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A Note on the Bounds of the Real Parts of the Character
istic Roots of a Matrix 1 

P. Stein 2 

Two t heorems are given for t he bounds of t he real parts of t h e characteristic roots of 
an n X n matrix, depending on t he use of an arbit rary se t of n positive n umbers. The set 
is then specialized in se veral ,yays so as to lead to t heorems for the bounds in terms of t he 
elements of t he matrix. 

1. Fundamental Theorems 

Let A = (ai,) be an n X n matrix. Let M and m be 
the maximum and minimum real parts of its char
acteristic roots . 

Let U I , U 2, •• • , Un, be a set of positive numbers. 
In this note we prove the following Lwo theorems: 
Theorem A . 

(ii) m ~ min{-21 (aTT + aTT)- 2J:...- ± laTs+ a sTI us} . 
T U r 8=1 

8"" T 

Theorem B . If the elements aTT are real and the 
elements ars , r ~s are real and non-negative, then 

. ( I n ) ( I n ) mIn aTT+-~ aTSUS ~ M ~ max aTT+-"'--J a" us . 
r U T8 = 1 r U T8 = 1 

8""r .""r 
Using these theorems and giving specific values to 

the set U r , we obtain some further inequalities for M 
and m. These inequalities are numbered theorems 1 
to 4. Theorem B is substantially a theorem of L . 
Collatz.3 

To prove theorem A(i), we write A = H + iK , where 
H and R are H ermitian matrices whose el~ments hT• 

and krs are given by 

h,. (1) 

It is known tha t the real parts of the characteristic 
roots of A are bounded above and below by the 
maximum and minimum characteristic roots (real) 
of H . H ence to prove A (i) it is sufficient to prove 
that the maximum characteristic root of H is Ie s 
than the righ t-hand side of (i), and to prove A (ii) it 
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is sufficient to prove that the minimum characteristic 
root is greater than the righ t-hand side of (ii). 

Let }.. and f..t be the maximum and minimum char
acteristic roots of H . If x is a vector with n com
ponents, then hTr is one value of x*H x/x*x for all 
values of r, where x* is the transpose of the conjugate 
of x. Hence }.. ~ hTT' for all r, and f..t~hTT for all r. 

Let U be the diagonal matrix with elements Uh 

U2, .. . ,Un. Let B = U-IH U and let its elemen ts 
be brs. Then 

(2) 

As B is a transform of H , Band H have the same 
characteristic roots, so tha t }.. and f..t are character
istic roots of B. If a is any characteristic root of B, 
then a lies in at leas t one circle with center brr and 
radius 

Thus we have 
n 

la- brrl ~~ IbTsl 
8=1 
8""r 

for at least one value of r. 
As }.. - bTT ~ O , and f..t- bTr ~O, we have 

n 

A ~ brr + ~ I hr81 
8= 1 

8"'" 
for a least one value of r, and 

n 
f..t ~ hrr-~ Ihrsl 

8=1 

8"'" 
for at least one value of r . By (1) and (2) , this com
pletes the proof of theorem A. 

Theorem B may be proved by a modification of the 
proof given by L. Collatz (see footnote 3), or alter
natively, as follows . 

Let G= A + NE, where E is the unit matrix, and 
N is a positive number so chosen that arT+ N > O for 
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all r. Let D = U-lGU, where U is the diagonal matrix 
with elem ents Ul , U2, . . . , Un. 

The characteris tic roots of G and D are the same, 
whereas the characteristic roots of A are those of G 
diminish ed by N. 

If d,s is an clem en t of D, then d,s=(1/u,)a,sus. 
Again the maximum positive root of a matrix with 
nonnegative elements is bounded above and b elow 
by the maximum and minimum values of the sums 
of elem ents of a row . The maximum positive root 
of u ch a matrix is also a root of maximum mod
ulus, and so greater than the r eal part of any other 
root. 

Th e sum of the rth row of th e matrix D is 

H ence th eorcm B follows by u btracLing N from 
each ]'ow. 

2. The Case of Real Elements 

In this scc tion we sh all suppose all the clem ents of 
A to be r eal. Let 

n 
R T = ~a,s, 

8= 1 

8"" 

n 
G,=~aST. 

8=1 

8"" 

(ii) IJ amm ~ aT' Jor all l' and ann ~ arr, l' ~ m, then 

To prove (i), we may suppose i = 1, and let 

(]" 

We apply A (i), wher e we may leave out the mod
ulus ign . vVe take Ul = (]" and 

If 

then 

R,+G, 
u'=--2- ' r~ l 

Inax U s= (]"' ; 
8"'1 

985694-52-2 

if 

then 

and 

H en ce in either ease 

Rl +Gl~(]", 
2 

max U s = (]" . 

8"'1 

Again for r~l , we have 

(3) 

+~ ~(ars+as,) < + .~ ~(a,.+ aar) a" £.-i ..... Us = arr max Us £.-i 2 
U,8=1 L, 8"" U,8=1 

8"" 8"', 
~ aTT+ <T. (4) 

From (3) and (4), part (i) of t heorem 1 follows. 
Part (ii) of theorem 1 follows similarly from A (ii). 

Theorem 2. Let a" be real, a,.~ O , r~s. (i) IJ 
aH~ arr, Jor all 1', ajj~ a", r ~i, and R p ~R,Jor all 1', 

RQ~R" r~p, then M~ ma (att+ Rq, ajj+ R p). (ii) 
If amn ~ a" Jor all r, ann ~ a", l' ~m, and R; ~ RTI Jor 
all r, R!~ RT' r~pl, then M~min (amm+R!, 
ann+ R;). 

The proof of this is similar to th e proof of th eorem 
1 Ll sing theorem B, a nd may be omitted . 

Theorem 3. If a" is real and a,s ~ 0, r ~ 8, then 

M ~ max ( arr+ {t a:j - ± a;. } ! ) . 
, 'J 8=1 

i"'j 8"" 
We apply theorem B and take 

UT = ( ± a;. ) !, 
8= 1 

8"" 
where we suppose u,~ O . B y the H older-Schwartz 
inequality 

1 n 1 ( n )1( n )1 _ ~ aTSUS ~ - ~ a;. 2 ~ U~ 2 
U , 8=1 U , 8= 1 8=1 

8"" 8"" 8"" 

( n n )l = ~U~-~ a;. 2. 
8= 1 8= 1 

8"" 
The theorem follows from the definition of u ,. 

Theorem 4. IJ aTT is real and aTS ~ 0, r ~ s, and iJ 

L =(± a;. ) ! ~ O . 
, 8=1 

8"" 
then 

M~max a rT , 
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Jfi:1We take uT= M and apply the Holder-Schwartz If x, y> O, x+ y= a, we have 
inequality and obtain 

1 n ( n )l - L: aTlu.~ L~ L: L. "2 
U T 8= 1 8= 1 

8~T 8~r 

(5) 

(6) 

108 

Applying this to (5) we get 

From (6) and (7) and theorem B the theorem 
follows. 

Los ANGELES, October 23 , 1951. 
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