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A Note on the Bounds of the Real Parts of the Character-
istic Roots of a Matrix'

P, Stein *

Twa thearems are
gn X n matriz, depen

iven far the bounda of the real parta of the characteristic roota of
ng on the vsa of ah ArbDitrary st of & positive numbers,

The set

& then apeclalized in several wave a0 as bo lead to theoroms for tha bounds in terms of tha

clements of the matriz,

l. Fundamental Theorems -

Let A={a.) be an nXn matrix. Let M and m be
the maximum and minimum real parts of ita char-
acteristic roots,

Lot wi, ts, . . ., %o, bo & et of positive numbers.

In this note we prove the following two theorema:

Theprem A,
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Theorem B, If the elemends o, dre veol wnd the
elements ., r#g are veal and non-negative, then
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r Wrn=1 t Wpiml
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Using these theorems and giving specific values to
the sei ¥, wa obisin eome further inequalities for S
and m. Thess inpqualities are numbered theorsms 1
to 4, Theovern B is suhatantinlly a theorsm of L.
Collatz?

To prove theorem A i), we write A== 4+i{K, where
H and K are Hermitian matrices whose elaments 4.,
and k,, are given by

“'rl—I_Elf
_2 —1
L; is known that the real parts of the characteristic
roots of A are bounded above and below hy ihe
maximum and minimum characteristic roots (real}
of . Hence to prove A(l) it is sufficient te prove
that the maximum characteristic root of H s less

than the right-hand side of (i), and o prove A{il) it
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ie pufficient to prove that the minimum characteristic -
root. is greater than the right-hand side of (ii).

Lat » and u be the maximum and minimum char-
acteriztic roots of H. If x is 8 vector with = com-
ponents, then A, i3 one valua of z*H fr*x for all
values of r, where x* is the transpose of the conjugate
of x. Honce A2, for all r, and p =4, for 21l ».

Let &7 be the diagonsl matrix with elsments 14,

Wy 4 . ., Ua. Lot B=T1HIT and let ita oloments
be b,,. Then
1
ﬁl" =E: h?‘ulj bTIthTP {EJ

As B ia a transform of H, B and H have the same
characteristic roots, sc that A and g are charecier-
iatic roots of B. I « is any characteristic root of B,
then o lies in at least one circle with center b, and

rodius
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Thus we have
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for &t least one value of ».
Aa da—b.. =0, and u—b,. 20, we have
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for & least one velue of r, and
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for at least one value of ». By (1) and (2), this com-
plates the proof of theorem A,

Theorem B may be proved by & modifieation of the
proof given hy L. Collatz {82 footnote 3}, or alter-
antively, aa {ollowa.

Lot {'=A+4NE, where E is the unit matrix, and
N 1= a positive number so chosen thet &, -+N"=0 for




for all », if a,

allr, Let D=17"1CT7, where U is the diagonal matrix
with slements w, 4z, . . . , Wy

The characteristic roota of 7 and I? are the sama,
whereas the characteristic roots of A are those of &
diminished by &.

If d,, is an element of D, then dn={1}u)a.x,.
Again the maximum positive robt of & matrix with
nonnegative elements is bounded above and below
b{ the maxiooum and minimum vnlues of the sims
of elements of & row. The maximum positive root
of guch & matrix i alse 2 voot of mazimum mod-
ulus, and 8o greater than the reel part of any other
root.,

The sum of the rth row of the matrix 7 ie

o+ N+ﬂl&aﬂul .
apEr

Hence theorem B follows by subtracting & from
each row.

2. The Case of Real Elements

In this seetion we shall suppose all the alemants of
A to be real. Let
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B=28, =3 Eu,,.
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T
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Theorem 1. {léff dntanZ 0, r#s, if B4+0 >0,
&, for all v, and @& a.., ret,
R,—|—Gz“{ O for all r "and R 4CZ ,-|—U,_

r=p,t
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(i) If @pm S @p for alir and 2,2 a,,, r=m,then
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m = min (a,m——T—; F

To prove (i}, we may suppose 1=1, and lot
_ 1 +Gr, d.]gRH'GQ
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We apply A (i), where we may leava out the mad-

ulus gign. Wa take %=1 and
=Rr+ﬂr,
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Henee in either case
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Apain for refl, wo have
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From {3% and (4), part (1} of theoram 1 follows.
Part {ify of theorem 1 follows similarly from A[u}
Theorem 2. Let an be real, @20, r#s. (1) &
m.Ea,,,fm*uﬂ *, By, rei, and By =R, forall r,
754, then MEMAX (a,+ Ry, Gy ), G
I_]!ﬂ,uﬂﬂ-" or Gl v, Bon S 6, rm, and &3 I, for
-1:"R,R 5Rn r#p, then M zmin um-i-ﬂ..
LT
‘The proof of this is similar to the proof of theoram
1 using theorem B, and may be omittad.
Theorem 3. If . iz veal ond 2, 20, res, then

ngu(a,,+{‘§, —g m.} )

We apply theorem B and take

=(i§ a-f.)ir
e

where we puppose w70, By the Holder-Sehwartz
inequa,ht.}'

L3 amst (; {1..) (z; *u.)
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=(g - gl a,.)i

The theorem follows from the definition of ,.
Theorem 4. If 45, is real and 4,20, res, and if

L= (g af,)% #=0
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then
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B.We take w, =1} and apply the Halder-Sehwartz
inequality and obtain
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Iz, >0, 2+ y=c, we hyve
F—i=a — (g— 2 =20 — o rar—gi,
Applying this to (5) wa get
= } i
(o2 o

From (§) and (7) and theorem B the theorem
followa.
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