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Table of the Zeros and Weight Factors of the First Twenty

Hermite Polynomials’

Herbert E. Saizer, Ruth Zucker, and Ruth Capuano

The chief use of this table of the zeros and weight factors of the Hermite polynomials
is in the ealeulation of integrals over the interval [— =, =], when the integrand is either
the produet of e=** and a polynomial, or may be closely approximated by ¢—** times a poly-
nomial. The zeros and weight factors, z{” and «™, respectively, together with the aux-
iliary quantities g™ =a exp [(x{")?], which are useful in computation, are all tabulated
here for the first twenty Hermite polynomials. The zeros z{™ and g™ are given to 13 or
more decimalg, and the weight factors o " to 13 significant figures. Although other shorter
tables have appeared, this present table will enable one to cope with problems requiring
much higher degree and accuracy, both in problems involving direet quadratures and those
arising in the numerieal solution of linear integral equations for the range [— @, «]. Thus
the use of this table in any direct quadrature can give exact accuracy as far as the 39th
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degree (the only inexactitude arizing from the use of rounded values of 2™ and a).

1. Introduction

The main purpose of the table of the zeros x{’
and weight factors (“Christoffel numbers”) af’ of
the Hermite polynomials is to provide the basic
quantities that oceur in the quadrature formula

lis,

R,=

f(-’?fh—-- > af @)+ Ra, (1)
where

L i | P
27 (2n) (2n—1) ... n+2)(n+1

for some §, — o << = [2, p. 101-102, 369].*
When the integrand does not contain == explicitly,
but behaves like ¢=** times a polynomial, instead of

(1), there is
*F @) doe el ™ Fat).

J‘_: F (z) dz= f_ 2y
; 2)

For dealing with quadratures of the type in (2), it
is convenient to follow the example of A. Reiz [1]
and to tabulate also the quantities 8¢ =af’ exp
[(x%)?%]. From the form of the remainder term £,
(1) is seen to be exact (save for the use of rounded
values of z{ and «’) when f(z) i1s a polynomial
of at most the (2n—1)th degree.

2. Numerical Solution of Integral Equations

Besides problems involving direct quadratures,
there are those arising in the numerical solution of
linear integral equations of the second kind for
integrals over the range [— =, =], namely,

sG=1 N[ JOK@Dd. @)

! This project was sponsored in part by the Office of Air Research, AMC,
USAF.
2 Figures in brackets indicate the literature references at the end of this paper,

By considering ¢ f(z)K(y,z) as a polynomial in z,
and making use of (2) for y=z,41=1,2,...,n,
the approximate solution of (3) is reduced to the
solution of a set of only n linear equations for the
(approximate values of) f(z®). These values of
f(z¢?) ean then be used in (2) to find f(y) for any
value of . The advantage in the use of (2) instead
of an equally spaced quadrature formula for solving
(3) 1s that here only n points are needed to give
accuracy obtainable by approximating ¢ f(z) K (y,z)
as a polynomial of the (2rn—1)th degree in z. Fora
full deseription of the method, including examples,
see A. Reiz [1], especially p. 4 to 10, 16 to 21.

3. Important Properties of Hermite
Polynomials

The Hermite polynomials may be defined by
the formula

- 5 (e,

H,(@)=(—1)"¢" 4)
or by the generating function
=22 t2er__ Gl 2_“
They are given explicitly by the formula
:H')] (_l)k n—
Hu@)=2 fim—zim @2 ™ (6)

The numerical values of the coefficients of H,(x) for

- the first 30 values of n are contained in H. E. Salzer

[3]. The polynomials I7,(z) satisfy the differential
equation

H,'" () —22H,' (2) +2nH,(x) =0, (7)
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the recurvence formuls .
Hor(£) —22H (2] 4+ 20H,_, () =0,

gl (8]
and the differential-recurrence formuln
H.) (#y=2nH,_(z). (1))

The Hermife polynomials have the orthoponaliby
property
f _ﬂ P H (2} H, (x) dz = w427nl5m. {10}

A moet important consequence of (107 is (1}, where
the af*’ are defined by .

=G "‘}f

The «f' are slso expressible in the following form
f2, p. 344}, [4, p. 321]:

e T H () dx.

zh?

(11)

a2 0]
{H=ih )

which, from (%), can be written as

o B2 1)

R H, T P

the latter form being mors ¢onvenient for compu-
tation.

{12

am

4_ Description of Tables

This tﬂ,hle- ives the zeros 2/, the waiglht- factors
wf*’ and or the first 20 Hermite polynominls,
The abao, uta values of the zerca, |zi’), are tabulated
to 15 decimals for »=1(1)13, to 14 decimals for
==14{1116, and to 13 demmals for w=17(1120. Ta
each nonvanishiog |zf'| there mmaspunda the two

z:f"’—+].1"'ﬁ and mf"'-=m fz**|. The weight

. "],ﬂ are tabulated to 13 significant
qu- 4 given », zeros having the same ab-
solute va.lua are associated with the same wei t
factor. The suxiliary quantities 8’ are tabula
1% decimals.

5. Method of Computation and Checking

Bince Hy(x) is an odd or even polynomisl for & odd
or even, respectively, it was convement to ¢ tha
vﬂ].lrlnblfh to X=4a7 a.ndxtg} culcut]];utu 2}"’—14@*;"
where enunvanmhuc.':ﬁ are the zeros of poly-
d ;"ELIM[X} d, tﬂ-nddBlsm':;i?s i E""El“ of

ee [ X. Thus a of the polyno-
e_gr nar(X) AN By (X d.lﬂglll.gi excoad 10, Fﬂ,linﬂ
t.ha mém&nt& ware mnmdmhly smaller than those
of H,(z). A first spproximsation to X™' was oh-
toined from E, B. Smith [5], which gives ‘the geros of

a.ctura

)
BP0 oy Coukels']
hafx)=(—1)"" pr
uare of the Iatter. wgnly-
Brap (X were tahula for
five or six values of X in the neighborhood of each
X, at intervals of 0.0001 in The zeros X
were ¢enlenlated by a formula for i inverse mtﬂrpﬂlatmn
given in H. E. Salzer [6], and then were checked by
dmmt mtarpulntmn in the polynomials 4, 4,(X) and
Bim(X), vsing the Greﬁgh ry-Newton fm'mula. with
m:ivanmng differences e accuracy of the zero
X™ was detarminad from the nppmxlmata relation:

by taking twice the
nam]s A a.'lLX} an

error in X = MF{X“’)

whera F{X1) denutea either A, (A"} or

Bam{X™), and A ja the difference hetween two

consecuiive entries of F(X) on either side of X',
Tha waloee of ' were found Ffrom ::?’—*

;i:%yl'X,"’, and cheeked back by equaring {o pet

X =4x". Additions] chacks upon the z* were
periormed by ealeulating
—1
2 mim*=%, (14)

i:I:}"—{ | i e nt DI for # odd, (15a)

=+ 1)2)

where ' denctes the omission of the factor £ =0,
snd
ask)

f—1}* for n even.

|
rrht=
{=l .

{ﬂ." ZJ"

The weight factors &’ were calculnted from (13},
using

Hy (2 =Bn-pm (X for # odd,
and

oy i{2 B = X0 A ue g (XY for » even.

Formula {12} was used to check the &, in the form

xi 21 —ig] |
—T ,.forﬂudd,uéﬁ{n+l} {128
i 27—y

=X E X 0 B even,

Addjtional over-all checks npon « were performed,
using {1) for Plz)=1,2% 2, , . ., & 2200 —1<
2=+, and in a few casea for P(z)=2"+", 2™ | 2P

{12b)
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2n—1<72"+1 the left membherof (1) equal to T (I:-{—%)

Ior Piz)=+®. The choice of there different powers
of z for Piz) was to ensure that every significant
figure of the &' was covered in the checks.

The suxiliaty quanitites *' were computed by
multiplying the weight factors &/ by %"'#, whera
the ¢4*’# ware obtained from the NBS tablez of the

ential funetion [7] and were checked by the
ra?atliun log gt =log of'+ X'/, whera the loga-
rithme were ohtained from the NBS tables [E].

The functions ', af*’, and ' were caloulaied
to ahout two more places than are tebulated, and
are available in menuvscript form, All entries given
hera, which were ohtained by rounding the manu-
soript tahle, are correct to within about a unit in the
st placa. ) .

The functions in this present table were compared
with those in three much shorter similar tables given
by R. E, Greenwood and . J, Miller {9), A. Reiz (1],
and Z. Kopal [lﬂ}], and the few errors of more than a
upit in the lsat placs in those three tables were noted
and reported to the journal “Mathematical Tablea
pnd Other Aids to Computation.” Also, the valyea
of X! for a=16 upon the worksheats were compared
with those in J. Barkley Rosser [11], with perfect

t. Finally, the zeros in the table of tha
mﬂUnivamity Laboratory [28] were checked by
caleulating 2|z~}|, to give complete agreement.

6. Mustration

As an example of the use of (1} for quadratures,
auppese that one wished to evelvate numerically, say

(0 13 places, the integral | ~e~Ju(0)dt, where Ju(®)
denotes the Bessel funct.im;. of order zare. Tt hap-

pens that that integral is known to be Kyvr e=3L{17
where I, (f) denotes the modified Bessel function of
ordfr zero (see [28, p. 394]). As the integrand
e~V () s even, and as V(M=
gy {—z™) from (1 i, whenever % ig avan, *
|7 e dimzar gz, a8
[}
where the summation covers only the positive values
of /% TIn the present example the error in (16}
{from the term R, in (1) and the inequality
[J5m (2} & 1) does not exgeed 10~ fornnsmﬁ us 10,
For the right membar of (18), J{z") was computed
to a3 mony placea ss wers sufficient to obiain
oV Su(xf) to 13 pleces, The Jy(z'?) wes calen-
lated by interpolation in the Bessel function table
of the Harvard Computation Laboratory [27]. The
following are the results of these computations (the
extra fourteenth place in of®J,{z/) waa carried to
uvoid the cumulation of rounding ervors):

i Jylz ) w0 Ty (2 I}

] 0. B70R1 DGRTH 415 1. 59803 Toh4L G52
7 0. T488Y 18308 149 9. 17953 30434 60
8 0 3051E 41522 17 0. 1236 DOTAT BO24
2 [—0 6452 (2154 O —i. KO8 GBS23 1312
0 (—0 237050 2331 —{, DN 28302 0582

10
Zi‘,m““’Ju[:c.‘m}=ﬂ.?8515 05503 338.

This answer differs by only & unit in the thirteenth
place from the true velua of Kyxre™"® 1(1/8) which
was found (employing the power series for Jo{i)) to
ba, to 13 decimals, 0.78518 05503 338,

7. Table of the Zeros and Weight Faciors of the First Twenty Hermite Polynomials

Jeto| oo ot
n=1 n=1 fnm}

0. QODOD (WM (KHKKD L 7724 53850 906 1. 77245 38500 055
=3 n=2 n=2

0. 70710 67811 86548 0 ARG22 o264 K23 1. 48114 11828 611
n=31 n=3 n=3

{1 CHHHMG Q0000
1. 22474 48713 D1EED
it=d

Q. 52464 TH23D THEGD
1. 65068 01239 Q478G

n=0K
0. 00000 (HKHHD GO0

0 5257 24048 13519
2 2018 55704 560848

1 18163 58006 037
1. 32393 11752 136

n=d4

L 05996 44838 950
1, 24022 58176 D58

1. 1616 35900 604
0. 28540 828751 060

n=d

G A0 40000 055
0 (1381312 83544 725

n=35

0. 94550 ST304 RIG
0. BAASE 0OBET7 514
1. 18148 8€255 GO

=5
0. <530 87204 520

0. 39341 93231 522
0. {1119953 24206 D05
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ey

al

ﬂﬁ-‘l

n==6

G 43607 74119 27817
1. 33584 DOT40 13607
T, 36000 40735 T4402

n=T
0. OO Deleeel (NN
0. 81528 7R25 5=U65
1. 87365 16287 47471
2. 65106 13508 35233

n=_8

0. 38118 G002 07322
1. 16719 37124 46730
1. OB165 GT566 03843
o 03083 74202 L7244

n=4%

0. (XHHH) OHHHD GODO0
0. 72365 0187 52RAR
1. 46855 F2501 16ed8
2. 26658 05845 31843
3. 19008 I2IT 51528

n=19

0. 34200 13272 23705
1. 03661 08207 89514
1. 76868 36402 HORRD2
2. 83373 16742 B2TH)
& 42615 1188 3rvas

n=1I

Q. Q00O GOO00 DO
0. BiGE0 956468 82100
1. 32855 70844 04033
2. 02504 80158 26766
2 78220 00007 BlG52
4. 06847 03485 505683

n=12

4. 31424 03762 54359
0. Q4778 23012 40164
1. 9768 20361 H260b
2, 27050 70805 01060
3, 02043 70251 2OSH0
3. BROT2 48075 49782

h=13

OO0 (0000
. QDRTG A&791 T1060
. 2005 50345 BO745

o L]
1
é, A5310 74514 01312
5
i

. G1073 GOAGO TBEIR
. 24660 HI7HEI 72410
10128 75081 TEGLO

n=14

0. 29174 55106 T25H6
0. 87EY1 JTa73 2840
1. ATHEE 27211 4114
2 00618 32586 0772
2 74847 07249 B540
3. 4626h A9336 0227
4 30444 5574 T363

f

=%

0. 72402 95952 244
0 15706 75203 229
0 (2346300 R00G BOS

=7

0. BLO20 46175 548
0 42580 72626 101
0. {i)}545156 58281 9i3
0. {3)IVIVE 12450 D95

n==3

0. 68114 70125 5a2
0. 20780 23268 149
0 (1)17077 0B300 T4l
0. (3}10980 10722 114

=%

0. 72023 52156 D61
42365 15500 086
0. (1}83474 EX7Ta% 438
0. E.‘Z 40436 24275 §53T7
L (4120608 9T726 228

Hn=1I0

0. G10B8 26337 353
0. 24013 86110 523
0. {1)38874 30445 548
0. {2)13436 45746 T81
0. (5)76404 32856 233

=11

0. 83475 02860 1446
0. 42035 D723 K61
0. 11722 78761 677
0. E1}11911 30544 491
0. {3)34621 D4663 233
O {5)14395 60303 714

h=12

0. 57013 52362 625
0. 26049 23108 642
0. {1)51607 93561 588
0. {2)39053 BO5E4 620
0. {4)856736 57043 588
0. {6)26585 51684 356

h=12

0. 60430 31870 211
0. 42151 52088 Q85
0. 14032 33208 870
1)20862 77520 617
2)12074 5HP02 T19
4§ 38040 271
THBEST J1B50 073
n=14

0. 55640 50007 121

0. Z731C 56090 642
Q. (1168605 53422 247
Q. 2;7’5500 4726 458
(3
f. (b
Q&

0.
0
18

G

35509 26135 519
47164 B4365 16
86285 01168 125

114

=>4

0. B7640 13344 362
0 D538 08576 312
1. 12840 83320 746

=T

0. 81026 46175 B4
0. R2R6R 73032 B3
0. BET18 L6008 252
1. 10132 07246 103

n==8§

. TE454 41284 K17
[ TE2ED MMES BE4
0. BEE75 TEO6S 634
L 07153 (1442 480

nmd

4. Y223 52156 061
. 73030 24627 461
0. 76460 51250 D46
0. B4175 27014 7BY
1. 04700 36809 Tav

h=1%

0. 58708 18539 Ei3
0. 70829 53231 049
0. 74144 19819 430
0. B2056 51264 048
1. 02545 L6013 657

n=11

0. 55475 92849 1445
0. 680056 04134 410
0. 88121 18810 867
0. 72195 36247 284
0. BOZ5L 58588 ELO
1. 00652 47881 721

h=12

0. 42080 THET43 635
0. 83062 12320 203
0. 59286 27732 6469
0. 70522 03681 122
0. 73664 30304 633
0. 35850 #0470 923

0. 60430 31870 211
0. 60AGZ 45827 003
0. 62171 80652 868
0. $4875 4833 158
0. 6001 80323 378
0. 77258 08283 517
0 07458 02058 300

n=14

0. 58406 16005 220
0. 59110 GEGT0 432
0. 50637 97391 241
0. 63200 08064 T23
0. 67770 467501 924
0. 75098 70273 076
0. 96087 87030 257




||

ot

o

n=l1l

13611 33832 1092
F1908 2hVal BH4G
2. 32573 24861 Tas8
2. 96716 69279 DGG0
4. 66995 734 0445
4. 40003 07073 003D

18
0. GaR00 96332 H658
1.
1

=1

0. 27345 10441 3815
4. 31105 14401 HiBE
1. 38025 85391 G888
1, 65178 79809 1525
2, h4820 21578 4748
3. 17800 91619 7994
4. 86044 THME 6012
4 g8873 2303 (652

DDLU TR GG LR
0. 53168 0013 427
1. O0B764 ST257 436
1. 61292 43142 212
& 17250 2R266 06
2 76778 29157 (A9
3. 37008 20011 415
4, DE194 GOTIE YOO
4 BT15<¢ 51044 744

0. 28826 7505 191
0. 77048 20192 (74
1. J0092 08683 296
1. 83553 16042 616
3. 22420 003801 GE7
2. 6137 75055 816
A B7Av4 Q0684 =63
4. 24811 TETIH €81
G. 04836 40088 T45

=153

0. 00000 O00ORG GO0
0. 0362 d1684 235
1. 0LO36 23571 343
1. 52417 103 035
2, 04928 17098 04
2 59113 ITEET W5
3, 25784 BRIBF 476
B. V6218 TA51D g40
4. $IR53 2B0GG 038
b DOOET 16008 376

=3

0. 24534 OTO0B3 ()9
0. 73747 3725 454
1. 23407 82168 963
L 73853 77121 166

2. 7BER0 H0684 251
B. 34VES 45673 SJ2
& 9476 4M0I 156
4 90388 24485 507
& 3BT4E Q5400 112

0.
0.
13
0.
1

1
1L
f,
1.
1.
0

0.
0.
0
0.
0.
0.

He=15

0. 56410 (2087 264
0. 1302 B8474 030
. 15848 89167 950
Hgﬂﬂ?ﬂﬂ Q33IET 255
(310K 44412 325
(BYLOSOI 16647 VII
(2316224 TH804 254

=18

0, 50792 94790 166
0. 28064 T4bRs 285
I%BBSIH d4139 899
112880 1153 Gul
2193208 400 242
432?113 80042 E38
&) 23008 50844 BE5
WI2EE48 07474 011

n=17
D 53001 TLETE 24D

|
E

F2355 OTR
%71122 801440 021
49770 T8E51 631

7030 790

n=18%

0. 45340 56047 255
{. 2R480 72856 YN
197301 T4764 TET
118640 (4288 754
FI1R8AS 22630 2O8
(4;91311 MgaT GE%
EE 18106 54451 092
?glﬂ&ﬁ? n7e 5Te
11)TH2R] 0772 114

n=1

1. 50297 48882 762
0. AU100 BURAL 130
0. 18363 27012 070

TORGR OTTT 723
67087 76214 072
27200 19775 318
124382 43147 223

{
E
{
{8)21630 51009 864

0 {11Y13262 97004 499

n=20

Q. 46224 F6E0E GO4
0. 28867 55053 G628

51324310' gahad 744
232437 73342 238
(2)22833 A5380 163
EE%TED?E Ga478 Fa2
61108650 68370 T60
;ggﬂfﬁﬂ 40002 273

n=18

0. 5410 03087 2454
0. 58702 115634 486
0. 57619 33502 B35
0. 5002 74407 643
0. 62048 26085 270
(. 66616 60031 991
0. 74560 TI6HE 169
1. 94886 89708 278

16

1. 54747 52050 378
0 GhX4L 10673 B76
B 56321 THEIO0 B2
0. 589124 72754 009
0. 60473 6%EA2 560
i 85576 56728 T61
. TRAZ4 3G2IZ FIV
0. O56RT 44023 841

n=17

i 53001 TOETG 249
0. 52307 06543 Fab
0. 53976 31139 085
0. 55177 73530 7H2
0. 57073 92041 246
0. 54930 27826 678
. 64620 17002 129
{. Y2874 84705 871
0. 92625 4139% 805

0. 51684 &E364 518
0. 52063 40486 TEL
0. 52858 94428 188
. 54157 B67S6 £21
0. 56127 DQ4h5 458
i 5895 J0054 631
4. GaVe3 01720 065
0. 71900 326d1 Ohd
0. 81630 35376 R1E

n==15

1. 50297 48882 TR
0. 60461 53313 G2
0. 50067 9ETE0 BES

0 55260 46209 671
0. BR2YT 05207 G26
(. 62085 06325 308
0. 711BB 1B743 3rl
0. 90710 FT080 028

n=3

. 40052 15006 667
0. 48384 33552 TI1
0 4000E E713 363
. S00G7 Q02T1 175
0. 52408 0500 480
0 54485 17423 44
0. 57626 24428 G526
0 G227 86061 Bl14
0. 70433 20411 780
Q. 89859 19614 B32
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1948), On p. 165 there are tabulated Xi™=4#"" for

n=14, to 13 D,
12] J. A. 8hohat, A hibliography cn orth: al polynomials,
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