 

that of eq 18. The method is powcrful, however , a nd was 
used later in evaluating other per lurbing effects, .0 that it 
wi ll be outlined here. The Thomson heating, which is much 
small er than the Joul e heating, can be considered as perturbing 
the temperature distl'ibu tio n of the conductor. Its effect can 
be approximated by so lving t he differential equation without 
the perturbing term, t hen substituting t he re ult, and its 
derivatives as necessary, in the perturbing te rm on ly, and 
solving the resulting equation. 

Without the Thomson heat term, eq 19 becomes 

T" = - b 

with t he boundary condition given, the solu tion of which is 

where the su bscript 1 indicates th e first approximation. 
Placing this value of TI and T I ' in the perturbing term of 19, 
reduces t his to a lineal' eq uat ion , 

b2 3 
T~= - b- w 2 x +wbx (T d+ TO ) ' 

where T d = b12/'2 , the solution of which is 

b wb2x5 wb 
T 2 - T o= "2 ( IL x2) -40+6" ( T d + T o)x3 -

wT d (370 T d+ ~0)x 

At x= O t his reduces to T1- To as only fir~t-ord er terms are 
given, so that t he process must be repeated to find the econd­
order term indicated by eq 18. The algebl'a rapidly beco mes 
very lengthy and tedious, but t he procedure i straight.fol'wal'a, 
and the rcsulting tempera t ure rise at the midpoint i~ foumd 
to be appl'oximately . 

T z- T o= T d [1- 3.4 X 1O-2 z~- ] 0.5 X JO- 2Z0Z d - 8.3 X 1O-2 z~], 
( 20) 

Appendix 3. Low-Frequency Error of a 
Thermoelement 

The problem is to find the steady-state average (over an 
integral number of cycles) tempera tu re rise at the center of a 
uniform conductor of length, 21, and cross-sectional area, a, 
carrying a sinusoidal curre nt and cooled chiefly by conduction 
to massive te rminals that arc at fixed and equal temperatures. 
Assume that t he curren t. remains sinusoidal and t hat only 
Joule heating of the conductor occurs. If all the cooling is by 
conduction to the terminals, the differential equation govern­
ing the temperature of the co nductor is, under these assump­
tions, 

(21) 

" 'ith t he bou ndary condition O( ± Z,l) = 0, "'here 
O= te mpel'at ure in deg C 
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il= t he square of t he instantaneous value of the current=. 
12 (1 - cos 2wl) 

I = rrns value of the current 
W= 2'1I'!, and f is t he frequency of the current in cycles 

pel' second 
t= ti me in seconds 

m = density of t hc conductor in gl'ams-cm- 3 
s = thel'mal capacity of the conductor in joules-grams- I 

-deg C-l. 



The procedure will be to consider P and k constant and to 
solve for the periodic steady-state temperature rise, t h en to 
approximate P and k as p= po (l + all) and k = ko (1 + 1311), to in­
troduce radiation loss, and to solve t he resulting equat ion by 
the perturbation method just outlined. For the cases con­
sidered all and 1311 are considerabl y Jess than 1, and radiation 
loss is mu ch less t han t he Joule heating of the conductor. 

With a and 13 = 0, eq 21 is the form 

0 211 all 
ox2 - got =- b(1 - cos 2wt ) 

where g= ms/ko• and b= JZpo/a.2ko. 
Let lI = u (x,I) + 1/;(x) . Then 

Let o~1/;/OX2= - b. Then 1/; = -(bx')/2 + C1X +C2. 
Applying boundary conditions gives 

II( + l,t) =1i ( + l,t) + ,y(l) = 0 

II( - l,t) = u( - 1,1) + 1/;( - 1) = 0. 

We may take 1/;(1)= 1/;( - 1)= 0. 
Then 1/; = b/2(12 - x2) and eq 22 becomes 

02U aU 
ox2- g (5t = b cos 2wl, 

with u (±I,I) = O. 
From complex number theory if U is harmonic in time, it 

can be represented by the real part of U ei2w', where U is a 
complex function of the real variable x, and .i= ..,j- l. Simi­
larly, b cos 2wt can be represented by the real part of bei2w' , 
where b is a real number. Substituitng these quantities and 
the appropriate derivatives in eq 23 and dividing by e;2w ' 
results in 

d2U . 
dX2 - J2wgU = b, 

with U = 0 when :c= ± l. The sol ution of this is 

U =-! [1 - cosh IlX] , 
112 cosh III 

where p. = ..,jj2wg. At the midpoint 

U = _! [ I __ I _ ] "".i _ b, 
p. 2 cosh p.l 2wg 

( 24 ) 

( 25 ) 

as at the frequencies we are interested in cosh p.l> > 1. There­
fore, u = real part of Ue;2w ' = real part of 

{l~g (cos 2wt + j sin 2wl ) } "" - 2~g sin 2wl . 

So that, to this approximation, at the midpoint 

IIm1 = b~2 ( 1 - w~12 sin 2wl) = Oa(1 - q sin 2wl ), ( 26) 

where IId= b12/2 and q= I / wgI2• 1\ ote that q is the crest value 
of the cyclic temperature fluctuation divided by the average 
temperature rise at midpoint. 

In general, U = U.+j[h , where [J . and U b are functions 
of x , so that U= U . cos 2wt - U b sin 2wt 
and 

111=% ( 12 - X2 ) + U . cos 2wl - U b sin 2wl. ( 27) 

Thus the average value over an integral number of cycles of 
t he temperature rise is t he same as that found in a ppendix 2 
for the same numerical value of direct current, so that under 
t hese conditions the temperature rise of t.he con du ctor can 
be used as a measure of t he current without ac-d c error. 

We shall now consider t hat p= po(1 + all) and k = ko(l + i3l1) 
and t hat some small fraction of the total heat is lost by 
radiation. If P is t he perimeter o f t he heater in centimeters, 
t hen the heat radiated per second fro m t he surface of a 
different ial length , dx, of t he heater is 

where I is t he emissivity of the heater material, a numerical 
constant, and K is t he Stefan-Boltzmann constant in watts­
cm- 2 (deg K )-'. T is t he absolute temperature of t he ele­
ment ; To is t he absolute temperature of the surroundings. 
Int roducing t hese terms in eq 22 gives, as 1311< 1, 

a211 all PI/( - - g( 1- 13(1)-= - b( 1- cos 2wt ) (1 + 7)11 ) +-( TLT4 ) QX2 al ak 0 

where 7) = a -i3. The perturbing terms are 

( 1) 

( 2 ) 

( 3) 

, (3 11°0 , g Fi 

- b( l - cos 2wt)'I']O 

P~~ ( TLT: ) . 

( 28 ) 

As t hese perturbing terms are relatively small , t he solu t ion 
will differ by only a small amount from t hat given by eq 27. 
Hence a sufficien t expression for these small terms will be 
given by substit uting t he known values of the dependent 
variables y from eq 27, and its derivat ives as necessary, 
in t hese perturbing terms. "When t his is done, it is found 
t hat t he first of t hese ter ms reduces to functions of x, each 
multiplied by sin nwt or cos nOll, where n = 2, 4. The second 
reduces to si milar harmoni c terms plus the terms - b['1 P -
(7) U./2)], where P = (12-x2)b/2. The third term becomes 
unnecessarily co mplex. It can be simplified by making the 
further approximation t hat for t his term 

T - To = O,= P (l - q sin 2wl), 
and 

and also t hat k = ko. With th ese approximations, this term 
reduces to harmonic terms plus t he terms 

4NTW + 6NT3P2( 1 + ~), 
where N = PIK/ako. 
Thus eq 28 becomes 

n = 4 
~ ( F n cos nwl + Gn sin nwl). 
n= 2 

( 29 ) 

where F n and Gn are known functions of x alone. We again let 
lI (x, t)= u (x , t) + 1/; (x ) and set o21/;/ OX2 equal to the terms 
independent of t in eq 29, so that 

a2u au n=4 
ax2 - g al = ~ ( F n cos nwl + Gn sin 7lwl ) ( 30) 

n = 2 
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For each frequency of the harmonic driving terms in the 
right-hand side of this eq uation, the solution of the equation 
that vanishes at the end points will be of the form U a cos 
nwt - U b sin nwt, where Ua and U b are functions of x. The 
average value, over an integral number of cycles of the 
lowest frequency, will therefore vanish. Since this is a 
linear equation, t he solution is the sum of such solutions 
and will therefore also vanish. Thus the average value 
of 0, which we are interested in, is equal to if; (x). 

Evaluation if; (x) in the same manner as before gives for 
the value of if! at the midpoint where x= O, 

.y(0 ) = O{ 1 + ~'18d- '1U ;:(1) -~Nnl,- 151Nnlldl'( H~)] 
( 31) 

where 

U a,(x) = foX dx, foX2U a(Xl)dxl 

and on the assumptions t hat Ua2 (-I)= Ua2 (1) and Ua2(0) = 0. 

The required expression for Ua can be evaluated from eq 25 
and 27 by noting that 

!LX= j2wg x=-yx+hxand p.l=p.l+hl, 

where -y=-r:;g, so that cosh p.X= cosh -yx cos -yx+j sinh -yx sin 
"(x, and cosh p.l= cosh -yl cos-yl+j sinh -yl sin -yl. At the fre­
quencies we are interested in p.l> 5, so that 

Since u=real part of 

Uei2W'=re{i~ [I _COSh P.X] ei2w'}= Ua cos 2wt -Ub sin 2wt, 
2wg cosh p.l 

it will be found that 

Ua=~ [sinh 'YX sin 'YX cos 'Yl-cosh -yx cos 'YX sin 'Yll. 
wge~ 

Performing the desired integration result in 

U a2 = --2 b, 1 (cos 'Yl cosh -yx cos 'Yx+sin -yl sinh -yx sin 'Yx). 
wg-y e~ 

From which 

Therefore, eq 31 becomes 

.y(0) = Oae = Od [ I +M+ G-i~NTgl') IId ] = 

o{ I +M+ ~Odq'J. (3 2 ) 

where M is equal to the remaining terms in eq 31 and h "" '1 -
2NT512. 

By the same procedure, eq 28 can be solved for the d-c case 
by considering o8/ ot= 0 and i= I , a constant of the same 
numerical value as t he rms value of the alternating current. 
.The temperature rise at the midpoint will be found to be 

(33) 

Thus the temperature rise on direct current is the same as on 
alternating current when the frequency is high enough so that 
the third term in the brackets of eq 32 is sufficiently small 
compared to unity. Therefore the temperature rise at the 
midpoint on alternating current is 

Oae= 8d'[ 1 + 2t:~~1) ] ""0 • .[ 1 +~Odeq2] (34) 

if M is small compared to unity. 

4 

If the hot junction of the thermocouple is fastened to the 
midpoint of the heater, the emf of the couple may b repre­
sented by 

where Om is t he temperature of t he hot junction in d eg 0, and 
A and B are constants to be evaluated at t hc tcmperature of 
the cold junction. On direct current O,.=Ode and 

On alternating clll'rent of the same rms valuc, Om may be 
considered to be closely enough for these purposes 

The average value of cmf over an integral number of cycles of 
alternating curren t is then (to the desired accuracy, and if 
(B /2A) Ode is small compared to unity) 

From these expressions 

where I-I=h+B /2A. 
° For table 7, it is desir d to compute the frequcncy at which 
the ac-dc difference of a thermal converter due to this effcct 
is eq ual to 0.1 percent. From eq 7 and 9 and for n = 2 the 
difference in current for the same emf is one-half the difference 
in emf for the same current, and is opposite in sign. There­
fore the percentage ac-dc difference, 6, is approximately 

-25HO ded2 

o=-25HO deq2= (2·,,/)'l4 ' 

where in addition to the symbols alrcady defined, d = l /g= 
ko/ms and is the thermal ditrusivity in appropriate units. 

Appendix 4 . Effect of Shield Capacitance 
on the Model oB Voltmeter 

We may approximate the effects' of capacitance to the 
shield of this voltmeter by considering the voltmeter as 
consisting of a transmission line of r.=rQX' ohm per unit 
length, having a constant capacitance Co farads per unit 
length to the shield, witha sinusoidal voltage of rms value V 
volts applied to the high-resistance end. The other end may 
be considered short-circuited, since the thermal converter, 
which is connected between the low-resistance end and the 
ground post, is of low resistance. The shield is also connected 
to this ground post. We wi h to find the magnitude of 
current, 10, at the short-circuited end . For an clement of 
length dx at a distance x from thi end, we have 

dV I I' ddI ° V dx = r.= roX"an dx= J'oco , (35) 

where dY is the rms voltage drop acros the element, and 
dI is the rms current from the ele ment to t he shield . Differ­
entiating the first of these and substituting the values of I 
and dI/dx in the resulting expression gives 

(36) 

subject to the boundary condi tion V = 0 at x = 0 and V = Va 
at x=l and where A2 = jweofO. 

When A= O this become, with the ame boundary 
conditions, 

d2V 2 dV 
--- - = 0 
dx' x dx ' 
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the ~olution of ,,·hich is 

vVe now put t his valu e of r in t he pert urbin g te rm containing 
A' in eq 36, to get 

The solu t ion of this, with t he same boundary conditions, is 

_ VaX3 ( A2/4) ,,2Vax7 
V 2 - T 1- 28 +28/3' 

.As A' = jwco?"o, we wi ll need to repeat t his process t o se cure 
terms in A\ for we are inte rested in the magni t udes of 11 and I . 
Putting t he above value of V 2 in t he last term of eq 36 and 
solving as before gives 

V = Vax3 (1 - "'1'+8 8X 1O_. ,,2/. ) + ,,'VaX7(1_ ,,214 ) + "'VaXll 
3 l 3 ~8' ~8/3 28 :'.46413 

( 37 ) 

F rom eq 35 

1=_1_ dV. 
TaX2 dx 

( 38 ) 

P erforming t he indicated di fferen t iat ion of eq 37 and sub­
stit u ting in 38, and noting t hat t he total resistance is 
R = 7'013j3 leads to 

1= Va[1 _ ,,2/4 +8 8X 10- ',,2/'+ A2X'(1 _ A21' ) + A4X8J. 
R 28 ' 12 28 672 

Solving for To at X = 0, and noting t hat t he total capacitance 
is C= col gives 

10= i [ 1- j O.107wCR - 7.9 X 10- 3(wCR )2 } 

Since t he terms in t he bracket are small compared wit h unity 

W AS HIN GTON, August 16, 195] . 
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