
THE COMPENSATED TWO-CIRCUIT ELECTRODYNA-
MOMETER.

By Edward B. Rosa.

1. ALTERNATING CURRENT AMMETERS FOR PRECISION MEASUREMENTS.

The Kelvin balance is a standard instrument for the measurement

of alternating currents, but is a slow instrument in practice and is

difficult to use for currents not entirely steady. Moreover, in the

instruments for heavy currents there are eddy currents in the metal

parts of the balance. This causes an appreciable error, at least with

currents of higher than the ordinary frequency, and with currents of

distorted wave shape.

The new Leeds and Northrup comparator is an excellent instru-

ment for precision measurements of large or small alternating cur-

rents, and we have found it very useful at the Bureau of Standards.

It is a differential hot wire instrument and is used in connection

with a shunt for large currents. It is essential in this instrument

also, for precision measurements, that the current to be measured

shall remain very steady; and at least for currents of frequency higher

than the ordinarv, the self-inductances of the shunts used with the

instrument should be known.

The use of an electrometer in connection with a standardized

shunt for measuring large alternating currents is subject to the same

condition, that the inductance of the shunt must be known; and for

shunts of very small resistances on relatively high frequencies, or

for distorted wave shapes, the inductance must be very small indeed

to be neglected. Thus, with a shunt of .001 ohm (for measuring

say 200 to 500 amperes) and a frequency of 180 cycles an induc-

tance of only 100 cm, or o.i microhenry, would make the impedance

of the shunt greater than its resistance by nearly one per cent, and

hence introduce an error of this magnitude in the result, unless the
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Fig. 1

Fig. \. - Drawing of Heavy Current Ammeter.

Two-circuit electrodynamometer, with current shunts, to measure alternating currents from

100 to 1,000 amperes. The field coil consists of two turns of heavy stranded cable B, B^;

the two moving coils c, c' give an astatic system unaffected by distant stray fields, or by the

earth's field when the instrument is calibrated by direct currents. The deflections are read on

a curved scale by means of a telescope. A lever on the bottom of the lower suspension gives a

ready means of changing the zero position of the moving system, required m testing the com-

pensation for the self-inductance of the potential circuit, and in testing for the presence of eddy

currents.
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inductance were known and a correction applied. If, however, one

is measuring currents not of sine wave form the correction can not

be calculated unless the wave form is known. It is obviously better,

if possible, in precision measurements, to employ an instrument that

is free from error arising from the small residual inductance which

can not be entirely eliminated even from a "non-inductive" shunt,

and that is correct for all frequencies and all wave shapes.

2. THE TWO-CIRCUIT ELECTRODYNAMOMETER.

A fourth form of instrument which we have been using for some

time at the Bureau of Standards, and which seems to meet these

conditions, is a two-circuit electrodynamometer, with standardized

shunt. Several of these

instruments, for measur-

ing alternating currents

of different ranges, were -

built in the instrument

shop of the Bureau about

two years ago and have

recently been carefully

investigated. They are

quick in action and con-

venient to operate, and

when compensated for the resultant inductance and capacity of the

moving coil circuit, they have the same constant for alternating

current as for direct. They may, therefore, be calibrated by direct

currents, measured by means of standard shunts, a potentiometer

and standard cell, the moving coil circuit, of the electrodynamometer

being connected to the terminals of a shunt designed to carry alter-

nating current, the larger shunts being submerged in an oil bath

which is water cooled and stirred. It is, of course, desirable that

the inductance of the shunt be kept small, but no error arises from

this cause, either in the ideal simple instrument or in the actual

compensated instrument, the theor}^ of which will be given presently.

That the reading of the ideal simple instrument is independent

of the self-inductance of the shunt may easily be shown. By ideal

simple instrument is meant one in which the self-inductance of the
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movino- coil circuit and the mutual inductance of the two circuits

are both zero, while eddy currents in the region of the moving

coils and capacit}' in the resistance R.> are supposed absent. Fig. 2

shows the circuits of the instrument. The main current / to be

measured flows in series through the shunt S and the fixed coil A
of the electrodynamometer. From the potential points a, b, of the

shunt the potential current / flows through the resistance R.^ and

the moving coils B^ B., of the instrument. This current is propor-

tional to the difference of potential between the points a, /;, and

therefore to the product of the current into the impedance of the

shunt. Thus,

._ (^-Ov^?+/W (I)

where i\ is the resistance and L^ the inductance of the shunt, p
being 27r;/. This current / lags behind the main current / b}- the

angle (^, where

T
cos <f>= -p==L==,

Hence the torque of the instrument, which is proportional to /, /' and

cos (^ is

T—KIi cos </)

_ KI{I-i ) r. (2)

R.

That is, the deflection is unaffected by the self-inductance of the

shunt. The constant K is determined by passing a direct current

through the instrument, the potential ciirrent in that case being,

.^(/-z)r.

R.

The deflection is the same when the direct current is equal to the

square root of the mean square of the alternating current. The
deflection being independent of the frequency is also independent of

the wave form.
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3. THE COMPENSATED INSTRUMENT.

47

In the above simple theory- of the two circuit electrodyiiamometer

it was assumed that L.^ and M^ the self-inductance of the potential

circuit and the mutual inductance between the two circuits, were

zero. As this is not realized in the actual instrument it is necessary

to calculate the effect upon the deflection of these quantities, as well

as the effect of eddy currents in the fixed winding or other parts of

the instrument.

In the potential circuit there are two electromotive forces acting,

e^ due to the current /— i^ in the shunt (where / is the total current

flowing, which passes through the fixed coil, and i^ is the component

of the current in the potential circuit in phase with /), and e^ due

to the mutual inductance M between the two coils. The first is

equal to the current times the impedance, the second is proportional

to M^ I and the frequency. Thus, using complex quantities,

L,

rig. 3

e^^-jpMI

e =^1+ ^2

(3)

The current I^ in the potential circuit is equal to the electromotive

force e divided by the impedance of the potential circuit, namely,
R^-\-jpL,. Thus,

L _{I-i;){r-^jPL,)-jpMI
(4)

(/- i,){R,r-^rfL,L.;)-fMLJ-jP [(/- i,){rL-R,L,)+MRJ ]

22261—07 4

«.2 7- 2
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This current /, is not in phase with the main current, but lags by

an angle </> such that

Putting 2\ and 7\ for the two components in phase and 90° out of

phase with /, so that

^2 = ^1 4-/4

we have for the component in phase with the main current /,

. _

(

7- /.)(^,r+/AA)-fMLJ ,..

The component 7\^ 90° out of phase with /, contributes nothing to

the torque on the moving coils and may be neglected. The torque

due to the component t^ is

fL,L, fML, I
i+-

R^r R^r I-i\

/A'
r:

(7)

If Z.2, the self-inductance of the moving coil were zero, this expres-

sion for the torque would reduce to equation (2), which is the value

for direct current. If Z.^ is not zero, the expression in the bracket

gives the correction to the torque, which depends not only on the

constants L^ and TL.^, but also on the variable mutual inductance M
and the frequency of the current. If R.^ is large and the frequency

is low, the correction can be neglected. But for frequencies as

large as 100 to 180, and such resistances as we can use without

reducing the deflection too much the correction may be important.

I have therefore arranged to compensate the self-inductance of the

potential circuit by a capacity, so as to make the potential current have

the same phase as the impressed electromotive force in the potential

circuit. This is equivalent to making Zg^o, and so making the

correction in brackets in (7) equal to zero.

Fig. 4 represents the potential circuit of the dynamometer with
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an outside resistance r^ in parallel with which is a condenser C
Its terminals have been removed from the shunt and joined together,

or what amounts to the same thing the two terminals are joined

to the same point on the shunt, so that no electromotive force is

impressed upon the potential circuit except that due to mutual

inductance.

"tx
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c
Fig. A

B

The conductance from A to B is — ^jpC
To

The impedance Z„ is therefore

2^2 2

The impedance of the remainder of the circuit, Z^, is

The total impedance of the potential circuit is therefore

Z^r,^jpL,y:\ ^f-;,

li p^C^r^ c^n be neglecced in comparison with unity, this reduces to

Z=r,+ r,-jp{Cr;'-L,) (8)
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and if r^ is so adjusted that Cj\^'— L.^^ the impedance reduces to the

That is, the impedance is equal to the ohmic resistance.

The compensation for the inductance in this case is true at all fre-

quencies, and hence the correction factor in brackets in equation 7

reduces to unity.

In a particular case Zg was 0.328 milli-henry, C was i microfa-

rad, and hence r^ was 18.1 ohms; />^CV./ was, therefore, for 180

cycles about .0004, and for 900 cycles, .01. The compensation is

thus seen to be independent of frequency for a considerable range,

and hence independent of the wave form.

4. APPLYING THE COMPENSATION.

To test the need of compensation join up the dynamometer as in

Fig. 4 without the condenser or the auxiliary resistance r\ and pass

the full load current of the instrument through the fixed coil. If

R^ is the resistance of the moving coil circuit and L.^ its inductance,

the current /, in the moving coil circuit will be,

_ -jpm _ -^R-jpL,)jpMI _ -fL,MI-jpMRJ

The component yV.^ produces no torque; the component /'ogives a

torque

T = Kli,

_ _Kf'fL,MP
- R^fL: . (10)

_ _Kp^L^MP

when /.., is small, as is usually the case, and p^L.^ is negligible in

comparison with R,^.

If the moving coils are so placed that the nuitual inductance AT
changes sign as the coils are deflected over the range of the scale,

this torque will reverse sign accordingly In an instrument with

a torsion head where the moving coil always occupies the same
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position, the position can be so chosen that M^ and hence the torque

due to mutual inductance, shall be zero. In a deflection instrument

this is not practicable, but, as we have seen above, the torque is

made zero by compensating with capacity so as to have the same
effect as reducing L^ to zero.

Fiff. 5

By introducing a condenser and resistance i\ into the circuit, vary-

ing the latter as necessary, the deflection can be reduced to zero for

all positions of the moving coils, provided there are no eddy currents

in thefixed coil. If there are eddy currents, which produce a torque

in addition to that expressed by (10), the resistance r^ in parallel with

the capacity C required to give zero deflection will vary over the

^)
>

C2

Y\i f. 6

B

scale as shown in Fig. 5. AB represents a scale i meter long. The
curve ACj shows how the compensating resistance r^ varies over the

first half of the scale, and CgB represents it over the second part. The
reading C corresponds to the position of the coil when the mutual

inductance M is zero. Fig. 6 shows the curve when the eddy cur-
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rent effect is very small, and the compensating resistance is constant

except for a short distance in the region of zero mutual inductance,

which may of course be displaced considerably from the center.

5. TORQUE DUE TO EDDY CURRENTS.

To investigate the effect of eddy currents in the fixed coil or in any

masses of metal near the moving coils, assume a third circuit C
(Fig. 7) inductively connected Avith the fixed coil A and the moving

coil circuit B.

Pig. 7

Let M^ be the mutual inductance of the fixed and moving coil

circuits.

Let M.^ be the mutual inductance of the fixed and eddy current

circuits.

Let M^ be the mutual inductance of the moving coil and eddy

current circuits.

Let the moving coil circuit be compensated for self-inductance so

that we take L.^ as zero; L.^ is the self-inductance of the eddy cur-

rent circuit. A'., and ^^3 are the resistances of the mo\'ing coil and

edd}' current circuits respectively.

Let /be the current in the fixed coil, its phase being taken as

zero.

^'2 — ^'-i-\-J^"-i
'^^ the current in the moving coil circuit.

l^ — i\-\-ji"^_ is the current in the eddy current circuit.

The electromotive force /f., in the edd\' current circuit is then

neglecting the insignificant effect of the small current I^,

(")
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Dhiding E.^ by the impedance of the eddy current circuit,

PM,RJ
(13)

The electromotive force E.^ acting in the moving- coil circnit is due
to the mutual inductance of the other two circuits. Thus:

^8= -Jp^^IJ-JP^tJ^= -jpM I-^— J-i/J?r '

R3 +P -^s

T-^~- f-^J^^RJ JPL\M _&^jM^,
' R, R.iR^+fL^) R,\ ' R:-+fL:

. ^ P'M,M,RJ ,^,

y, _ Ml If
P'M,M,L,

\

''--RX'^^'W+f^t'^

(14)

(15)

The resultant torque on the moving coil system is due to the cur-

^
rent /g in the fields due to / and /g. The

/j\ rectangular components of these currents,

(2)^ /' which in general have different phases, are

/^\^ .// shown graphically in Fig. 8. The cur-

^ ^ rent z'^ produces a torque with respect to

7/ / and /'g, while i^\ produces a torque with

respect to /'g. The whole torque T may
'

be regarded as made up of two parts, T^

^ -^ ^ ' and Z'g, where T^ is due to the currents
^^^- ^- represented by the horizontal arrows and T^

is due to the currents represented by the vertical arrows. If J^^ is the

constant of the instrument for the field winding through which the

current / flows, and A^g the constant for the eddy current circuits,

we shall have

/',
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The total torque is therefore

r= r.+ r.= _^--ggJ_,j^,.l/,- A-..!/,} (i6)

In order to make this torque zero the quantity K^M^— K^M^ must

be made equal to zero, as none of the other quantities can be made
zero except perhaps M^^ and that only by rebuilding the instrument.

The mutual inductances M^ and M^ each consist of two parts and

we ma}' write

:

M^ -M'^^M'\ where M\ = constant

M.^= M'.^-^ M^'^ where M'^ = constant

The constant parts of these mutual inductances, M\ and M^^ are

due to the inductances of the fixed and eddy current circuits upon

all the moving coil circuit exclusive of the moving coils themselves.

The variable parts are the inductances upon the moving coils, which

vary as the coils are deflected, and reverse sign as they pass through

the position of no mutual inductance. The mutual inductance M^\
is proportional to the strength of magnetic field at the coil due to

unit current in the fixed coil, as is also the constant A\; hence Af'\

is proportional to A\. Thus we have

R^.M,- A\M, = A^,M'
,+ aA;a;- A\Af\- aA\A\

-R^M\— Ar,Af,,= A, a. constSLTit (17)

Thus if we adjust M\ so that K.:,M\ — K^M\ the constant A
will be zero and the torque due to the eddy currents will be zero.

This we can do by inserting a coil of a few turns 'in series

with the moving coil circuit, IV Fig. 7,, and placing it in such a

position with respect to the fixed coil that the mutual inductance

M\ is given the desired value. This adjustment holds for all
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positions of the moving coils and for all values and frequencies of

the current.

Writing y^ for the bracket in equation (16) we have for the torque

due to eddy currents and mutual inductance without the compensat-

ing inductance,

P'M,R,PA

This equation I have verified experimentally ^ by placing coils of

known resistance and inductance near the instrument and varying

the several quantities separately. When L^ and p are small the

torque is proportional to/>^, that is, to the square of thefrequency;

when pL^ is large relatively to ^3 the torque is independent of the

frequency. For the case of masses of metal the torque falls between

these extremes and is approximately proportional to the frequency.

The torque is constant and in the same direction over the entire

scale; hence it is easy to distinguish between the torque due to

eddy currents and that due to L^ the self-inductance of the moving

coil circuit. The latter is variable and changes sign where M^ is

zero. Hence in making the double compensation one should change

Tg until the deflection is constant over the scale, then adjust the

compensating inductance until it is reduced to zero. This compen-

sation should be made with a heavy current in the field and as high

a frequency as possible, and R^ relatively small. At lower frequency

the torque is smaller, and will be negligible if compensated as nearly

as possible at the higher frequency.

6. VARYING THE RANGE OF THj: INSTRUMENT.

To vary the constant of the instrument, the resistance R^ may be

increased by varying amounts above its minimum. The resistance

of the moving coils and connections being r^ and the compensating

resistance being rg, the minimum value of R.^ is r^+ rg. Additional

resistance r^ may be added to any extent without disturbing the

compensation, provided this resistance is free from inductance or

^ In this verification as well as in the other experimental work with these instru-

ments I have received valuable assistance from Messrs. M. G. Ivloyd, P. G. Agnew,
T. T. Fitch, and F. W. Grover.
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capacity. This will var\- K o\-cr a wide range and so enable one to

measure a considerable range of cnrrent.

If 7-3 does possess appreciable inductance or capacity it will slightly

alter the compensation, but usually not appreciably. For the induc-

tance or capacit}' of r.^ is not likel}' to be appreciable in comparison

with L^ unless i\ is large; and if 7\ and hence R.y is large, the torque

due to Z2 for which compensation is made will be very small, being

inversely proportional to i?^. However, as a test for compensation

can quickly be made at any time, there is no necessity for the com-

pensation of the instrument to be wrong, even though the potential

resistance R.^ is frequently altered.

One of the chief advantages of this form of alternating current

ammeter is the ease with which the constant can be altered in a

known ratio. The formula for the torque given by equation (2),

which is (7) wdth the correction factor reduced to unity, ma}' be

written,

for heavy currents, where i is inappreciable in comparison with /and

D is the deflection. K^ will not of course be quite constant over the

scale. If i?2 is increased in the ratio of 4, 9, 16, etc., the value of /

for the same deflection will be increased 2, 3, 4, etc., times. If i\ is

decreased 4 times (by using a shunt of larger capacity and lower

resistance), a given deflection will correspond to a current twice as

large. Thus the heaviest current the instrument can carry (suppose

100 amperes) will be measured with the smallest value of ;\ and the

largest value of R.^^ and this will give a full scale deflection. For

the lightest currents to be measured, suppose r is 10 times larger and

R^ 10 times smaller, then 10 amperes will give full scale deflection,

and 5 amperes can be measured with good accuracy. If the instru-

ment has a double winding, a still wider range of current can be

measured with satisfactor}^ accurac}'.

For the heavy current ammeter shown in Fig. i there are two

manganin shunts provided, arranged as shown in Fig. 9. Hither

one can be shortcircuitcd by the copper block <?, h being an insulat-

ing block; a and b can 1)e interchanged in position quickly when
the screw S is released.
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The heavy bar conductors are not disturbed in this change. The
shunts are submerged in oil, which is cooled b}'^ a circulation of

water. Thus the temperature of the shunts will be raised very

little by the full load currents for which they are designed, namely,

250 and 1,000 amperes.

7. WATTMETERS.

Two-circuit electrodynamometers are very commonly used as

wattmeters, with a high resistance in the potential circuit. For

measuring the power in circuits of relatively high electromotive

force and of large power factor, the effect of the usually small

inductance of the coils of the potential circuit and of any slight

eddy currents that may be present is negligible. But when the

wattmeter is used on circuits of very low elec-

tromotive force, where the resistance R^ must

be made small, or when the power factor is

very small, these sources of error may be very

important. It is therefore desirable to use the

same compensation of resistance in parallel

with capacity in precision wattmeters as is used

in two-circuit ammeters, and also to test for the

presence of eddy currents. If these eddy cur-

rents are in the metallic parts of the instru-

ment (the field conductors being so thoroughly

stranded and insulated as to obviate them in

the field windings), they may be fully compen-

sated for by a loop in the potential circuit, placed inductively with

respect to the field, as described above. If, however, they are in

the field coil themselves, this compensation for their torque still

leaves a possible source of error— namely, in the different distribu-

tion of the alternating current in the field coils from that of the

direct current emplo3^ed in calibrating the instrument. The field

coils should therefore be carefully protected from eddy currents by
making them of insulated strands.

A wattmeter compensated in this manner may be employed to

measure the power expended on condensers or on a cable on open

circuit. Or it may be used to test other wattmeters, having the

^,

u
Fio-. 9



58 Bulletin ofthe Bureau ofStandards. \_voi.3,no.i.

potential current displaced 90° from the field current, either by the

generating machine or by other means; or it may be used to show

when a given current and a given electromotive force differ by 90°,

or any other desired angle, and so employed to calibrate phase

meters.

When a w^attmeter or alternating ammeter is to be made very

sensitive, that is to measure small power or small current, it is

necessary to make the constant K large. If the instrument is com-

pensated for the self-inductance of the moving coils one can put a

larger number of turns on these coils than otherwise, and allow L^

to have a relatively large value. This will give a greater sensibility

without danger of error arising from self-inductance.^

^Since the above was written I have noticed that M. H. Abraham has used a

capacity and a resistance to compensate in a similar manner an alternating moving
coil galvanometer.


