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A Note on Bounds of Multiple Characteristic Roots 
of a Matrix 1 ' 

P. Stein 2 

n 
If A = (a •• ) is an n X n matrix, and if Gj are the circles, center ai; and radii ~ I a;.I, and if 

8= 1 ."'i 
A is a characteristic root wi th m independent characteristi c vectors, Olga Taussky proved 
t he following two results : 

(1) If A lies outside all but one circle Gi , then m cannot be greater than l. 

(2) If m= n - l , then A is an inner or boundary point of at leas t m circles Gi . 

I n this n ote tlle gap between t hese t wo result s is closed, and it is shown t hat A lies in a t 
least m circles Gi , for all fini te valu es of m and n , m~n. 

If A = (ajj) is an n Xn matrix and if OJ are Lh e 
n 

circles with cen tr es a ii and radii ~ lai.l , Olga Taussky 3 

proves these two th eorems. 
.=1 ."'i 

Theorem A. A eharacte risLic rooL A, which is an 
inner or boundary point of only on e Ot, cannot have 
two independent cbaracte ristic v('ctors correspond
ing to i t . 

Theorem B . If A has a characteristic root X of 
multiplicity n - 1, with n - 1 independent characler 
istic vectors , th e X lies in at least n - 1 circles OJ. 

In this no te i t is proved that 
Theorem C. If A is a characteristic roo t of A wi th 

m ~ n independent characteristic vectors cOlTespond
ing to i t , then X lies in at least m circles OJ. 

Th eor em C is a generalizaLion of both Theorems 
A a nd B and closes th e gap between them . 

Theorem C con tains th e following generalizaLion 
of a well-known theorem abou t determinants (for 
definitions a nd r eferen ces, see, O. T aussky , A reCllr
r ing th eorem on determinants, Am. Math. Mon thly 
56, 672 (1949)) . 

Theorem D.4 Let A be a m atrix that canno t be 

transformed to th e form (~ ~) by th e same per

mutation of the rows and columns, where 0 consists 
of zeros, and P and Q are square matrices. Let 

n 
furth er lali! ~~ lai.1 for at least one value of i. If 

8= 1 
sr'i 

th e rank of the ma trix A is n - m, where O ~m~n 
then there must be at least m valu es of i for which 
the inequali ties 

hold. 

n 

lalil <~ l at.1 
s= 1 
sr'i 
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IVe require this lemma: 
L emma. If X i, i= 1,2, . . . , 'In , arc m independent 
vectors with componenLs Xj" 8= 1, 2, . .. , n , n'2, m, 
we may construct a set of m independen t v ectors 
Yj , with componen Ls Yi" which a rc linear combina
Lions of Lh e v ectors X i and which h ave Lh e propel't, 
that we may select compone nts of maxima moduli 
corresponding to each Y i , so that no two such 
selected components have Lll e same subscripts. 

We may suppose m ~ 2 . 
We choose Y1 = X 1• LeL YI Sj = XI Sj be a component 

of maximum modulus of Y I . Choose a l a nd a 2 so 
that 

(1) 

a nd 
(2) 

Since YtSj~ O , a2 ~ O , and so since Xl a nd X 2 are 
linearly ind epe'ndent, Y2 ~O. L et Y2s2 be a com
ponen t of maximum mod L1lus of Y2 • By (1) and (2) 
Y2. j = O, h ence 82 ~81' Further, Y 1 and Y 2 are linear 
combinations of th e vectors ,X I and X 2 and arc 
independent. The co nstruction is thus complete 
for two ind ependen t vectors Y i . If m ~ 3 , we 
choose three numbers f3], f32, f33 so tha t 

and 

Since 

f33 ~O , and Y3 ~ O . The argument llsed above may 
now be r epeated to show that if Y 3S3 is a component 
of maximum modulus of Y 3, then 83 ~8] , S3 ~82' 
Fmther, Y 3 has th e other proper ties required of Y t • 



This . would complete the construction for three 
vectors X i. 

If m:2':4, the other properties may be continued 
tep by step till all the independent vectors Y i are 

exhausted. This completes the proof of the Lemma. 
To complete the proof of Theorem C, given the set of 
m independent characteristic vectors X i, correspond
ing to the characteristic root A, we construct the set 
Y i of the Lemma. Since Y i are linear combinations 
of X i, they are also characteristic vectors correspond
ing to the characteristic root A. Hence we have the 
ystem of equations 

?1 

"22a tSYiS= AYit,i=1, 2, ... , m:t= l,2, ... , n. 
s= 1 

In particular we have 
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and so 

n 

"22 as,sYiS= AYis, 
8=1 

n 

(A- aSi,;) YiS i= ~1 a s,SYiS. 
s= 
S;z!8i 

Dividing through by Y iSt> and taking the moduli of 
the two sides, since IYisi l :2': IY is l, s= 1, 2, ... , n we get 
that A lies in the circle eSi" 

Since Si,c.Sj, i,c.j, we conclude that A lies in m 
differen t circles e i. This concludes the proof of the 
theorem. 

Los ANGELES, October 18, 1951. 
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