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Phase of the Low Radiofrequency Ground Wave ‘ 

J. R. Johler, W. J. Kellar, and L. C. Walters 

The special theoretical considerations pertinent to tlie conijtntation of tlie pliase of 
the ground wave at low radiofrecinencies ai’e discussed. The formulas necessary for the 
numerical evaluation of the ami)Iitude and phase, and the results of the numerical coni]>uta- 
tion are presented. The effects of freciuency, conductivity of the eartli, altitude above 
the surface of the earth, and vertical la])se of tlie permittivity of the atnios})liere are 
evaluated. 

1. Introduction 

The phase of the low-fretiuencv g-i'ound wave is implicit in its theoretiea] development. 

Most computations in the past have considered only tlie amplitude. However, the importaiici' 

of a ])re(*ise computation of the phase has increased with the use of vaiuous systems of low- 

fretiuencv radio navigation [21, 22, 23, 26, 27].- The phase of the propagated gi*ound wave' 

is also an important consideration in the solution of the more genera,1 prohlem of the propagation 

of a transient in a radio-communication system. Computations have been performed hy tlu' 

authors diii'ing the past 2 years for the purpose of evaluating the effects of pro])agation on 

various radio-communication systems and are presented here in a unified form. 

A mathematical model for the computation of both the anijilitude and tlu' phase of tin' 

ground wave near the earth has been pi-esented by Sommerleld [11], Wise [9, 10], \hiu der Pol 

and Xiessen [15], Watson [S], Van der Pol and Bremmer [6], Bremmer [7] and Norton [1, 2, 3, 4, 

5]. This (drcular concerns the computation of the jihase of the low-frecjuemw ground wav(' 

from this mathematical model. The amplitudes of the ground waves incidimt to this computa¬ 

tion are also presented. The phase variation with frecjuency is consideri'd. Tlu' disturbing 

influence of the source is considered for the particular source model used iu this comjmtatiou. 

The effect of tlie finite conductivity of the earth and the vertical lapse' of the' permittivity of 

the atmosplu're is also demonstrated liy this com])utation. 

2. Theory of the Phase Computation 

44u‘ prime consideration in this study of the propagation of tlu' ground wave was tlu' 

nature of the source. The sour(*e selected for this computation was tlu' eh'mental vc'rtical 

electric dipole of the type originally proposed by Hertz |20] and which is use'd for the gi'ound 

wave in vailous modified forms by Norton [1] and Bremmer [7]. 

The field develo|)('d by the source was des(*ril)('d by a primitive (piantity, 11, (vollsX 

meters, oi* joulesXinc'ti'rs/coulombs) known as the Hei-fz vei'tor [20]. Tlu' various ('h'cti'ii* 

and magnetic com])om‘nts of the fii'ld can be computi'd from this (pianfity by a dilfi'ri'iilialion 

process. As the field can be descilfied by ff single (piantity, IT, the Maxwc'll tlu'orx' for (he 

problem at hand can be r('pr('S('nt('d at a jiriniitive source', l2, as followsX 

(v+F)n=~“ (I) 
K 

1 The work represented by this paper was sponsored by Wright Air Development Center, Wright-I’attcrson Air Force Base, Dayton, Oliio, 

in connection with Air Force Contract .'U((ll())-54-7. 

2 Figures in brackets indicate the lilerature referetices on i)age 10. 

3 The rationalized rnks system of units is used tiiroughout this Circular. 
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"riie current of tlie source, I, may be derived from tlie quantity o as follows 

(amperes per square meter) 

'Jdie Hertz vector for the solution of this equation is as follows [19', 24j: 

n= ^ f'/h/r, 
■ilTK J p (I 

V.^VAt) 

whert 

and 

(2) 

(3a) 

(3b) 

(3c) 

3die evaluation of the source at a time, f—{rj(l)lc, instead of a time, t, accounts for the finite 

propagation time through space. As the computations in this paper were built u])on two 

separately derived theories (plane- and spherical-earth theories), the source current, I, must be 

specified closely if consistency is to l)e maintained at intermediate distances from the source. 

Hence, the source, I, was assumed (a) to have a uniform distributioii along an elemental linear 

distance,^ /, of the ^ axis of the coordinate system ^ (at the origin in cylindrical coordinates; at 

the surface of the earth, r=u, 0 = 0 in spherical coordinates), and (b) to vary sinusoidally with 

time at an angular frequency co. It shoidd be noted that the length, /, would represent the 

effective length of a practical low-frequency radio-transmitting antenna. The effective 

length would ecjual half the physical length if the cin-rent on the antenna had a linear distribu¬ 

tion along its length. 

The distance, d, is the distance from the observer to the volume element of integration in 

eq (3). The distance, <1, is further specified as the distance measured along the surface of the 

earth.® 

The source polarization. If, in the spherical-earth theory was then specified " as follows: 

[I!] = r — exp {i [k(i—co/]} {d=ad) (4a) 
CO 

and in the plane-earth theory: 

[9.]^z^exp{i[kd-oit]} id^E). (4b) 

The source was therefore always considered to be polaiazed perpendicidar to the surface 

of the earth. Tn either case, however, 

l>=i — exp{ —loot} ((1=0). (4c) 
CO 

The natui'e of the oscillator sup])lying the source with electric power may be described 

as follows: 
Ee I=i/o sin (cot+TT). (5) 

It is ([uite evident that due to the assum])tions in ecj (4), the phase of the oscillator at time 

t = 0 was advanced t radians. This specification simplified graphical presentation of the 

results of the com])utation and also avoided negative phase values for the “secondary factor” 

to be delined later, ft is also evident that the amplitude of the oscillator does not vary other 

than sinusoidally with frecpiency co. 

* The volume element of integration, eq (3), now becomes a linear element of integration. 

* See figure 1. 

« See figure 1. 

^ Vectors are definefl in figure 1. 
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The coinplete held, IT, at a distanec', h, from tiie soui‘e(' can Ix' (U'serilx'd in fr(‘(' space' for 

the elemental dipole of Hertz as follows [IS, 20]: 

lol 
iiTTKCod 

exp{?’[AY/—w/]} (volts X meters). 

The amplitnde of the field is inversc'ly i)roportiona,l to th(' frecpieney, and the distance, d, 

and therefore becomes infinite when either co or <I is zero. With the aid of this repiY'sc'iitalion 

of the held, the electric and magnetic components of the held can Ix' com])nted as follows: 

/d=ciirl curl II (volts per meter) (7) 

— — 

11=—r- curl n (ami)eres ])er meter). (S) 

ddie parameter k is defined for a medium of })ei-mittivity, /c, farads j)er nu'lc'r; pi'rnu'ahility, 

iiQ, henrys per meter; and conductivity, a, mhos per meter as follows [IS]: ^ 

^ (radians per meter)-. (9) 

ddie scalar electric and magnetic* components of the' held can now Ix' comj)nt('d. 

electric held intensity, Er or is of parti(*ulai* interest.® 

Foi* the Si^hejical-Eafih Theory: 

Tlx' vc'rtical 

(10) 

For the Plane-Earth Theory: 

E,=ElJE 
d^n 
5^2 

(volts per meter) (11) 

One of the most important and diflicult theoretical problems with which early workc'rs in 

the held of radio-wave pi'opagation wei*e confronted was the evaluation of the' Hertz vector IT 

near the surface of the earth. The results of the efforts of the many workers in tlu' field ai*e 

presented in form suitable for computation by Van der Pol and l^rc'inmc'r [h], Bremnu'r [7], 

and Norton [1]. If the Hertz vector, 11, is evaluated for the effect of the proximity of the 

earth, the ground wave for ])urposes of this study is now completely s])ecih('d. Howeve]*, it 

has been found convenient to ex])ress the total field as the pi*oduct of two factors: (a) the 

primary held or free-space held, E^r (volts per metei*); and (1)) the sc'condaiw factor, (dinu'n- 

sionless). The primary held is defined as follows: 

/ HP 
Epr= . \ exp{ i[A*ic/—w/]} (volts ])er metc'r), (12) 

47rK'a)c/ 

where 

{a = i), for air) (radians jx'r mc'ter). 

ddie wave numbej*, /.y, rc'fers to the* air nu'dinm at the* surface' of tlu' ('arth. 

The secondaj-y factoi*, F’, is dc'iiiu'd with F>, tlu' ('h'ctric intc'iisity, as follows: 

2E„ 

* More, detailed for.nuilas are given in ai)i)endix 1. 

® Other components are given in appendix I. 

'0 F is equivalent to the ratio of Hertz vectors II/2IIpr the s|)lierical-eai-1 li IlK'ory d('scrii)ed l)y llremnier [7, p, is|. 

% 
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According to this definition, the secondary factor, F, accounts for the distiir])ing influence 

of the source or the earth. At very great distance from the source, in free space, a = 0, F=J; 

or over perfecth^ conducting earth, (7=co^ F—1. It is of interest to note, however, that a 

secondarv factor other than unity deflned by eq (13) exists over perfectly conducting earth 

close to the source, or other than J in free space close to the source due to the disturbing influ¬ 

ence of the source. This consideration at low frequencies is of considerable im])ortance, because 

“close to the source” can be as far away as several hundred miles. Wait [16] has shown the 

efl'ect of the horizontal stratification of the ground on the secondary factor, F. This paper is 

concerned with the homogeneous case only. 

At great distances along the surface of the earth, the phase, (f)c, of the secondary factor, F, 
was computed from the spherical-earth theory. Close to the source of the radiation, the com¬ 

putation by this method became unwieldy. The phase was then computed from the plane- 

earth theory. 

The computation of the phase, </>', of the primary field as defined by eq (12) was quite 

simple, and, neglecting the time function, w/, is 

Cd 
F=Pid=- Tjid' (14) 

In view of the above argument, the total phase, 4>, is as follows: 

(15) 

(16) 

where 

F=|F! exp {iF} (!■) 

or (f)c is the i)hase of the secondary factor, F. At great distance from the source, 4>' is a large 

number (thousands of radians). On the other hand, is a relatively small number (between 

0.1 and 10 radians), and can therefore be regarded as a phase correction that is to be added to 

the free space or primary field to eccount for the disturbing influence of the source or the earth. 

The basic assumptions and specifications described were so defined as to avoid a negative 

phase, 4)c, for the secondary factor, F, thus simplifying the graphical constructions of the 

functions. In this regard, the free-space wave field intensity close to the source of the radiation 

is of intei'est and may l)e described as follows 

{['[w-S]} ^ ^ P‘'‘' 

Idle secondary factor, F, is as follows: 

F=F 

ddie phase, (j)c, of the secondary factor, F, is then as follows: 

0c = tan ^ 
(P (P 

1 3^2 

d F kd^^hP 

Lilli (/)c = 7r (radians). 
(/-.U 

(19) 

(20) 

(21) 

This may be derived from ('q (ti) and (11). 
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For the special case, z=0,*- 

E 

F^F' = 14- - — ^ 
^ ^{ikdf }k(l 

0, = tan 

1 

El 

^ Ed'^ 

an 

kd- 
kd 

(22; 

(22i 

(24) 

1^11110,, —TT (radians). (25) 
rf-^O 

44ie value of the phase, 0c, of the secondary factoi*, F, is illustrati'd yrapliically in figuri' 2. 

44ie phase, 0c, for the free' space field secondary factor, F, as shown was coin])uted from (‘(j (24). 

Idle value of the phase, 0c, due to the disturhing- inlluence of th(‘ (‘arth is also shown at a fi-('- 

({ueiicy of 100 kc for conductivities of 5, 0.005, and 0.0001 mho ])er metej- and for plain' and 

spherical eartli theory comjKitations of the secondaiy factor, F. 
The details of the com])utation of the secondary factor, F, or tlie hh'rtz vi'C'tor, If, lu'ar 

the earth have been elegantly worked out by the aforementioned authors. Fhe vertical elec¬ 

tric field intensity at great distance close to the earth m the s|)hei-ical-('arth theory is, afti'i- the 

various approximations [0, 7], as follows 

Er=2EprFr (volts per metiu'). (2() 

File secondary factor, F^ is as follows: 

(I J'AIhlUfh) 
■xp-f i[( } 

File phase, 4>c, can be computed from the following quantity: 

(/)^ = ai-g Fr (radians). 

bi7) 

(2S) 

(dose to tlu' source (wavelengths), the effec't of the source' on tlu' secondary lactor, F 
must be considered. In this case, at the surface of tlu' earth, i. v., fs{lh) = F{l>\) — ^'’ 

F=FrFF'~\ (2-0). (20) 

Because the computation by means of tin' residue se'ries describi'd in ('({ (2S) beconn's unwie'ldy 

at short distances, it can lie assumed that tin' earth is a plain'. In the jilain'-e'arth tln'oiy, the 

vertical electric field intensity at the surface' eif the' earth, Ab, was leminl tei be' give'ii by the' bil¬ 

lowing apiiroximate feirmula [2, 2]: 

E,^2EprF2 (volts jie'r me'te'r). (50) 

Fin' se'e-emelaiy fae-teir, F, is as feilleiws: 

where 
.'/(pi)= I +u pil 

031) 

(■■52) 

lia.i)— I 
e-r (:;:>) 

See fiRure 1. 

>3 Symbols are defiiiod in glossary, i)age 'M. 

'“t See table 42 and eri (94) in ai)i)endi’c I. 



and Pi is the numerical distance of Sommerfeld [ll]d® 

It has been found convenient to express the pliase, (p, as a time^ t, as follows: 

(microseconds)- 
CO 

(34) 

For the phase, (pc, of tlie secondary factor, F, a time tc can be ascribed as follows: 

tc=—' 10^ (microseconds)- (35) 
CO 

The vertical lapse of the permittivity of the eartli’s atmosphere was reckoned from a 

mathematical model of the atmosphere which assumed a linear decrease with altitude from some 

surface value rii, eq (12), and some value, 772, h kilometers aloft. This is expressed as units 

per kilometer as follows 

h m) 

(37j 

The parameter, a, is introduced by the following: 

a 1 
(38) 

~ae~k'’ 

where a is the radius of the earth, Gg is the “effective radius” of the earth, and k' is the “effec¬ 

tive radius factor” of the earth. AA" is related to the parameter, a, in eq (26), (27), and (28) as 

follows: 

o=1 + aA^ 10k (39) 

A physical interpretation of the a parameter results in an adjustment of the amplitude and 

phase of the ground wave which would l)e expected from the assumed mathematical model of 

the atmosphere, i. e., the assumed vertical lapse of the permittivuty of the atmosphere. The 

derivation of tliis paj-ameter by Bremmer [7] is based on a model of the eartli’s atmosphere 

wliich has a linear decrease with altitude. The derivation is completely independent of ad 
hoc geometrical-optical considerations with which it is often associated. It is independent of 

the thickness of the earth’s atmosphere (wavelengths) as long as a wavelength is small com¬ 

pared Avitli the radius of the earth. Satisfactory experimental vertification of this model has 

not as yet been achieved. Other mathematical models of the atmosphere could put further 

restrictions on this parameter, especially at low and veiw low frequencies. 

3. Results of the Computation 

The results of the computation ai-e tabulated in tables 1 to 44, and are preseiited gi-aphi- 

cally in figures 2 to 17. 

The phase, (pc, of the secondary factor, F, in free space, (cr = 0), eq (24), is shown in figure 2. 

This IS also the pliase of the secondary factor over an infinitely conducting earth (o-=oo). The 

disturbing inffuence on the phase, (pc, of the finite conductivity of the earth is also shown at a 

frequency of 100 kc, for three values of (*onductivity: <j = 5, 0.005, and 0.0001 mho per meter 

for both the plain'- and the s])herical-earth theory. 

'5 Soo figure IH. 

S(H' figure 1(1. 
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The %-ures included in this Cdrenlar illnstrale the eTeet of frecjiK'iiey, distance' alon^' tiu' 

surface of the earth from the source, eondnetivity of the earth, and tlu' ve'rtieal lapse* e)f the' 

])ermittivity of the atme)S])here on both the phase of the secondary factor, 0^, anel the' ainj)htuele, 

\E\, of the ground wave. It is of e*om])utational interest to note' that the value e)f the ])hase. 

(/)f, anel the value of the ainplituele, \E\, eoinpnteel freein the plaiU'-e'arth thee)i‘v anel the* sphe'rie*al- 

earth theory at inoelerately elee*reasing‘ elistane*e, appre)ae‘h each othe'i' sne‘h that at sheert elis- 

tanees the two ee)mputatie)ns hee'Oine ielentical. This is illnsti-ateel lor the* i)hase', 0^, in ligiire';). 

If required, the teetal i)hase may he e*e)mj)uteel epiite sini|)ly fre)m eej (Ih). The* amplitueh' e)f 

the greeund wave, \E\^ veelts per nu'ter, assumes that the se)ure‘e elii)e)le' monu'ntum. Id, e'e^ 

(22), (26), anel (30), has a value of unity (1 ain])ere'-me'te'r). The* elfee*! e)f the antipe)ele', or the* 

effect of the wave progressing arounel the earth in the e)j3])osite' elire'Ction (—6 elire'e-tiein in tig. 1), 

was found to he negligible' as far from the source as ](),()()() mih'S. Alse), neete* that the* value of 

the attenuation is very large for the greeund wave (figs. 11, 12, anel 13) at sue*h distance's from 

the source. The variation e)f the i^liase, 0^, of the se'e-onelary fae'tor, F, with the* parame'te'i* 

a is shown in figure 4. The corre'S])onding am])lituele'S, \E\, are sheewn in ffgure' 13. The 

curves, a=l, correspoml te) a value that would he expee'teel from a homoge'ueeeus atmos])he're'. 

However, the average atmosi^here is not home)ge'nee)us, elue in large' measure to the* gravitational 

fielel of the eaidh. The value, q; = ().75, is a value fre'epiently assumeel anel e'orre'speenels te) an 

average vertical ])ermittivity lapse such that the ‘'effective i-aelius factor,” k', ee] (38), has a 

value of 4/3. On the other hand, the value a = () e'orresponels te) the i)lane-e'arth the'e)rv value. 

Such a vertical lapse eer greater is often e'onsielereel at very high freeiue'iie'ies to ae*ce)unt fe)r 

the effect of elucting. Further gi‘aj)hie‘al stuely of this i)arame'te'r is shown in figure's (> and 

10. 

Considerahle interest has devele)j)ed in the e'ffect of e*onelue*tivity and conelue/tivity changes 

on I)oth the ani])lituele anel ])hase. The ce)mj)utatie)ns of this report assume he>me)ge'ne'e)us 

coneluctivity. The eff‘ects of coneluctivity on the am])litude' anel j)hase are shown in ligure'S 

3, 7, and 12. Of particular interest is the pliase, (pc, of the see*onelary facteu-, F, shown in ligui-e 

7 for various distances for both the plane- anel s])he'rical-e'arth theory. Between the asymptote's 

(7 = 0 anel cr = oD a maximum phase retarelation, is ohserveel. This is in the regieen e)f maxi¬ 

mum energy absorption by the earth anel ine'lueles the* values of conelue'tivity me)st fre'ejuently 

e)bserved on the earth. The asynq^tote, a=co, is epute rige)re)us for a highly e*e)ndue'tive' sphe're 

the size of the earth. Hewvever, the value cr=0 eloe^s not re'])resent a elieh'ctric sphere as the 

terms of the rainbow series So, Si, S2 . . . , Sk (for 1) eh'scilheel by Bremmer [6,7] are* 

neglected. This approximation was considereel quite re'ase)nable for linite e)r iidinite value's of 

coneluctivity, a, as the I’ainbeew terms other than SEi are very highly al)se)rl)eel by the earth. 

44ie amplitude of tlie gi‘e)unel wave \E\ is slightly enhane'cel as the value e)f the e‘e)uelue*t ivitv, 

(7, is increaseel through values of (7 — 0.05, (7 = 5 (sea water), anel (7 = 00, This is due' to the* be'- 

havior of the attenuation fae'tors, exi)[-/m Ts] [7]. The value of Irn r„ for the first te'rm ol the 

resielue series (eq(26), •§ = ()), wdiich in large* measure dete'rmiue'S the* attemiatioii is sheewii grajeh- 

ie-ally in figure 17. A similar curve for the* phase j)aranie'te'r. Re tq, is sheewn iu figure* 10. 

4. Physical Significance of the Phase 

At a time, t, anel a elistance, e/, fre)m the se)urce', the* signal, /(e/,/), upe>ii wdiie'h a me'asure'me'ut 

is maele may be ele'se*ribeel as fe)lle)W'S [28, 20]; 

/ff//) (>/,/> +/i Ofd) +./2(d,0. i 

In this pa.pe'r, the* e*e)ntinue)us waive* signal, /o(<'/,/) has be'e'ii e'valuat e'el. Ibis e-einl inueiii^ 

wave signal will, in general, be*. alte*re'el by the* traiisie'iit te'rms, /i((/,/) anel /^(e/,/). Pbe' nu'asure'el 

jihase will not in ge'neral ceirrespeinel te) the* value's e'eimpute'el lre)m /(,((/,/). The* transie'iit te'rms 

are usually evaluateel for spee'die* syste'ins eif me'asure'me'iits uneh'r stuely anel are* ceinsieie're'e! 

beyonel the se'eijie of this paper, ddie* value* eif tbe* phase* ol tlie* e'eint inuems signal, /,)(e/,/), may? 

howe'ver, uneh'i' e'aia'fully ceinsieh'ia'el e'einelil ieins have* pbysie-al siginfie'ane'e*. 

3831)28—56-2 
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Tlie physical ineasuieinciit of the phase at some distance from tlie source of the signal may 

be interpreted as the time required for the signal to propagate to the observer. The value of 

the phase, in this paper, is such a time relative to the free-space propagation time. This 

measin*ement can also he descrilied as a velocity measurement if tlie distance from the source 

is considered. It has been shown by Sommerfeld [28] and Brillotiin [29].tliat the signal velocity, 

I's, is always less than the universal constant, c. At great distance from a source in free space, 

the signal velocity, corresponds to the phase velocity, ty, or the group velocity, Vg. More 

often, however, the signal velocity and signal time-delay correspond to the group. However, 

under certain conditions neitlier the group velocity nor the phase velocity have physical sig¬ 

nificance. The phase velocity and the group velocity have been implied in thus computation 

and may be explicitly developed. 

If the time-depi'iident factor is included, the phase. 0, of the ground wave is as follows: 

(p^4)' ^ (41) 

ddie groujj delay can b(' t'stimated by Kelvin’s j)rinci]de of stationary i)hase [25] as follows: 

<14> (1 f 0) 5 

^/co do: \c " f 
(42) 

(43) 

'hhe group delay, tg, (relati^'e to tlu' ])rimarv ti(4d) is as follows: 

3 h
 

1 (44) 

The V('locity of propagation, r, or the phase velocity, Vc> is follows: 

(45) 

Or/ 

The velocity of the group, /y, is 

A— ^ (40) 

4>g = o:tg (47) 

0 -r 0^= 0c T ro" —cu/ 
do: 

(48) 

c 

dfg 

(49) 

(50) 

The index of refraction, 77, of the pro])agation medium is 

c 
(51) 

8 



Close to tlie source or in free s])ace the v^elocity of tlie ])liase, i\, tlu' oi(),)p dt^av, fg, and 

tlie v^elocity of the gToii]), Vg, may he eom])ute(l from ecj (24) as follows: 

d/f /I'l r A*p/“+l ”1 
dd CO UtrC-Ayh/H IJ 

(7)2) 

1-
1 

U
“ 

+
 I 

(08) 

Liin Cc=-=c (>7i=l) 
f/->oo 171 

(o4) 

Lim Vc=~ 00 (dd) 

dtc k]d{kid~-/l) 
",/co «(/-}7^-i;-?,/2+i) (dO) 

^ o)iktd^-k!d'^+]) 
(d7) 

T • 
Lim fg=fc=^ 
d^O ^ 

(dS) 

k, '2kid-+1 2kmkid^+1) (2kdk-1) 

CO ktd^^-kUk^ 1 (kt(P-k!d^+lY 
(dO) 

V 

1) (2A'1rC-1 n ) 

{ktd^-k\cP+\f Jj 
((iO) 

Lim — oo (()!) 
f/-^0 

Ihm =e (7?i = l)* (<)2) 
rf—>00 y)i 

At intermediate clistances from the source, the group delay, grou]) velocity, ami i)liase 

velocity may he evaluated by graphical construction of the factoi’s: 

die 
CO -J-) c 

(10) 

dtc 
dd' 

and c 
dfj 

dd' 

At great distance from tlie source, close to the eaidh, the grou]) velocity and group deday 

may he estimated from the fij-st teian of the residue series as follows: 

R('-h.—ai'g/(u*, 5^)—o)f ((>4) 
a 2a 4 

/(to, de) = 2Ti)—j.j (()4) 

l^={k;afia% e IKc ^"l]+,7(, [-'"S' /Cn. 6,o] «>-,) 

C=r).()98G(l()->/A 1.279()X10"'’ (<‘>d) 

((r=().()()r), e2=-ir), «- ().7r), /- 100 kc,c/>2,ooo), 

where d is expressed in mih's. 
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Figures 18, 19, 20, and 21 illustrate the development of group delay, phase delay, group 
velocity, phase velocity, and index of refraction of the propagation medium. Physical sig¬ 
nificance cannot be attri])uted to the immediate region of the source because velocities, v. in 
excess of the constant c, or indices, less than 1, would be contrary to the principle of relativity. 
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7. Tables 

Tables for 20 kc 

A. Variation of 4>^, and ]e| with o’ for d from 0.01 to 10,000 

statute miles, = 0, == 15, and a = 0.75 

- 

Table No. 

Spherical Earth Theory Plane Earth Theory 

0.005 1 2 

3 

III Tables for 200 kc 

A. Variation of <t>^, t^ and |e | with a for d from M. 01 to 10, 0C‘ 

Statute miles. 

Table No. 
O' 

Spherical Earth Theory Plane Earth Theorv 

0. 005 30 51 

00 32 

i 
» 

Tables for 100 kc 

A. Variation of <t>^, t^ and ]e] with u for d from 0.01 to 10,000 

statute miles, h^ = 0, 6^ “ ' 5, and a =0.75 

Table No. 

Spherical Earth Theory Plane Earth Theory 

0 4 5 

0.0001 6 7 

0.0005 8 9 

0.001 10 1 1 

0. 002 12 1 3 

0. 005 14 1 5 

0.05 16 1 7 

5 1 8 19 

5 (6 = 80) 20 

00 21 22 

B. Variation of (j>^, t^ and ]e^ | with a for d from 100 to 10, 000 

statute miles, h^ = 0, = 15, and a= 0.005, (spherical 

earth theory). 

IV Tables for 500 kc 

A. Variation of i(>^, t^ and |e| with for d from. 0.01 to 10,000 

statute miles, h^^O, = '5, and q=0.75. 

Table No. | 

Spherical Earth Theory Plane Earth Theory ' 

0.005 33 34 

35 

V Tables for 1000 kc 

A. Variation of 4> , t and |e| with cr for d from 0.01 to 10,000 

statute miles, h^ ~ ^ ^ 2. ~ * ° ” 0.75. 

Table No. 

Spherical Earth Theory Plane Earth Theory 

0. 005 36 37 

38 

Table No. 

0.1 23 

0. 2 24 

0. 5 25 

0, 7 26 

0. 9 27 

1 28 

C. Variation of t^ with h^ for d from 500 to 10,000 statute 

miles, <r = 5, and a= 0.75. 

h Table No. 

5. 5 to 33. 0 
statute miles 

29 

VI. Constants for (ji^. t^ and |e| calculations 

Constant - f Table No. 1 
1 

2 
1 
1 

crp c _ 0.0001 to 5 10 to 1000 kc 39 
(jj 

0. 0001 to 5 1 0 to 1 000 kc 40 

0. 0001 to 5 10 to 1000 kc 41 1 

({<r, 6) 0.0001 to 5 100 kc 42 

1 
f(T, 6) 0. 005 20 to 1000 kc 42 

d(0. 01 to 200 mi. ) 100 kc 4 3 

ikjd (ik|d)^ 

^s, 0’ ^s, 00 
s(0 to 50) 44 

25 



TABLE 1. TABLE 2 

Spherical Earth Theory 

15 
0. 005 
0. 75 
20 kc 

Plane Earth Theory 
^2 " ^ ^ 
a = 0.005 
a = 0.75 
f = 20 kc 

d(miles) (}■ (radians) t (microseconds) 1e ] ]e^] (decibels) d(miles) 4> (radians) tp(microseconds) 1^1 ]E^] (decibels) 

100 0.19582 1.5583 1. 5089(10’^) -1. 36(10^) 0. 01 3. 1348 24.946 3. 4294(10) 3. 07(10) 

200 .33525 2. 6678 7.0579(10'®) -1.43(10^) 0. 02 3. 1281 24.893 4.2864 1.26(10) 

500 .77024 6. 1293 2. 1315(10'®) -1. 53(10^) 0.05 3. 1078 24. 731 2. 7420(10'S -1. 12(10) 

1000 1.5679 12.477 5. 5710(10'“^) -1.65(10^) 0. 1 3. 0739 24.461 3. 4217(10'^) -2.93(10) 

2000 3. 2219 25. 639 5. 6272(10'^°) -1.85(10^) 0. 2 3. 0049 23. 912 4. 2484(10'®) -4. 74(10) 

5000 8. 1936 65. 203 1.0710(10'^^) -2. 39(10^) 0. 5 2.7765 22.095 2. 6028(10'^) -7. 17(10) 

10,000 16.480 131. 14 5. 5778(10'^”^) -3.25(10^) 1 2.2448 17.863 2. 9930(10'®) 

, -6 

-9.05(10) 

7 
2 1.0371 8. 2529 6. 9192(10 ) -1.03(10 ) 

5 0.34820 2. 7709 3. 0294(10'®) -1. 10(10^) 

10 0.19889 1.5827 1. 5567(10'®) -1. 16(10®) 

20 0.14296 1.1376 7. 8326(10'^) -1.22(10®) 

TABLE 3 h, = 0 50 0.13787 1.0971 3. 1380(10'^) -1.30(10®) 

Plane Earth Theory 
^ 

100 0.16727 1.3311 1. 5711(10'^) -1. 36(10®) 

a = 0.75 
f = 20 kc 

d(miles) (t)^(radians) t^(microseconds) ]e ] (decibels) 

0.01 3. 1 348 24.946 3. 4294(10) 3. 07(10) 

0. 02 3. 1281 24.893 4.2864 1.26(10) 

0. 05 3. 1078 24.731 2. 7420(10'S -1. 12(10) 

0. 1 3. 0739 24.461 3. 4217(10'®) -2.93(10) 

0. 2 3. 0050 23. 913 4. 2483(10'®) -4. 74(10) 

0. 5 2.7778 22.105 2. 6015(10'^) -7. 17(10) 

1 2.2498 17.904 2. 9739(10'®) -9. 05(10) 

2 1.0240 8. 1489 6. 7731(10'®) -1.03(10®) 

5 0. 31416 2.5000 2.9956(10'®) -1. 10(10®) 

10 0. 1 5037 1.1966 1 . 5448(10'®) -1. 16(10®) 

20 0.074367 0.59179 7. 7870(10''^) -1. 22(10®) 

50 0.029655 0.23599 3. 1220(10'"^) -1. 30(10®) 

100 0.014821 0.11794 1. 5615(10'^) -1. 36(10®) 

TABLE 4 h2 = 0 

Spherical Earth Theory <r =0 

a = 0.75 
f = 100 kc 

d(miles) <t)^(radians) t^(microseconds) 1e 1 [e^ ] (decibels) 

100 1.5806 2. 5155 3. 2900(10'®) -1. 50(10®) 

200 1.9179 3. 0524 6. 7367(10'“^) -1.63(10®) 

500 3. 1041 4.9403 3. 7535(10'^°) -1. 88(10®) 

1000 5. 3895 8. 5776 7.2839(10'^®) -2. 23(10®) 

2000 10.060 16.012 3. 8661(10'^®) -2. 88(10®) 

5000 24. 071 38. 311 1.0665(10'®'^) -4. 79(10®) 

10.000 47.423 75. 476 2. 2218(10'“^°) -7.93(10®) 

TABLE 5 h^ 

''2 
Plane Earth Theory cr 

a 
f 

d(miles) <ti^(radians) t^(microseconds) Kl ]e^] (decibels) 

0.01 3. 1078 4.9462 6. 8558 1.67(10) 

0. 02 3. 0737 4.8920 8. 5589(10'^ -1. 35 

0.05 2. 9682 4. 7241 5. 4354(10'®) -2. 53(10) 

0. 1 2.7742 4.4153 6. 6647(10'®) -4. 35(10) 

0. 2 2.2935 3. 6503 8. 4143(10'“^) -6. 15(10) 

0. 5 1.1714 1.8644 1. 3178(10''^) -7. 76(10) 

1 0. 80651 1.2836 5. 6107(10'®) -8. 50(10) 

2 0.7 2816 1.1589 2. 3348(10'®) -9. 26(10) 

5 0.81749 1. 3011 6. 6253(10'®) -1.04(10®) 

10 0.96243 1. 5318 2. 3208(10'®) -1. 13(10®) 

20 1. 1431 1.8193 7. 3296(10'^) -1.23(10®) 

50 I. 34 2.13 1. 39(10'^) -1. 37(10®) 

100 1.4426 2. 2960 3.6401(10'®) -1.49(10®) 

TABLE 6 h = 0 

«2 = 
Spherical Earth Theory cr = 0.0001 

a = 0.75 
f = 100 kc 

d(miles) 4>^(radians) t^ (microseconds) IEj.1 (decibels) 

100 2. 3637 3. 7620 5. 8757(10'®) -1.45(10®) 

200 2. 7781 4. 421 5 1. 1450(10'®) -1.59(10®) 

500 4.0746 6.4850 6. 3957(10'^°) -1.84(10®) 

1000 6. 5385 10. 406 1 . 3160(10'^S -2. 18(10®) 

2000 11. 573 18. 420 7.8959(10'^®) -2.82(10®) 

5000 26. 677 42.458 3. 1442(10'®'^) -4.70(10®) 

10,000 51.849 82.521 1.2076(10'®'^) -5. 78(10®) 

= 0 

= 15 

= 0 

= 0. 75 
= 100 kc 

26 



TABLE 7 'table 8 

‘2 = 
Plane Earth Theory 0- = 0.0001 

a = 0.75 
f = 100 kc 

d(miles) 4)^ (radians) t^(microseconds) ]e^] (decibels) 

0.01 3. 1077 4.9461 6. 8554 1.67(10) 

0.02 3.0735 4. 8917 8. 5566(10‘') -1. 35 

0.05 2.9666 4. 7215 5.42 50(10"^) -2. 53(10) 

0. 1 2. 7646 4.4001 6. 6147(10'5) -4. 36(10) 

0. 2 2. 2363 3. 5591 8. 3455(10"^) -6. 16(10) 

0. 5 1.0877 1.7312 1. 5364(10'‘l) -7. 63(10) 

1 0.79238 1.2611 7. 0917(10'^) -8. 30(10) 

2 0.77545 1.2342 3. 1816(10'^) -8. 99(10) 

5 0.96570 1.5370 1.0199(10'^ -9. 98(10) 

10 1.2209 1.9431 3. 9541(10"^) -1.08(10^) 

20 1. 547 5 2. 4629 1. 3605(10'^) -1. 17(10^) 

50 1.987 3. 162 2. 608(10‘^) -1. 32(10^) 

100 2.22 3. 53 6. 38(10"®) -1 44(10^) 

TABLE 9 h, = 0 

^2 = 15 
Plane Earth Theory a- = 0. 0005 

a = 0.75 
f = 100 kc 

d(miles) (j) (radians) tj, (microseconds) |e^] (decibels) 

0.01 3. 1078 4.9462 6.8551 1.67(10) 

0. 02 3. 0737 4. 8920 8. 5546(10"S -1. 36 

0. 05 2.9679 4.7235 5.4139(10"^) -2. 53(10) 

0. 1 2. 7688 4. 4066 6. 5373(10"®) -4. 37(10) 

0. 2 2.2211 3. 5351 7. 8391(10"“^) -6. 21(10) 

0. 5 0.89768 1.4287 1. 5338(10"'*) -7.63(10) 

1 0. 56133 0. 89338 7. 8570)10" ®) -8. 21(10) 

2 0. 49519 0.78812 3. 8824(10"®) -8. 82(10) 

5 0.59426 0, 94579 1.4756(10"®) -9. 66(10) 

10 0.77494 1.2334 6. 9090(10"®) -1.03(10^) 

20 1.0853 1.7272 3. 3130(10"®) -1. 10(10^) 

50 1. 5685 2.4964 9.4151(10"^) -1.21(10^) 

100 2.0707 3, 2957 3. 1683(10"'^) -1. 30(10^) 

TABLE 11 h, = 0 

«2 = 15 
Plane Earth Theory <r =0. 001 

Q = 0.75 
f = 100 kc 

d(miles) (t)^( radians) tj, (microseconds) I^J ]e ] (decibels) 

0.01 3. 1078 4.9464 6. 8550 1.67(10) 

0.02 3.0738 4.8921 8. 5544(10"*) -1. 36 

0.05 2. 9684 4. 7244 5. 4124(10"^) -2. 53(10) 

0. 1 2. 7714 4. 4108 6. 5241(10"®) -4. 37(10) 

0. 2 2. 2270 3. 5444 7. 7042(10"“*) -6. 23(10) 

0. 5 0.84818 1.3499 1.4946(10"“*) -7.65(10) 

1 0.48800 0.77668 7. 8226(10"®) -8. 21(10) 

2 0.39536 0.62924 3. 9316(10"®) -8. 81(10) 

5 0.44303 0. 70510 1. 5368(10"®) -9. 63(10) 

10 0.56809 0.90414 7.4426(10'®) -1.03(10^) 

20 0.76968 1. 2250 3. 5257(10"®) -1.09(10^) 

50 1. 17 52 1.8704 1.2262(10'®) -1 . 18(10^) 

100 1.6073 2. 5580 4. 9584(10'^) -1.26(10^) 

= 15 
Spherical Earth Theory <r = 0.0005 

a = 0.75 
1 = lOOkc 

d(miles) (((^(radians) t ^(microseconds) 
l^rl [e^] (decibels^ 

100 2. 1839 3. 4758 2. 971 3(10'^) -1. 31(10^) 

200 2. 9527 4. 6994 7.01 52(10'®) -1.43(10^) 

500 4.6331 7. 3738 4. 5826(10'^) -1.67(10^) 

1000 7.4308 11.826 1. 3696(10'*°) -1.97(10^) 

2000 13.140 20. 912 1.8518(10'*®) -2. 55(10^) 

5000 30.271 48. 177 8. 4226(10'^®) -4.21(10^) 

10,000 58.823 93. 619 1.8740(10"®®) -6.95(10^) 

TABLE 10 h = 0 

" 15 
Spherical Earth Theory a = 0.001 

Q = 0.75 
£ = 100 kc 

d(miles) <t>^(radians) t^(microseconds) lEj jE^j (decibels) 

100 1.6956 2.6987 4. 7476(10'^) -1. 26(10®) 

200 2. 4183 3. 8489 1.4441(10'^) -1. 37(loS 

500 4. 1335 6. 5787 1 . 3254(10'®) -1. 58(10®) 

1000 6.8789 10.948 5. 5691(10"’°) -1.85(10®) 

2000 12.431 19.785 1. 5035(10'*^) -2. 36(10®) 

5000 29. 096 4^. 307 5. 4666(10'®°) -3. 85(10®) 

10.000 56.869 90. 510 3. 8874(10'®®) -6. 28(10®) 

TABLE 12 h = 0 

‘2 = 15 
Spherical Earth Theory (r - 0. 002 
-Q = 0.75 

f = 100 kc 

d(miles) 4) (radians) (microseconds) lErl 
]e ] (decibels) 

100 1.2774 2. 0331 5. 8580(10"^) -1. 25(10®) 

200 1.9129 3. 0444 2. 1510(10'^) -1 . 33(10®) 

500 3. 5925 5. 7176 3. 127 5(10*®) -1. 50(10®) 

1000 6.2792 9. 9936 2.4725(10'°) -1.72(10®) 

2000 11.713 18.643 2. 2437(10"’*) -2. 1 3(10®) 

5000 28. 019 44. 593 3. 1146(10'*°) -3. 30(10®) 

10,000 55. 194 87.844 9. 5877(10'®°) -5. 20(10®) 
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Table u 

Plane Earth Theory 

h TABLE 14 

Spherical Earth Theory 0.005 
0. 75 
100 kc 

a 
{ 

0 
15 
0.002 
0. 75 
100 kc 

1 d(miles) 4>^ (radians) (microseconds) ]E^] (decibels) 

0.01 3. 1078 4.9462 6. 8550 1.67(10) 

0.02 3. 0738 4.8921 8. 554 3(10'S -1. 36 

i 0.05 2.9692 4. 7256 5.4118(10"^) -2. 53(10) 

j 0. 10 2.7733 4. 4138 6. 5167(10'^ -4. 37(10) 

1 0.20 2. 2329 3. 5537 7.6170(10''*) -6. 24(10) 

1 0. 50 0. 81505 1.2972 1.4612(10''*) -7.67(10) 

I 

i ‘ 
0.43629 0.69438 7. 7511(10'^ -8. 22(10) 

2 0.32474 0. 51684 3. 9342(10'®) -8. 81(10) 

5 0. 33154 0.52766 1. 5589(10'®) -9.61(10) 

! 10 0. 41311 0.65748 7. 6706(10'S -1.02(10^) 

20 0.55471 0.88285 3. 7348(10'®) -1.09(10^) 

1 

1 
0. 85170 1.3555 1 . 3932(10'®) -1. 17(10^) 

i 100 1.1821 1.8814 6. 2575(10-'^) -1. 24(10^) 

TABLE 15 ° 
€, = 15 

Plane Earth Theory „■ = 0.005 

a =0.75 
f = 100 kc 

' d(m‘iles) (radians) t^(microseconds) 1^1 ]e^] (decibels) 

0. 01 

0. 02 

0.05 

3. 1078 4.9462 6. 8550 1.67(10) 

1 
0. 1 2.7775 4.4205 6. 5103(10'®) -4. 37(10) 

0. 2 2. 2389 3. 5633 7. 5457(10'“*) -6. 24(10) 

0. 5 0.78686 1.2522 1.4292(10''*) -7.69(10) 

1 0.39097 0.62225 7. 6655(10'®) -8. 23(10) 

2 0. 25947 0.41296 3. 9164(10'®) -8. 81(10) 

! • 
0.22184 0.35307 1 . 5627(10'®) -9.61(10) 

10 0.27273 0.43407 7. 7806(10'®) -1.02(10^) 

20 0.35792 0.56964 3. 8491(10'®) -1.08(10^) 

50 0.54638 0.86959 1.4977(10'®) -1. 16(10^) 

100 0.74891 1.1919 7.2817(10'^) -1.23(10^) 

TABLE 17 h^ = 0 

«2 - 
Plane Earth Theory (r =0.05 

a = 0.75 
f = 100 kc 

! d(mileB) 4>^(radians) t^( microseconds) I^zl ]E^) (decibels) 

0. 01 3. 1078 4.9463 6. 8550 1.67(10) 

0. 02 

0.05 

0. 1 2. 7769 4. 4196 6. 5060(10'®) -4. 37(10) 

0. 2 2.2463 3. 5751 7.4685(10'“*) -6.25(10) 

0. 5 0. 7 5487 1.2014 1. 390 3(10''*) -7. 71(10) 

j ‘ 0.33830 0.53842 7. 5471(10'®) -8. 24(10) 

i 2 0.18476 0.29406 3. 8813(10'®) -8. 82(10) 

j 5 0.11378 0.18108 1. 5633(10'®) -9. 61(10) 

1 0. 10651 0.16951 7. 8159(10'®) -1.02(10^) 

1 20 0.12348 0.19652 3.90 34(10'®) -1.08(10^) 

1 0.17764 0.28272 1. 5567(10'®) -1. 16(10^) 

1 100 0. 24568 0.39101 7. 7495(10'^) -1.22(10^) 

f 

d(miles) <t>^(radians) t^ (microseconds) 
l^rl |e^| (decibels) 

100 0.85471 1. 360 3 6. 6847(10'^) -1.23(10^) 

200 1. 3308 2.1180 2. 7382(10'^) -1. 31(10®) 

500 2.6649 4. 2414 5. 2565(10'®) -1.46(10®) 

1000 4. 9028 7. 8031 6. 0373(10'“^) -1.64(10®) 

2000 9. 3956 14. 954 1. 1468(10‘*°) -1.99(10®) 

5000 22.875 36. 406 1.4600(10'*®) -2.97(10®) 

10.000 45. 340 72.161 1.8059(10'^®) -4. 55(10®) 

Spherical Earth Theory <r = 0.05 

a = 0.75 
f = 100 kc 

d(miles) i^^(radians) t (microseconds) )e^] (decibels) 

100 0.33119 0. 52711 7. 1911(10'’^) -1.23(10®) 

200 0.58296 0.92781 3. 1228(10'^) -1. 30(10®) 

500 1.4030 2. 2330 6. 8105(10'®) -1.43(10®) 

1000 2.8483 4. 5332 9. 1205(10'®) -1.61(10 ) 

2000 5.7533 9.1566 2. 3177(10'*®) -1.93(10®) 

5000 14.468 23. 026 7.0652(10'*®) -2. 83(10®) 

10,000 28.992 46.143 3. 7451(10'®®) -4. 29(10®) 

TABLE 18 0 

«2 = 
Spherical Earth Theory o- = 5 

a = 0.75 
f = 100 kc 

d(mile8) 4i^(radian8) t^ (micro sec ends) Kl ]e^I (decibels) 

100 0.11026 0. 17549 7. 2338(10'^) -1.23(10®) 

200 0.26421 0. 42051 3. 1454(10'^) -1. 30(10®) 

500 0.85319 1. 3579 6.7505(10'®) -1.43(10®) 

1000 1.9359 3.0811 8. 5871(10'®) -1.61(10®) 

2000 4. 1134 6.5466 1.9584(10'*°) -1.94(10^) 

5000 10.645 16. 942 4. 3161(10'*®) -2. 87(10^) 

10,000 21.532 34. 269 1. 3324(10'®®) -4. 38(10®) 
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TABLE 19 
15 

TABLE 20 
80 

Plane Earth Theory ^ = 0 75 Plane Earth Theory ^ 1 g 

f = 100 kc 1 = 100 kc 

d(miles) (j) (radians) t^(mic roseconds) 
1^1 

|E I (decibels) 

0.01 

0.02 

0.05 

3. 1078 4.9463 6.8550 1.67(10) 

1 

0. 1 2.7777 4. 4209 6. 5040(10' -4.37(10) 

i 0.2 2. 2495 3. 5802 7.4382(10’'*) -6.26(10) 1 

0.5 ! 0.74186 1. 1 807 1 . 3740(10"'*) -7.72(10) 
I 

; 1 i 0. 31b57 0. 50 384 7.4949(10'^) -8.25(10) 

1 2 0. 1 5381 0.24479 3.8640(10'^) -8. 83(10) 

0. 064847 0.10321 

1 
1 . 5594(10'^ -9.61(10) 

10 ! 0. 037337 0.059424 7. 8067(10'^) -1.02(10^) 

20 0.025684 0.040878 3. 9043(10'^) -1. 08(10^) 

! 

0.023104 0. 036771 1 . 5617(10'^) -1. 16(10^) 

j 100 0.02725809 0. 043383 7. 8083(10'*’) -1. 22(10^) 

d(miles) 4)^(radians) t ^(microseconds) I^J ]E^] (decibels) 

0.01 3. 1078 4. 9463 d.8550 
' 

1.67(10) j 

0. 02 

0.05 

0. 1 2.7777 4.4209 ' 6. 5040(10'^) -4.37(10) 

0. 2 2.2495 j 3. 5802 , 7.4382(10''*) -6.26(10) 

0. 5 0.74186 1.1807 1. 3740(10"*) -7.72(10) 

1 0. 31657 0.50384 7.4949(10'^) 
1 

-8. 25(10) 

2 0. 1 5381 0.24479 

1 

3. 8640(10’ “’) -8.83(10) 

5 0. 064846 0. 10321 1 , 5594(10"'’) -9.61(10) 

10 0.0 37237 0. 059265 7.8031(10’^) -1.02(10^) 

20 0.025684 0.040878 3. 9043(10'^’) - 1.08(10^) 

50 0. 023104 0.036769 1 . 5617(10’^) -1. 1M10“) 

100 0.027253 0.043375 7. 8085(10’*) - 1 . 22(10^) 

TABLE 21 
h, = 0 

= 15 

TABLE 22 h = 0 

^2 = 
Spherical Earth Theory 

L 
(T - OO 
a = 0.75 
f = 100 kc 

Plane Earth Theory 
a = 0.75 
f = 100 kc 

d(miles) (|)^(radians) t^ (micro seconds) l^rl 1e I (decibels) 

! 100 0.085609 0. 1 3625 7. 2290(10'*) -1. 23(10^) 

j 200 0.22856 0. 36376 3. 1403(10'*) -1. 30(10^) 

1 500 0.79170 1.2600 6, 7062(10'®) - 1. 43(10^) 

: 1000 ' 1.8339 2. 9188 8. 4369(10'^) -1.61(10^) 

i 2000 3.9299 6. 2546 1 . 8809(10'*°) -1. 95(10^) 

1 5000 10.217 16. 262 3. 8723(10'*^) -2. 88(10^) 

10,000 20.697 32,940 1.0671(10'^^) -4. 39(10^) 

d(miles) 4)^(radians) t^(mic roseconds) 
i^zl 

|e^] (decibels) j 
0.01 3. 1078 4.9463 6.8550 1.67(10) j 

i 
0. 02 3. 0739 4. 8923 8. 5542(10'*) ! 
0.05 2. 9697 4.7264 5, 4108(10’^) -2.53(10) 1 

0. 1 2.7778 4.4210 6. 50 38(10’ ^) -4. 37(10) 1 

0.2 1 2. 2498 3. 5807 7. 4349(10"*) -6.26(10) ' 

0.5 0.74042 1.1784 1 . 3722(10"*) -7. 73(10) 

1 0. 31416 0. 50000 7. 4890(10''’) -8. 25(10) 

! ^ 0. 1 5037 0. 23933 3. 8620(10’^ -8. 83(10) 

! ^ 0.059415 0.094562 1 . 5589(10' ^) -9.61(10) 

10 0. 029655 0.047198 7. 8049(10'^) - 1.02(10^) j 

20 0.014821 0. 023589 3. P038(10'°) -1.08(10^) 

50 0.0059277 0.0094343 1 . 5616(10'®) -l.lo(lO^) 

100 0.0029638 0.0047170 7. 8083(10'*) -1,22(10^ ; 

TABLE 23 

'2 * ^ 
Spherical Earth Theory a - 0.005 

a = 0,1 
f = lOOkc 

d(miles) 4>^(radians) t^(micro3econds) lErl ]e^] (decibels) 

2000 4.1049 6. 5331 5. 0369(10''*) -1.66(10^) 

5000 8. 4637 1 3. 470 6. 7123(10'* *) -2. 03(10^) 

10,000 1 5. 758 25. 079 7. 9376(10'*'*) -2. 62(10^) 

TABLE 24 

Spherical Earth Theory 

f 

0.005 

0. 2 
100 kc 

d(miles) (|)^(radians) t^( microseconds) |Erl ]e 1 (decibels) 

100 0.77633 1.2356 6. 9872(10'*) -1 . 23(10^) 

200 1.1340 1.8047 3. 1 129(10' ') - 1 . 30(10^) 

500 1.9270 3. 0669 8. 61 52(10'®) -1.41(10^) 

1000 3. 0631 4. 8751 2. 2217(10'®) - 1 . 53(10'*) 

2000 5, 2805 8.4042 2. 5686(10'“*) -1 . 72(10^) 

5000 1 1.956 19. 029 7. 7 36 3(10'*^) -2. 22(10^) 

10, 000 23.085 36.742 7. 44 35( 10' *®) - i. 03(10^) 
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TABLE 25 

Spherical Earth Theory 

h, = 0 

«2 = 
0- = 0.005 
a = 0. 5 
f = 100 kc 

TABLE 26 

Spherical Earth Theory 

h, = 0 

<2 = 
a = 0.005 
a =0.7 
f = 100kc 

d(milea) <|) (radians) t^(microseconds) 1e^] (decibels) d(mile3) 4i^(radians) t (microseconds) 1^1 ]e^ ](decibels) 

100 0.82322 1.3102 6. 8417(10'^) -1.23(10^) 100 0.84832 1. 3501 6. 7161(10"^) -1.23(10^) 

200 1.2435 1.9791 2. 9148(10'^) -1. 31(10^) 200 1. 3135 2. 0905 2. 7724(10"^) -1. 31(10^) 

500 2. 3473 3. 7358 6. 6128(10"®) -1.44(10^) 500 2. 6033 4. 1432 5. 5030(10"®) -1.45(10^) 

1000 4, 1522 6. 6084 1.0818(10"®) -1. 59(10^) 1000 4.7606 7.5768 6. 7699(10"^) -1.63(10^) 

2000 7.7858 12. 391 4. 3201(10"^°) -1.87(10^) 2000 9. 9043 14. 474 1.4812(10"^°) -1.97(10^) 

5000 18. 692 29. 750 5. 0061(10"^“^) -2. 66(10^) 5000 22.096 35. 167 2. 8660(10"^®) -2.91(10^) 

10,000 36. 870 58. 680 2. 221 5(10"^°) -3. 93(10^) 10,000 43. 766 69. 656 6.9346(10"^®) -4. 43(10^) 

TABLE 27 

Spherical Earth Theory 

= 0 
= 15 
= 0.005 

= 0. 9 
= 100 kc 

TABLE 28 

Spherical Earth Theory 

h2 = 0 

H 
T = 0.005 

a = 1 
f = 100 kc 

d(miles) 4>^(radians) t^( microseconds) I^rl jE^] (decibels) d(miles) 4)^ (radians) t^ (microseconds) I^rl ]e^1 (decibels) 

100 0. 87 344i. 1.3901 6. 5922(10"^) -1.24(10^) 100 0.88590 1.4100 6. 5320(10"^) -1.24(10^) 

200 1.3821 2.1997 _ 2. 6374(10"^) -1. 32(10^ 200 1.4160 2. 2537 2. 5723(10"^) -1. 32(10^) 

500 2. 8447 4. 5275 4. 5832(10"®) -1.47(10^) 500 2.9606 4. 7119 4. 1850(10"®) -1.48(10^) 

1000 5. 3101 8. 4512 4. 3086(10"^) -1.67(10^) 1000 5. 5677 8.8613 3. 4591(10"’^) -1.69(10^) 

2000 10.253 16. 318 5.4493(10"^^ -2. 05(10^) 2000 10. 791 17.174 3. 3770(10"^^) -2. 09(10^) 

5000 25. 080 39. 917 2.0858(10"^®) -3. 14(10^) 5000 26.461 42. 114 6. 0353(10"^^) -3.24(10^) 

10, 000 49.793 79.249 3.9010)10"^®) -4. 88(10^) 10,000 52.577 83. 680 3. 5924(10"^®) -5.09(10^) 

TABLE 29 

Spherical Earth Theory 

^ 
a = 0.75 

i = 100kc 

TABLE 30 

Spherical Earth Theory 

for d(500 - 10,000 miles) 

= 0 

= 1 5 
= 0.005 
= 0. 75 
= 200 kc 

h2(miles) 500 1000 2000 5000 10,000 

5. 5 0.49858 0.49879 0.49897 0.49861 0.49897 

11.0 1.8152 1.8088 1.8100 1.8098 1.8097 

16. 5 3. 7221 3. 6771 3. 6806 3. 6806 3. 6799 

22. 0 5. 9454 5. 9863 5. 9866 5. 9866 5. 9865 

27. 5 8. 80 32 8. 6338 8. 4730 8. 6455 8.6458 

33. 0 11.626 11.638 11.638 11.638 

d(milea) 4i^(radians) t^(mi croseconds) 
I^rl 

]e^] (decibels) 

100 1.6096 1.2809 1.0156(10"®) -1.20(10®) 

200 2.4160 1.9226 3. 2272(10"^) -1. 30(10®) 

500 4. 5622 3. 6305 3. 0609(10"®) -1. 50(10®) 

1000 8. 1059 6.4505 1 . 1283(10"^) -1. 79(10®) 

2000 15.209 12.103 2. 2145(10"^^) -2. 33(10®) 

5000 36. 517 29. 060 3. 1101(10"^°) -3. 90(10®) 

10,000 72. 032 57. 321 4. 5308(10"®®) -6. 47(10®) 
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TABLE 31 TABLE 32 

^2 = 

n - u 
15 

Plane Earth Theory <r = 0.005 Plane Earth Theory 
2 

O' =00 
a = 0.75 a = 0.75 
f = 200 kc f = 200 kc 

d(miles) 4>^(radians) t (microseconds) 
l^zl 

]E^) (decibels) d(miles) 4>^(radian8) t^( microseconds) 
|e^| (decibels) 

0. 01 3. 0738 2.4461 3. 4217 1.07(10) 0. 01 3. 0739 2.4461 3. 4217 1.07(10) 

0. 02 3.0094 2. 3948 4. 2486(10"S -7. 43 0. 02 3.0050 2.3913 4. 2483(10"*) -7.44 

0. 05 2. 7738 2.2073 2. 6060(10'^) -3. 17(10) 0. 05 2. 7778 2. 2105 2. 601 5(10"^) -3. 17(10) 

0. 1 2. 2345 1.7782 3. 0384(10'^ -5. 03(10) 0. 1 2.2498 1.7904 2. 97 39(10"^) -5.05(10) 

0. 2 1.0678 0. 84973 7. 2333(10'^) -6. 28(10) 0.2 1.0240 0. 81489 6. 7731(10"^) -6. 34(10) 

0. 5 0.42321 0.33678 3.0914(10'“^) -7.02(10) 0. 5 0. 31416 0. 25000 2. 9956(10"“*) -7.05(10) 

1 0. 30 501 0.24272 1. 5718(10''^) -7. 61(10) 1 0. 1 5037 0.11966 1. 5448(10"“*) -7.62(10) 

2 0. 29236 0. 23266 7. 8327(10'^) -8. 21(10) 2 0.074367 0.059179 7.7870(10"^) -8. 22(10) 

5 0,37297 0. 29680 3.0846(10'^) -9. 02(10) 5 0.029655 0.023599 3. 1220(10"^) -9.01(10) 

10 0.49863 0. 39680 1. 5099(10'^ -9. 64(10) 10 0.014821 0.011794 1. 5615(10"^) -9. 61(10) 

20 0.68803 0.547 52 7. 2712(10'^) -1.03(10^) 20 0.0074098 0.0058965 7. 8082(10"^) -1.02(10^) 

50 1.0648 0.84731 2.6214(10'^) -1. 12(10^) 50 0.0029638 0.0023585 3. 1233(10"^) -1 . 10(10^) 

100 1.4717 1.1712 1. 1117(10'^) -1. 19(10^) 100 0.0014819 0.0011793 1 . 5617(10"^) -1. 16(10^) 

TABLE 3 3 

«2 = 15 
Spherical Earth Theory cr =0. 005 

a = 0.75 
f = 500 kc 

d(miles) 4>^(radians) t (microseconds) K) [e I (decibels) 

100 3. 1443 1.0008 5. 7781(10"^) -1.25(10^) 

200 4. 061 3 1.2928 8. 1241(10"®) -1.42(10^) 

500 6. 7974 2.1637 1.4903(10"^) -1.77(10^) 

1000 11.601 3. 6928 3. 5359(10"*^) -2. 29(10^) 

2000 21.217 6.7536 2. 7858(10"*^) -3. 31(10^) 

5000 50.064 15. 936 2. 5322(10"^^) -6. 32(10^) 

10,000 98.143 31.240 3. 8484(10"®®) 

TABLE 35 h^ 

\Z 
Plane Earth Theory ^ 

f 

d(miles) ())^(radians) t^( microsec ends) |e^] (decibels) 

0. 01 2.9697 0. 94527 1.3527 2. 63 

0. 02 2. 7778 0. 88420 1.6259(10"*) -1. 58(10) 

0.05 1.9003 0. 60489 9. 7834(10"®) -4. 02(10) 

0. 1 0.74042 0. 23568 3. 4306(10"®) -4. 93(10) 

0. 2 0. 31416 1.00000(10"*) 1.8722(10"®) -5. 46(10) 

0. 5 0.11967 3. 8091(10"^) 7. 7541(10"“*) -6. 22(10) 

1 0.059415 1 . 8912(10"^) 3. 8973(10"“*) -6. 82(10) 

2 0.029655 9. 4396(10"®) 1.9512(10"“*) -7.42(10) 

5 0.011856 3. 7740(10"®) 7. 8078(10" ®) -8.21(10) 

10 0.0059277 1.8869(10"®) 3. 9041(10"®) -8. 82(10) 

20 0.0029638 9.4341(10"“*) 1.9521(10"®) -9.42(10) 

50 0.0011855 3. 7736(10"“*) 7. 8084(10"®) -1.02(10^) 

100 0.00059276 1. 8868(10"“*) 3. 9042(10"®) -1.08(10^) 

= 0 

= 1 5 

= 0.75 
= 500 kc 

TABLE 34 h = 0 
6^ = 15 

Plane Earth Theory ^ 2 o'ys^ 

f = 500 kc 

d(miles) <()^(radians) t^( micro sec ends) 
l^zl 

]E^I (decibels) 

0.01 2. 9684 0.94488 1. 3531 2. 63 

0.02 2.7714 0. 88215 1.6310(10"*) -1. 58(10) 

0.05 1.8851 0.60006 
-2 

1.0477(10 ) -3. 96(10) 

0. 1 0.84822 0.27000 3. 7364(10"®) -4. 86(10) 

0. 2 0.48803 0. 1 5534 1.9556(10"®) -5. 42(10) 

0. 5 0. 39291 0. 12507 7. 8351(10"“*) -6. 21(10) 

1 0.44305 0. 14103 3. 8417(10"“*) -6. 83(10) 

2 0. 56842 0.18093 1 . 8599(10"“*) -7.46(10) 

5 0.85266 0.27141 6. 8786(10"®) -8. 32(10) 

10 1. 17 52 0.37409 3. 0651(10"®) -9.03(10) 

20 1.6030 0. 51024 1.441 1(10"®) -9. 68(10) 

50 2. 3230 0. 73943 2. 8035(10"®) -1. 11(10^) 

100 2. 8191 0. 89735 6. 4959(10"^) -1.24(10^) 

TABLE 36 

«2 = 
Spherical Earth Theory <r = 0.005 

a = 0.75 
f = 1000 kc 

d(mile s) (radians) t^( microsec ends) jE 1 (decibels) 

100 3. 4947 0. 55621 1.6786(10"^) -1 . 36(10^) 

200 4. 4153 0.70272 1.9355(10"®) -1. 54(10^) 

500 7.6717 1.2210 1 . 1002(10"*®) -1.99(10®) 

1000 1 3. 244 2. 1079 3. 0686(10" ' ®) -2. 50(10®) 

2000 24. 388 3. 881 5 3. 3809(10"^®) -3. 89(10®) 

5000 57.820 9.2023 8. 4025(10"“*^) 

10,000 1 1 3. 54 18. 070 6. 8276(10"^®) 

;u 



TABLE 37 h. 
TABLE 38 

'2 = 
Plane Earth Theory 0- = 0.005 

Q = 0.75 
f =1000 kc 

d{miles) 4i^(radians) t^(microseconds) 
K1 

]e^] (decibels) 

0.01 2. 7688 0.44066 j 6. 5373(10‘3 ; ; 

0. 02 2.221 1 0. 35351 j 7. 8391(10'^) -2.21(10) ! 

0.05 0.89769 0. 14287 1. 5338(10'^) -3.63(10) 1 

0. 1 ' 0.56134 0. 089341 i 7. 8570(10'^) -4,21(10) 

0. 2 0.49521 0.078816 3.8824(10’^) -4.82(10) 1 

0. 5 0.59429 0.094585 1.4756(10'^) -5.66(10) j 

1 0.77502 0.12335 [ 6. 9087(10'“^) -6.32(10) 

2 1.0486 0.16688 3.0992(10'^) -7.02(10) 

; 5 1.5686 0.24965 9. 4145(10’^ -8.05(10) i 

2.0708 

1 

0.32958 3. 1679(10'^) -9. 00(10) 

20 2. 5744 0.40973 8. 2343(10'^) -1.02(10^) 

50 1 2. Q156 0.46404 1.0279(10'^) -1.20(10^) 

1 100 j 2.9484 0.46925 2. 3066(10''^) 1 -1. 33(10^) 

i 

Plane Earth Theory cr = 00 

a = 0.75 
f =1000 kc 

d(miles) ($i^(radians) t^ (micro sec ends) Ie I i z J ]e^ ] (decibels) j 

0. 01 2. 7778 0.44210 : 6. 5038(10'^) 

i 

-3.74 

0.02 1 2.2498 0.35807 7.4349(10'^) -2.26(10) 

1 0.05 : 0.74042 1 0.11784 1. 3722(10'^) -3.73(10) 

0. 1 0.31416 0.050000 7. 4890(10'^) -4.25(10) 

1 0. 2 1 0.15037 0.023933 3. 8620(10'^) ^ -4.83(10) 

' 0. 5 ^ 0.059415 0.0094562 1. 5589(10'^) ! -5.61(10) 

1 0.029655 0.0047198 7. 8049(1 O'‘^) -6.22(10) 

I ^ 0.014821 0.0023589 3.9038(10''^) -6.82(10) ! 

j 5 0.0059277 
1 

0.00094343 , 1. 5616(10'^) -7.61(10) 

1 0.0029638 0.00047171 7.8083(10'^) '-8. 21(10) 

20 0.0014189 0.00023585 3.9042(10'^) ; -8. 82(10) 

50 0.00059276 0.000094341 1.5617(10'^ j -9. 61(10) 

100 

1 

0.00029638 0.000047170 j 7.8084(10'^) j -1.02(10^) 

TABLE 39 = \5 

2 

lor 1 (10 - 1000 kc ) 

O' 10 20 

■ 

100 200 500 1000 

0.0001 : 1. 79754(10^) 8. 98771(10) 
i 

3. 59508(10) 1 . 79754(10) 8.98771 3. 59508 1.79754 1 

0.0005 8. 98771(10^) 
1 

4. 49386(10^) 1 . 79754(10^) 8.98771(10) 4. 49386(10) 1.79754(10) 8.98771 1 

0. 001 
3 

1.79754(10 ) 8. 98771(10^) 3. 59508(10^) 1.79754(10^) 8. 98771(10) 3. 59508(10) 1.79754(10) 

0. 002 3. 59508(10^) 1. 79754(10^) 7. 19017(10^) 3. 59508(10^) 1. 79754(10^) 7. 19017(10) 3. 59508(10) 

0.005 8. 98771(10^) 4. 49386(10^) 1. 79754(10^) 8. 98771(10^) 4. 49386(10^) 1.79754(10^) 8. 98771(10) 

0. 05 8. 98771(10^) 4. 49386(10^) 1. 79754(10“^) 8. 98771(10^) 4. 49386(10^) 1. 79754(10^) 8. 98771(10^) 

5 8. 98771(10^) 4. 49386(10^) 1.79754(10^) 8. 98771(10^) 4. 49386(10^) 1. 79754(10^) 8. 98771(10'^) 

TABLE 40 

K 
e 

C 10 kc 20 kc 50 kc 100 kc 200 kc 

1 
500 kc 1000 kc 

i0.0001 1.10809 6. 25504(10'^ 3. 02532(10'^ 1.82779(10'^) 1. 30283(10'^ 9. 08437(10'^) 7. 14624(10'^) 1 

0.0005 2.47312 1.38832 6.48016(10'^ 3. 65797(10'^ 2. 09846(10'^ 1.09821(10'S 7. 61899(10'^) { 

10.001 3.49731 1.96291 9. 15090(10'^ 5. 14331(10'^) 1 2. 90333(10'^ 1.40423(10'^) 8. 71652(10'^) 

0.002 4. 94587 2.77582 1.29366 7. 26307(10'^) 4. 08225(10'^) 1. 92151(10'^) 1. 11454(10'^ 

0.005 7.82007 4.38888 2.04524 1.14792 6. 44400(10'^) 3. 00782(10'S 1.69788(10'^) 

0. 05 2.47292(10^ 1. 38788(10^ 6. 46749 3. 62976 2.03714 9. 49316(10'^ 5. 32817(10'^) 

11 
2.47292(10^) 1. 38788(10^) 6. 46749(10^ 3. 62975(10^) 2. 0371 3(10^) 9.49297 5. 32775 

3*2 



TABLE 41 

- 10 kc 20 kc 50 kc 100 kc 200 kc 500 kc 1000 kc 

0.0001 4.43927(10'^) 8. 81109(10'^) 2. 09608(10'*) 3. 64569(10'*) 5. 30950(10'*) 6. 75849(10'*) 7. 29982(10'*) 

0.0005 8. 90050(10'^ 1.77955(10'^) 4. 43927(10'^) 8. 81109(10'^) 1.71164(10'*) 3. 64569(10'*) 5. 30950(10'*) 

0. 001 4. 45060(10'^) 8. 90050(10'^) 2. 22385(10'^) 4. 43927(10'^) 8. 81109(10'^) 2. 09608(10'*) 3. 64569(10'*) 

0.002 2. 22536(10'^) 4. 45060(10'^) 1. 11250(10'^) 2. 22385(10'^) 4.43927(10'^) 1.09521(10'*) 2. 09608(10'*) 

0.005 8. 90141(10'“*) 1. 78028(10'^) 4. 45060(10'^) 8. 90050(10'^) 1.77955(10'^) 4. 43927(10'^) 8. 81 109(10'^) [ 

0. 05 8.90142(10'') 1.78028(10'“*) 4. 45071(10'“*) 8. 90141(10'“*) 1.78028(10'^ 4. 45060(10'^) 8. 90050(10'^ 

5 8. 90142(10'^) 1. 78028(10'^) 4. 45071(10'^) 8. 90142(10'^) 1. 78028(10' ^ 4. 45071(10'^ 8. 90142(10'^) 

TABLE 42 

f(cr,€) t = 15 
£ = 100 kc 

O' RJf(T,€)] 

0.0001 9. 722882(10'*) 3. 101972(10'^) 

0.0005 9. 980782(10'*) 1.079296(10'^) 

0. 001 9. 995083(10'*) 5. 523321(10'^) 

0. 002 9. 998764(10'*) 2. 777978(10' ^) 

0.005 9. 999802(10'*) 1. 11 30 32(10'^ 

0. 05 9.999980 1. 113382(10'“*) 

5 (*2 = 15) 1.000000 1. 1 1 3385(10'^) 

5 (€2 = 80) 1 000000 1.1 1 3383(10'^) 

«2 
15 

0. 005 

iJin’T.i)] 

20 9. 999992(10'*) 2. 226737(10'“*) 

100 9. 999802(10'*) 1. 1 1 30 32(10'^) 

200 9.999208(10'*) 2. 223957(10'^) 

500 9.995083(10'*) 5. 523319(10'^) 

1000 9. 980782(10'*) 1.079297(10'^) 

TABLE 43 

d 
1 1 

(ikd)^ (ikd) ' 

0. 04 -8. 7840826(10^) 1 2.9637953(10) j 

0. 02 -2. 1960207(10^) i 1.4818976(10) ' 

0.05 - 3. 51 36330(10) 1 5. 9275906 | 

0. 1 -8. 7840826 i 2. 9637953 

0.2 -2.1960207 1 1.4818976 

0. 5 -3. 51 36330(10'*) i 5. 9275906(10'*) 

1 -8. 7840826(10'^) 1 2. 9637953(10'*) 

2 -2. 1960207(10'^) 1 1.4818976(10'*) 

5 -3. 51 36330(10'^) 1 5 9275906(10'^) 

10 -8. 7840826(10'“*) 1 2. 9637953(10'^) 

20 -2. 1960207(10'“*) 1 1 . 481 8976(10'^) 

50 - 3. 51 36330(10'^) i 5. 9275906(10'^) 

100 -8. 7840826(10'^) 1 2. 96 37953(10'^) 

200 -2. 1960207(10'^) 1 1.4818976(10'^) 

TABLE 44 

s 
, 0 S 00 

s 
s, 0 s, 00 

0 1. 85575708 0. 808616516 25 19. 45383898 19.20085366 

1 3. 24460762 2. 5780961 3 26 19.95428298 1 9. 70453341 

2 4. 38167124 3. 82571 528 27 20.44852842 20.20185516 

3 5. 38661 378 4. 89182029 28 20.93687144 20.6931 2830 

4 6. 30526301 5. 851 30097 29 21.41958427 21 . 1786 3681 

5 7. 16128272 6. 73731 638 30 21.89691791 21.65864212 

6 7. 96889165 7. 56829093 31 22.36910440 22.13338559 

7 8. 737471 53 8. 35580960 32 22.83635881 22. 60 309063 

8 9. 47362183 9.10775848 33 23.29888096 23.06796458 

9 10.18220685 9. 82981 304 34 23. 75685692 23. 52820029 

10 10.86694205 10.52623016 35 24.21046034 23. 98397750 

1 1 11. 53074627 1 1.20030653 36 24.65985356 24.4354641 5 

12 12. 17596542 11.85466121 37 25. 10518866 24.88281736 

13 12. 80452070 12. 49141870 38 25. 54660838 25. 3261 8449 

14 I 3. 41801060 1 3. 1 1233258 39 25. 98424688 25. 76570393 

15 14. 01778319 1 3. 71 8871 55 40 26.41823048 26. 201 50586 

16 14.60498862 14. 31 228141 41 26. 84867830 26. 63371297 

17 1 5. 18061824 14. 893630 39 42 27. 27570281 27.06244101 

18 1 5. 7455341 3 1 5. 46384328 43 27.69941041 27.487799 37 

19 16. 30049193 16. 02372745 44 28.11990179 27.90989158 

20 1 6. 84615869 16.57 399 308 45 28. 53727244 28. 32881568 

21 17. 38312698 17.11526902 46 28. 95161299 28.74466471 

22 17.91192624 17.64811556 47 29. 36 300957 29. 15752704 

23 18. 4 3303197 1 8. 17 30 3452 48 29.77154409 29.56748664 

24 18. 94687327 18. 69047771 49 30. 17729458 29. 97462349 

O 



8. Appendix 1. Computation Formulas 

The wave iiiiinber k is given as follows: For the atmosphere at the surface of the earth: 

ki=^€1 = Kfjio=^ rji (radians per meter) 

or for a medium of finite conductivity, o-, such as the earth: 

(radians per metei*)“ 

K=—^ (farads per meter) 
e-Mo 

(67) 

(68) 

(69) 

(70) 

The field of the vertical electric dipole source' was found to be com])letely described l)y 

the following- scalai* components: 

8.1. Spherical Earth Theory^' 

/r ^ r • n 

r sm 6 dd [_ dB j 

1 
[rlT] 

r dBdf 

IL = 
F dn 

d dB' 
MO dt 

8.2. Plane-Earth Theory 

dhr 
Er- 

dzdR 

j ^ F dll 
^~,i,i^dR 

(71) 

(72) 

(73) 

(74) 

(7.5) 

(76) 

Ill the siilici-ioiil-cardi theory, Uie qiiaiility 11 was coiii|)iite(l I'roni (iie following formula [6, 7]: 

"=- UttF L It.'sin all J S|2r,-l/6/] V '+T+4J/ 
(volts X meters). (77) 

[14] iiv., 1+3} 
(volts per meter). (78) 

Pd)i‘ sin aB ^aB ^ aidja) ] B= {dja), /' = u T/f2, 

IBr~^'lIBprFr (volts per meter) (79) 

17 See figure' 1. 
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Tlie following- coinpiitational formulas may ho used to evaluate /'V (ecj (27)j: 

l a 

■[fi-.]- 

a,=A', 0X1) j" 

^ [(.-e,)^+^7' 

L-Mo*^ oJ 2 L MnO‘<T J 

—- aW-27» 
(JL [II 1"} 

L -2r, 
H 

(.SO) 

(.SI) 

(.S2) 

(.SO) 

(S4) 

The functions //("(s) ace Haiikel functions [6, 7], It is often more convenient to use niodilied 

Ilankel functions h{z) for which values with complex argument (z=x-\-iri) have heen tal)ul.ited 

[12]: 

A.{-(2)»x:} ■' 

Ts was caleulated from Riecati’s differential equation [h, 7] as follows: 

(IL 

(85) 

-26,^r,+ l=0 

dr. 

ddg "27,8 j — 1 

dr, dr, 1 

(80) 

1 rd^Ty”! 
(87) 

|5^v|<-i a;«ci 

.=s 
n=() ft'- 

f/" Ts 

iij 

(SS) 

8, = > 

i5Ti>;, /v;»l 



Ts,o—Ts ^ "^s,o5"'‘4“"7r Ts,o5*^ — ('54“8rs -1-:^ t; od^ 
4 2 o y / 1 o 

■+ . . . (S9) 

A"»l 

rs='r. 
[s^c]^' [)'2T;.„ + 10rj .Js' [9f>r;;„'*'l>8T;.„] 

21 

4()r3 ^ ' :i20r6 
f-^1 -i-r-^+ -".-+^-i 

256r?,„j5^ L”2(^^1oo 1280rl^^l()24r;,;^J 56 

1 
1 1 

143 33 1 1 
r 1 

163 429 429 

.112rl^ 3fi0rL.„ 25607)^ ' 2048r;^„j6' [44807?. „ 25607?. „ 81927jf„ ' 327687?%. 

1 13661 , 6769 2431 , '1 1 1 

28Srf.^ ' :i6288()x*, „‘^92160ri!„'^491.527(< ^ ' 65536Ti: 

2309 , 82( )573 , 37961 46189 , 2431 1 V . . . (90) 

i5V|<- Ke^l 

Values of Ts.o aiul Ts, 00 given in table 44 [13]. 

In the plane-earth theory, the vertieal eleetric field intensity at the surface of the earth 

was found to l)e as follows: 

Es=2EprFz (volts per meter). 

The following eoin])utational formulas may be used to evaluate F. (eq (31)): 

y(pi)=sY;y opi)" !p.ki 
«-(, (2/1)! 

°° fO>,U 1 

//(pi)=-2 Pil»i 

Pi is the numerieal distanee deseribed first by Sommerfeld [11]: 

(A*ia)^ - 

a 

Pr 
iki r, kn J 

2uL'“d'' 
(a—1) (radians). 

(91) 

(92) 

(93) 

(94) 

The numeiieal distanee, pi, is related to the sphei-ieal-earth theory ])arameters J^nd xpe 

and can be eom])uted therefrom if it is convenient. 

ficT,e) = \ 
€160 

4 + 

I
-
1

 
'h

 0, 
0

 
3

. 
b

 
I
_
I

 ■}, 

f ’(7fX(FT V 
. CO J 1 

(95) 

36 

L 



9. Appendix II. Glossary 

^/=the (listaiice, meters, along* the siirfaee of a ])lane or spherieal earth. 

= X 0.62126996 X10-^. 

Pi = the mimerieal distanee of Somniei-feld [11]. 

X=the eonduetivity and permittivity parameter, for a vertical dipole source, 

exp 

/ve=the modnlus or amplitude of bg. 

;Ae=the argument or j)hase of X. 

€ = t h e ]) er m i 11 i v i t y, es ii. 

ei = the permittivity of the air at t he surface of the earth, esu. A value of 1 .()00()76 

was assumed. 

60 = the permittivity of the earth, esu. A value of 15 was Mssunual. 

f.'=the permittivity, niks, faj*ads j)er meter 

e 

iJi() = ii universal constant, lumrys ])er meter, the pei'ineability of free space. A value' 

of dvrX10“^ was assumed. 

e = a universal constant, nu'ters ])er second. A value of 2.997951 X10 ^ was as¬ 

sumed [14]. A value of 2.997529X10 * is freciuently assumed [17]. 

o- = tlie conductivity of tlie medium, specifically, tlie earth, mhos per meter. 

a= the radius of the sj)herical eai-th, metej-s. A value of 6.26739X10 was 

assumed. 

Ue=the “effective radius” of the spdierical earth, meters. 

k' = {ho “elfective radius factor” of the s])herical earth, meters. 

a = the parameter associated with the vertical lapse of the permittivity of the 

atmosphere, 

1 

/=the frequency, cycles pei* second. 

a;=the IVequencv, radians ])er second. 

//i = the altitude of tlie source above the surface of the earth, meters. 

/i2=the altitude, meters. 

h2 naies = A2X0.62126996X10“^ 
</)=the phase, radians. 

/ = the time, seconds (microseconds). 

(/)' = tlie phase in free space oi* ovei* inlinitely conducting (cr=co) ('ai*th, 

radians. 

0c=lhe phase of the secondai*y factor, /^] radians. X= |X|ex])[7'(/)c]. 

fc=the jihase of the secondary factor, microseconds. 

[^c;;2“^phase of the secondary factor, X, aloft, I'clative to the snrfai'i' vahu'. 

1/^1 = the aiujilitude of the eh'ctric field inti'iisity. 

d 
X 
= the distaiK'e in wavelengths from th(' source'. 

X = the wavelength, met(‘i*s. 

A‘==the wave number, radians jk'i* meter, /’^co/e in Irc'e space. 

/ud. 
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^’^==the wave inimber of the atmosphere at the surface of the earth, radians per 

meter, 

r? = the index of refraction. _ 

7^j = the index of refraction of the atmosphere at the surface of the earth, 

7^2 = the index of refraction of the atmosphere at some point aloft. 

^*2 = the ware number of the earth, radians per meter. 

n = the Hertz vector, volts X imXers. _ 

o=:ithe source vector, il=9At), [0]= r^d/c), 1=512/5/amperes ])er scpiare meter. 

i^=the electric intensity, volts per meter. 

t = the source, amperes per square meter. 

£’,.= the scalar vertical electric field intensity over spherical earth, volts pei- meter. 

£2 = the free space vertical electric field intensity, cylindrical coordinates, volts 

per meter. 

£"2= the vertical electric field intensity over plane earth, volts pei- meter. 

/’=the secondary factor, dimensioidess. 

<7 = 0, F=h 

<7= 00, F=l. 

/''r=the secondary factor, conij)uted from spherical-earth theory. 

/’2 = the secondary factor, computed from plane-earth theory or free space, cylin¬ 

drical coordinates. 

F2 = the secondary factor, free space. 

Epr = the field intensity in free space, volts per meter; Epr = E'z in cylindrical coor¬ 

dinates. 

/o = the amj)litude of the som‘ce current, amperes. 

//=the mag-netic field intensity, ampei'es per meter. 

./5(^o) = ihe “height gain” factor of the source. A value of unity (1) was assumed. 

i. e., it was assumed that tlie source (transmitter) was on the surface of 

the earth. 

./s(^'2) = the “height gain” factor of the observer (receiver). 

6 = {\\e angular distance from the source over spherical earth, radians, 6 = (1/0. 

/• = the distance from the center of spherical earth, meters. /‘ = u-fi/r?. 

\E\ (decibels) = 20 logiol^'j. 

/g = grou[) delay, secondary factor, seconds (microseconds). 

rc=I)hase velocity, meters per second. 

rg = group velocity, meters per second. 

rs = signal velocity, meters ])er second. 

V^ = the o])(M*ator of La])lace. 

Boulder, March 14, 1050. 
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